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1 Bayesian variable selection

1.1 Zellner’s g-priors

Y = Xβ + e, var(e) = σ2

p(β|σ) ∼ N(b, gσ2(X ′X)−1)

P (β|σ2, D) ∼ N(
g

g + 1
(
b

g
+ β̂),

σ2g

g + 1
(XTX)−1)

posterior mean
g

g + 1
(
b

g
+ β̂)

as g →∞, prior becomes flat, posterior mean becomes OLS. Var becomes same
as OLS.
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1.2 setting g using empirical bayes

• Let p(D|g) be the marginal likelihood

• no need prior for g.
ĝEB = arg max

g
p(D|g)

why this is called EB ?

p(D|g) =

∫
p(D|β, σ2, g)︸ ︷︷ ︸

likelihood

p(β, σ2|g)dβdσ2

So marginal likelihood integrate out other parameters.

•
p(D|g) ∝ (1 + g)d

(1 + g(1−R2))m

where d = n−1−p
2

and m = n−1
2

ĝ = max{ d−m(1−R2)

(m− d)(1−R2)
, 0}

• need R2 > p
n−1 . problematic if R2 ≈ 0.

• As n→∞, ĝ →∞

1.3 Spike and Slab priors

Let γ be a vector of indicators, where γi = 0 iff βi = 0.
The “working model” is

Y = Xγβγ + e

We can consider priors

p(βγ, σ
2, γ) = p(βγ|σ2, γ)p(σ2|γ)p(γ)

p(βγ|σ, γ) ∼ N(0, gσ2(X ′γXγ)
−1), p(σ2|γ) ∝ 1/σ2

This prior makes log σ2 uniform.

p(γi = 1) = πi
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1.4 marginal likelihood

The likelihood is

p(Y |βγ, σ2, γ) ∝ exp(−‖Y −Xβγ‖
2

2σ2
)

So

p(Y |γ) ∝ p(Y, γ) =

∫
p(Y, βγ, σ

2, γ)dβγdσ
2

=

∫
p(Y |βγ, σ2, γ)p(βγ, σ

2, γ)dβγdσ
2

∝ (1 + g)−q/2S(γ)−n/2

where q =
∑

i γi and

S(γ) = Y ′Y − g

1 + g
Y ′PXγY

The posterior is

p(γ|Y ) ∝ (1 + g)−q/2S(γ)−n/2
∏
i

πγii (1− πi)1−γi

• g →∞
S(γ) ≈ ‖Y −Xγβ̂γ,ols‖2

S(γ) encourages more complicated model. Yet, (1 + g)−q/2 encourages simpler
model.

• g → 0
p(γ|Y ) ∝ prior(γ)

1.5 Gibbs sampler

• initial value for γ

• successively generate from p(γi|Y, γj 6=i)

p(γi|Y, γj 6=i) ∝ p(Y |γ)p(γi)

where p(γi) = πγii (1− πi)1−γi
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1.6 Laplace Approx

1.6.1 BIC

If equal priors are used, then max posterior is the same as max p(D|γ), the model
likelihood. Max it can be approximately solved using Laplace approximation.

In general,

p(D|γ) =

∫
p(D, θγ|γ)dθγ

We now expand p(D, θγ|γ). Write

p(D, θγ|γ) = exp(ln(γ, θγ))

We have

ln(γ, θγ) ≈ ln(γ, θ̂γ)−
1

2
(θγ − θ̂γ)TH(θγ − θ̂γ)

where
Hγ = −∇2

θln(γ, θ̂γ).

So

p(D|γ) ≈ exp(ln(γ, θ̂γ))

∫
exp(−1

2
(θγ − θ̂γ)TH(θγ − θ̂γ))dθγ

= exp(ln(γ, θ̂γ))(2π)q/2|Hγ|−1/2 = p(D, θ̂γ|γ)(2π)q/2|Hγ|−1/2

= p(D|θ̂γ, γ)p(θ̂γ|γ)(2π)q/2|Hγ|−1/2

where q = dim(θγ)
So MLE for model selection is maxγ log p(D|γ), which is approximately max

log p(D|θ̂γ, γ) + log p(θ̂γ|γ)(2π)q/2 − 1

2
log |Hγ|

Note p(θ̂γ|γ) does not grow with n, Hγ = n ∗ h for some h so |Hγ| = nq|h|. But

log p(D|θ̂γ, γ) grows with n, so dropping those do not grow with n,

max log p(D|θ̂γ, γ)− q

2
log n

So this is BIC, which is approx posterior model. It requires p(θγ|γ) does not grow
with rate n.
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Alternatively, use bayesian,

p(γ|D) ∝ p(γ)(log p(D|θ̂γ, γ)− q

2
log n)

1.7 Bayesian predictions

• We are interested in predicting y in regressions, given training data D = (X, Y )
and xnew

Posterior

P (y|D, xnew) =

∫
p(y|D, β, xnew)p(β|D, xnew)dβ

=

∫
p(y|β, xnew)p(β|D)dβ

Suppose p(y|β, xnew) = N(xnewβ, σ
2), and p(β|D) = N(µn,Σn)

Then
P (y|D, xnew) = N(xnewµn, σy)

where
σy = σ2 + xTnewΣnxnew

Assuming σ2 known.

this is homework

• With model averaging

P (y|D, xnew) =

∫
P (y|M,D, xnew)P (M |D)dM

≈ 1

B

∑
i

P (y|Mi, D, xnew)

where Mi follows from posterior

2 EM

Dempster, laird and Rubin (1977)
dealt with latent variables, or missing data
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2.1 The idea

• Suppose we have observed data X. We also have latent variable Latent, or
missing data.

The complete data is (X,Latent), whose joint distr depends on unknown pa-
rameter θ.

• If we knew Latent, then the full likelihood is

Lcomplete(Latent, θ) = p(X,Latent|θ)

then estimate θ is just MLE.

• But we do not know W . The idea is to replace Lcomplete by its expectation with
respect to Latent, which is conditional posterior

p(Latent|X, θ)

Treating Latent is “parameter”, this is Bayesian.

Assume the conditional distribution known:

p(Latent|X, θ)

• The EM:

E-step: at j + 1 step, compute

Ej logLcomplete(Latent, θ)

as a function of θ. The expectation is wrt p(Latent|X, θj)
M-step: estimate θ:

θj+1 = arg maxEj logLcomplete(Latent, θ)

• The EM algorithm can be sensitive to the choice of the initial point

2.2 The math behind EM

• Ideally we want to max the marginal likelihood

p(X|θ)

7



We now look at the E step in detail.

Ej logLcomplete(Latent, θ) = log p(X|θ) +B(θ, θj)

• Proof:

Ej logLcomplete(Latent, θ) =

∫
p(latent|X, θj) log p(X,Latent|θ)dLatent

=

∫
p(latent|X, θj) log(p(Latent|X, θ)p(X|θ))dLatent

=

∫
p(latent|X, θj) log p(Latent|X, θ)dLatent︸ ︷︷ ︸

B

+ log p(X|θ)
∫
p(latent|X, θj)dLatent

:= B(θ, θj) + log p(X|θ)

• The M step: use B(θj), so

θj+1 = max
θ
Ej logLcomplete(Latent, θ) = maxB(θ, θj) + log p(X|θ)

θj+1 ≈ max log p(X|θ) +B(θj, θj).

• log p(X|θj) is monotonically increasing:

log p(X|θj+1) = Ej(θj+1)−B(θj+1; θj) ≥ Ej(θj)−B(θj+1; θj)

= log p(X|θj) +B(θj, θj)−B(θj+1; θj)︸ ︷︷ ︸
≥0

in fact
B(θj, θj)−B(θj+1; θj) = KL(a||b) ≥ 0

where
a = p(latent|X, θj), b = p(latent|X, θj+1)
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2.3 Example in linear regression

2.3.1 Missing one parameter

Y = X1β +X2b+ e, e ∼ N(0, 1)

where we treat b as “latent variable”, or “latent data”. We only interested in β

• full likelihood

assume prior independence :

p(D, b|β) = p(D|b, β)p(b|β) = p(D|b, β)p(b)

as a function of β.

• posterior p(b|D, βj) : this is the conditional posterior of b

The expected log likeihood

El(β) = E∗(log p(D|b, β) + log p(b)) = E∗ log p(D|b, β) + c

where E∗ is wrt p(b|D, βj).

• For Gaussian model

suppose σ = 1 and g-prior with prior zero mean,

P (β, b|D) ∼ N(cOLS, c(XTX)−1)

where c = g
g+1

.

then
p(b|D, β) ∼ N(µ,Σ)

which is conditional normal from multivariate normal.

• The algorithm:

E step:

El(β) ≈ 1

B

∑
b

log p(D|, bb, β)

where bb ∼ p(b|D, βj), which is marginal posterior
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M step:

βj+1 = arg min
β

∑
b

‖Y −X1β −X2bb‖2

(XT
1 X1)

−1XT
1 (Y −X2b̄) = β

where b̄ is posterior mean from p(b|D, βj) .

2.3.2 Missing data

Y = Xβ + e

Suppose some Y are missing, so

Y = (Yo, Ym)

• full likelihood

p(Y |X, β) ∼ normal

• posterior p(Ym|Yo, X, βj) = p(Ym|X, βj) because data are iid conditionally on
X.

To see this:

p(Ym|Yo, X, βj) =
p(Ym, Yo|X, β)

p(Yo|X, β)
=

1
(2πσ2)m+o exp(− 1

2σ2

∑
i(yi −Xiβ)2)

1
(2πσ2)o

exp(− 1
2σ2

∑
i∈o(yi −Xiβ)2)

=
1

(2πσ2)m
exp(− 1

2σ2

∑
i∈m

(yi −Xiβ)2) = p(Ym|X, βj) = N(Xβj, σ2)

• E step:

E log p(Yo, Ym|X, β) =

∫
p(Ym|X, βj) log p(Yo, Ym|X, β)dYm

= −
∫
p(Ym|X, βj)

∑
i

(yi − xiβ)2dYm

= −
∫
p(Ym|X, βj)

∑
i∈m

(yi − xiβ)2dYm −
∑
i∈o

(yi − xiβ)2
∫
p(Ym|X, βj)dYm
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= −
∑
i∈m

∫
p(yi|xi, βj)(yi − xiβ)2dyi −

∑
i∈o

(yi − xiβ)2

= −
∑
i∈m

E[(Yi − xiβ)2|Xi, β
j]−

∑
i∈o

(yi − xiβ)2

where Yi ∼ p(yi|xi, βj) = N(xiβ
j, σ2)

Note that the first term is∑
i∈m

E[(Yi − xiβ)2|Xi, β
j] =

∑
i∈m

E[(Yi − xiβj + xiβ
j − xiβ)2|Xi, β

j]

= mσ2 +
∑
i∈m

(xiβ
j − xiβ)2

So
E log p(Yo, Ym|X, β) ∝ −

∑
i∈o

(yi − xiβ)2 −
∑
i∈m

(xiβ
j − xiβ)2

• The algorithm:

M step:

βj+1 = arg min
β

∑
i∈o

(yi − xiβ)2 −
∑
i∈m

(xiβ
j − xiβ)2

solution: let W = (XT
o Xo + XT

mXm)−1XT
mXm and β̂o = OLS using (Xo, Yo)

only
βj+1 = (I −W )β̂o +Wβj

= (I −W )

j∑
k=0

W kβ̂o +W j+1β0

When XT
mXm = O(XT

o Xo), i.e., ‖W‖ < 1, not overly many missing, then
βj+1 → β̂o, using missing data only
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3 Gaussian mixture models

3.1 Mixing densities

• To model an unknown pdf p(x), use∑
k

p(x|k)wk

where wk is weighting, and p(x|k) is a collection of known pdf. To ensure this
is pdf, weighting are negative and sum to one.

• each p(x|k) is known up to a parameter, so write

∑
k

p(x|k, θk)wk

We assume
p(x|k, θk) ∼ N(µk, σ

2
k)

The goal is to estimate θk, wk

• “missing data problem”:

Each observation, X1, ... Xn, is drawn from one of these K distributions, but
we are not told from which one.

wk provides the probability that a sample has been drawn from p(x|k)

• We assume

zik = 1{xi is processed by model k}

For each i, zi,k = 1 only for a single value of k and zero for the rest.

Now we still observe xi for i=1...n.

For each X, we do not know which model it is from , nor do we know these
model θks.

Here
wk = P (zik = 1)

12



• E step

(i) Full likelihood

p(X,Z|β,W ) =
∏
i

∏
k

[wkN(xi;µk, σ
2
k)]

zik

log p(X,Z|θ,W ) =
∑
ik

zik[logwk + logN(xi;µk, σ
2
k)]

(ii) Now p(zik|X, βj,W j) is , assuming independence over i,

p(zik|X, β,W ) = p(zik|xi, β,W ) =
p(zik, xi|θ,W )

p(xi|θ,W )
=
p(xi|zik, θ,W )p(zik|θ,W )

p(xi|θ,W )

=
N(xi;µk, σ

2
k)p(zik|θ,W )∑

dN(xi;µd, σ2
d)wd

So

Ej(zik) = P (zik = 1|X, βj,W j) =
N(xi;µ

j
k, σ

j
k)w

j
k∑

d≤K N(yi;xTi θ
j
d, σ

j)wjd

(iii) E-step

Ej(θ,W ) :=
∑
ik

Ej(zik)[logwk + logN(xi;µk, σ
2
k)]

• M step:

max Ej(θ,W ) wrt θ, σ,W

(i) First solve W j+1 :

max
∑
ik

Ej(zik) logwk : wk ≥ 0,
∑

wk = 1

wj+1
k =

1

n

∑
i

Ej(zik)

(ii) Solve for µ, σ

13



For each k,

θj+1
k = arg max

∑
i

Ej(zik)[logN(xi;µk, σ
2
k)]

which is weighted MLE, each observation is weighted by Ej(zik)

Taking derivative, get

µj+1
k =

∑
iE

j(zik)xi∑
iE

j(zik)

(iii) solve for σj+1
k

Still weighted MLE

σj+1 =

∑
iE

j(zik)(xi − µj+1
k )2∑

iE
j(zik)

3.2 Mixing regressions

• Consider for k=1... K
yk = θTk x+ e

with common x. also var(ek) = σ2 is common

Then under normal,
yk ∼ N(xT θk, σ

2)

• We assume

zik = 1{xi is processed by model k}

This means: zi,k = 1 if
yi = θkxi + ei

For each i, zi,k = 1 only for a single value of k and zero for the rest.

Now we still observe (xi, yi) for i=1...n.

For output Y, we do not know which model it is from , nor do we know these
model θks.

• Consider a mixture model

p(y|θ, σ,W ) =
∑
k

wkN(y;xT θk, σ
2)

14



We treat Z as latent variable, and apply EM.

Here
wk = P (zik = 1|xi)

• E step

(i) Full likelihood

p(Y, Z|β,W ) =
∏
i

∏
k

[wkN(yi;x
T
i θk, σ

2)]zik

log p(Y, Z|β,W ) =
∑
ik

zik[logwk + logN(yi;x
T
i θk, σ

2)]

(ii) Now p(zik|Y,X, βj,W j) is

p(zik|Y,X, β,W ) = p(zik|yi, xi, β,W ) =
p(zik, yi|xi, θ,W )

p(yi|xi, θ,W )
=
p(yi|xi, zik, θ,W )p(zik|xi, θ,W )

p(yi|xi, θ,W )

=
N(yi;x

T
i θk, σ

2)p(zik|xi, θ,W )∑
dN(yi;xTi θd, σ

2)wd

So

Ej(zik) = P (zik = 1|Y,X, βj,W j) =
N(yi;x

T
i θ

j
k, σ

j)wjk∑
d≤K N(yi;xTi θ

j
d, σ

j)wjd

So

(iii) E-step

Ej(θ, σ,W ) =
∑
ik

Ej(zik)[logwk + logN(yi;x
T
i θk, σ

2)]

• M step:

max Ej(θ, σ,W ) wrt θ, σ,W

(i) First solve W j+1 :

max
∑
ik

Ej(zik) logwk : wk ≥ 0,
∑

wk = 1

15



wj+1
k =

1

n

∑
i

Ej(zik)

(ii) Solve for θ, σ

For each k,

θj+1
k = arg max

∑
i

Ej(zik)[logN(yi;x
T
i θk, σ

2)]

which is weighted MLE, each observation is weighted by Ej(zik)

Taking derivative, get

θj+1
k = (XTΓkX)−1XTΓkY

HW: find Γk

(iii) solve for σj+1

Still weighted MLE

σj+1 =
1

n

∑
ik

Ej(zik)(yi − θj+1
k xi)

2

3.3 Mixture of experts

• We have K learners, f1, ..., fK , each called “expert”.

For example, fk = θTk x. so each expert is a linear regression model

• Each expert is associated with a gating parameter, or weights:

w1...wK

The “mixing of learners” are

∑
k

wkfk

The mixture regression is an example

fk(x) = N(xT θk, σ
2)

16



• In the general case, the gatings are also functions of the input variables.

Then the “mixture of experts ” is

∑
k

gk(x)fk(x)

where we replace the new notation g for w, as “gates”

• Here we parametrize gk(x), by for example,

4 Gaussian process: modeling the regression func-

tion

Y = f(X) + e, e ∼ N(0, σ2)

4.1 Reproducing Kernel Hilbert Space

• kernel function

K(x, x;′ ) = cov(f(x), f(x′))

(1) Gaussian kernel

exp(−‖x− x
′‖2

2c
)

(2) quadratic kernel

(1 + ‖x− x′‖2)−a, a ≥ 0

(3) Ornstein - Uhlenbeck Kernel

(4) Linear kernel
x ∗ x′

which is not stationary (as function of x− x′)

• PDS K: for any x1...xN

17



(K(xi, xj))N×N

is symmetric and semi-positive definite

• The kernel helps to shape a Hilbert space

Proof

Step 1:

Define a space

H = {
M∑
i=1

aiK(xi, .) : a ∈ RM ,M ∈ R, x ∈ XM}

Step 2: Inner product on H0:

For any two functions in H0:

f(.) =
M∑
i=1

aiK(xi, .), g(.) =
J∑
j=1

bjK(yi, .)

f is determined by the choice (a, x); g is determined by the choice (b, y).

Define

< f, g >=
M∑
i=1

J∑
j=1

aibjK(xi, yj)

Then the norm
‖f‖2K =< f, f >≥ 0

because K is PDS.

It is also easy to check the inner product is linear

Step 3: completeness: H0 is not complete yet, but we can build a spaceH0 ⊂ H,
so that H0 is dense in it. So H is complete and is Hilbert.

any Cauchy sequence converges to an element in H

Step 4: reproducing property:

for any

f(.) =
M∑
i=1

aiK(xi, .)

18



any y ∈ X

f(y) =
M∑
i=1

aiK(xi, y).

Now consider g(.) = K(y, .) by definition,

< f, g >=
M∑
i=1

aiK(xi, y)

So we have proved
f(y) =< f,K(y, .) >

• Mercer’s theorem: if K(.) is semipositive definite, as a kernel of a linear oper-
ator T

[Tg](w) :=

∫
K(w, s)g(s)ds

Then T has eigen-decomposition λj, φj, so that

K(w, s) =
∞∑
j=1

λjφj(w)φj(s)

Then truncate at J

K(w, s) = φ(w)Tdiag(λ)φ(s) + r(w, s)

• Thus the covariance kernel matrix

K(xi, xj) = φTi ΛJφj + rij

the matrix
K = ΦΛJΦT +R ≈ Φ̄Φ̄T

where R ≈ 0.

So the covariance kernel matrix is approximately low rank
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4.2 Gaussian process

• A random process,
{g(Z, t) : t ∈ T}

indexed by t, is called a Gaussian process (GP) if for any finite number of
points, t1... tM, the joint distribution

g(Z, t1)...g(Z, tM)

is Gaussian

• covariance function

K(x, x;′ ) = cov(g(Z, x), g(Z, x′))

• It is stationary if Eg(Z, x) does not depend on x, and covariance function is
a function of x− x′.

4.3 Predictive density

• Suppose in the regression,

y = f(X) + e, e ∼ N(0, σ2)

f is a zero mean gaussian process conditionally on X1..Xn, in the following
sense:

{f(X) : X ∈ X}

is GP, indexed by X.

g(Z, t) := f(X)

where Z = f , which is random; t = X, which is fixed index. So the randomness
comes from f, while X is held as fixed index. So this is a Bayesian definition.

• Then conditionally on X
F = f(X1)...f(Xn)

is zero mean, covariance function K(Xi, Xj).
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• For predictions, suppose we have a new xnew

The goal is to find
p(ynew|Y,X, xnew)

• Method (1)

Let F̄ = (f(xnew), F )′

Let Ȳ = (ynew, Y ). Supress the conditions on X, xnew, the goal is to find

p|(Ȳ ) := p(Ȳ |x, xnew)

where p| means conditional on X, Xnew.

We know
p|(Ȳ |F̄ ) ∼ N(F̄ , σ2I)

p|(F̄ ) ∼ N(0, K(n+ 1))

So pl(Ȳ ) is also normal.

E|(Ȳ ) = E|E|(Ȳ |F̄ ) = E|F̄ = 0

V ar|(Ȳ ) = E|V ar|(Ȳ |F̄ ) + V ar|E|(Ȳ |F̄ ) = σ2I + V ar|(F̄ ) = σ2I +K(n+ 1)

Hence ynew|Y,X,Xnew is also Gaussian, because the joint is Gaussian. Let

K(n+ 1) =

(
k(new) Σ12

Σ21 K(n)

)
The mean is

Σ12(σ
2 +K(n))−1Y

The variance is
σ2 +M

M := k(new)− Σ12(σ
2 +K(n))−1Σ21

• Method (2)

p(ynew|Y,X, xnew) =

∫
p(ynew|F̄ , Y,X, xnew)p(F̄ |Y,X, xnew)dF̄
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(a) p(F̄ |Y,X, xnew) ∝ p(F̄ |X,Xnew)p(Y |F̄ , X,Xnew) = N(F̄ ; 0, K(n+1))N(Y ;F, σ2I)

∝ exp(−1

2
F̄ TK(n+ 1)−1F̄ ) exp(− 1

2σ2
‖Y − F‖2)

(b)

p(ynew|F̄ , Y,X, xnew) = N(ynew; f(xnew), σ2) ∝ exp(− 1

2σ2
(ynew − f(xnew))2)

(c) Together, note that f(xnew) = eT1 F̄ and F = AF̄ , where A = [0, I]

p(ynew|Y,X, xnew) ∝
∫

exp(− 1

2σ2
(ynew−f)2−1

2
F̄ TK(n+1)−1F̄− 1

2σ2
‖Y−F‖2)dF̄

∝
∫

exp(− 1

2σ2
(ynew − eT1 F̄ )2 − 1

2
F̄ TK(n+ 1)−1F̄ − 1

2σ2
‖Y − AF̄‖2)dF̄

Calculations yield

p(ynew|Y,X, xnew) ∼ N(mean, var)

for eT = (1, 0, ...0)
G = I + σ2K−1n+1, A = (0, I)

mean =
eTG−1ATY

1− eTG−1e

var =
σ2

1− eTG−1e

• Matlab

Method (1) GP, with gaussian kernel K(n) = exp(−0.5|x− x′|2).

4.4 Asymptotics of the predictive density

• To see var ∼ O(1/n), the Mercer’s theorem shows

Kn+1 ≈ Φ̄Φ̄T

which is low rank

22



-1 0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
density of Ynew, n=20

frequentist
linear pred density,g=n
GP Gaussian
GP quadr
GP OU

Then first apply SVD to show

(I + σ2K−1)−1 = I − (Kσ−2 + I)−1

Hence
eTG−1e = 1− eT (Kσ−2 + I)−1e

Then apply Woodbury’s identity to show (suppose σ2 = 1)

eT (Kσ−2 + I)−1e ≈ eT (Φ̄Φ̄T + I)−1e ≈ 1− φ̄T1 (1 + Φ̄T Φ̄)−1φ̄1 = 1 +O(1/n)

given the assumption (x is fixed, not random)∑
i

‖φ(xi)‖2 = O(n)

So
eTG−1e = O(1/n)

Hence

var =
σ2

1− eTG−1e
≈ σ2

23



Formal proof of this is HW

5 Objective priors

5.1 Jeffreys’ prior

• Fisher’s criticism of “uninformative prior”.

If no information on θ, then no information as well on h(θ).

Example: Exp(λ) or Exp(1/θ) ? where λ = 1/θ.

Say flat prior is on θ: θ ∈ Unif(0, A). Then

P (λ < t) = P (1/θ < t) = P (θ > t−1) =

∫ A

1/t

1

A
dx =

1

A
(A− 1/t)

Thus

pλ(t) =
dP (λ < t)

dt
=

1

A
t−2, t > 1/A

This is an informative prior.

• More generally, Suppose we put flat prior on h. Then

p(θ) = p(h(θ))|dh
dθ
| = |dh

dθ
|

Suppose h(θ) = θ3. Then
p(θ) = 3θ2

which is INFORMATIVE.

• Fisher’s criticism leads to thoughts about what “non-informative prior” means

So what does “informative” means? flat prior is not necessarily “informative”
or “uninformative”.

We need to re-define “informative” or “uninformative”

“ finding prior distributions that have a minimal impact as possible on the data
”

• “Uninformative” here means:

invariance to reparametrization
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If there is a method for us to find p(θ), then for any change of variable h(θ),
and if we start from the beginning using the same method on h directly, we
would get the same thing.

Say, this method gives me priors

pθ, ph

, say θ = θ(h), then

ph(h) = pθ(θ(h))|dθ
dh
|

• Jeffrey prior
p(θ) ∝

√
|detI(θ)|

I(θ) = −E(∇2 logL(θ)) = E(∇ logL(θ))2

It can be proved that for any transformation h(θ)

p(h) ∝
√
detI(h)

Proof. say θ = θ(h)

then

ph(h) = pθ(θ(h))|dθ
dh
|

now use Wikipedia, and other examples

Example: N(θ, σ2). What is the Jeffreys’ prior on θ ?

Simple calculation yields
I(θ, σ) = σ−2I2

so the joint J prior is 1/σ2. This does not depend on µ.

5.2 Shannon’s information theory

• Entropy X

H(X) = −EX log p(X) = −
∫
p(x) log p(x)dx
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which represents the chaos of the distr of X.

• Conditional entropy X|Y :

H(X|Y ) = −
∫
p(x|y) log p(x|y)dx

• Joint entropy decomposition:

H(X, Y ) = EH(X|Y ) +H(Y )

EH(X|Y ): after knowing Y , the remaining chaos of X.

So the above says:

total chaos = chaos of Y + remaining chaos of X after knowing Y

X ∪ Y = Y ∪ [X\(X ∩ Y )]

Proof

H(X, Y ) = −
∫∫

p(x, y) log p(x, y)dxdy = −
∫
p(x, y) log p(x|y)dxdy

−
∫

log p(y)

∫
p(x, y)dxdy

= −
∫
p(y)

∫
p(x|y) log p(x|y)dxdy −

∫
p(y) log p(y)dy

=

∫
p(y)H(X|y)dy +H(Y ) = EH(X|Y ) +H(Y )

• The above equality implies:

EH(X|Y ) = remaining chaos of X after knowing Y = X\(X ∩ Y )

So

H(X)− EH(X|Y ) = reduced chaos of X, after knowing Y = X ∩ Y

= the “Information” about X, carried by Y
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Note that X ∩ Y is symmetric, so this is also the same as “the information”
about Y, carried by X. In other words,

H(X)− EH(X|Y ) = mutual information

Proof

Note

EH(X|Y ) = −
∫
p(x, y) log p(x|y)dxdy

H(X) = −
∫
p(x, y) log p(x)dxdy

X∩Y = I(X, Y ) := H(X)−EH(X|Y ) = −
∫
p(x, y) log p(x)dxdy+

∫
p(x, y) log p(x|y)dxdy

= (1)

∫
p(x, y) log

p(x|y)

p(x)
dxdy

= (2)

∫
p(x, y) log

p(x, y)

p(y)p(x)
dxdy

(2) shows symmetry.

• look at (1) again.

I(X, Y ) =

∫
p(y)p(x|y) log

p(x|y)

p(x)
dxdy = EYK(p(x|y)||p(x))

recall

K(P ||Q) =

∫
log

dP

dQ
dP

Note KP divergence is not symmetric, but mutual information is.

So mutual infor measures how close p(x|y) is to p(x). The closer, the more
independent (X, Y ), the less information.

• If X ⊥ Y , then I = 0 , X ∩ Y = 0.
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5.3 Reference prior

• Now let
Y = D, X = θ

I(θ,D) = EDK(posterior||prior)) = information about θ carried by data

If data has lots of information about θ, posterior and prior are then very far
from each other.

• We want the data to play as much role as possible, and thus we need prior to
be as far from the posterior as possible. This is “uninformative” means.

p(θ) = arg max
p(θ)

lim
n
I(θ,D)

This is known as Reference prior

• Now let us solve it asymptotically

I(θ, Y ) = H(θ)− EDH(θ|D) = H(θ) + EDEθ|D log p(θ|D)

≈ H(θ) + EDEθ|D log φ(θ;D)

where φ(θ;D) is the pdf of N(MLE, 1
n
S), S is inverse Fisher information.

• In the one dim case, This simplifies

≈ K(det(S)1/2||p(θ)) =

∫
p(θ) log

√
det(S(θ))

p(θ)
dθ

this is max at Jeffrey’s prior.

6 Posterior large sample properties

6.1 concentration rate

Suppose

p(β|D) =
Ln(β)π(β)∫
Ln(β)π(β)dβ

We now show that
P (β ∈ B|D)→P 0.
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where
B = {‖β − β0‖ ≥ rn}

Proof. Let

p(β ∈ B|D) =

∫
B
Ln(β)/Ln(β0)π(β)dβ∫
Ln(β)/Ln(β0)π(β)dβ

=
JB
J

Let

JB =

∫
B

Ln(β)/Ln(β0)π(β)dβ

J =

∫
Ln(β)/Ln(β0)π(β)dβ

6.1.1 lower bound of J

We now show J is not too small.
This part is hardest, we follow Shen and Wasserman (2001)
Let

K(β) =
1

n
EDn log

Ln(β0)

Ln(β)

V (β) =
1

n
V arDn log

Ln(β0)

Ln(β)

Kn(β) =
1

n
log

Ln(β0)

Ln(β)

Kullback-leibler divergence between p(Y |β0) and p(Y |β).
So

EDnKn(β) = K(β), V arDnKn(β) =
1

n
V (β)

Ln(β)

Ln(β0)
= exp(− log

Ln(β0)

Ln(β)
) = exp(−nKn(β))

J =

∫
exp(−nKn(β))π(β)dβ

In the normal case,

logLn(β) = c− ‖Y −Xβ‖
2

2σ2

Kn(β) = −‖Y −Xβ0‖
2

2nσ2
+
‖Y −Xβ‖2

2nσ2
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now for some bn → 0,let

Wn = {β :
Kn(β)−K(β)√

V (β)
>
√
bn}

Sn = {β : K(β) < bn, V (β) < bn}

set W c
n and Sn should be “relatively large”:

sup
β
PDn(β ∈ Wn) ≤ sup

β

V arDn(Kn(β))

V (β)bn
=

1

nbn

J ≥
∫
W c
n∩Sn

exp(−nKn(β))π(β)dβ

=

∫
W c
n∩Sn

exp(−n(
Kn(β)−K(β)√

V (β)
)
√
V (β)) exp(−nK(β))π(β)dβ

≥
∫
W c
n∩Sn

exp(−n
√
bn
√
V (β)) exp(−nK(β))π(β)dβ

≥
∫
W c
n∩Sn

exp(−2nbn)π(β)dβ = exp(−2nbn)π(W c
n ∩ Sn)

= exp(−2nbn)[π(Sn)− π(Sn ∩Wn)]

To look at EDnπ(Sn ∩Wn):

EDnπ(Sn ∩Wn) =

∫
π(Sn ∩Wn)Ln(β0)dDn =

∫ ∫
1β∈Sn∩Wnπ(β)dβLn(β0)dDn

=

∫
1β∈Sn

∫
1β∈WnLn(β0)dDnπ(β)dβ

Note: Sn does NOT depend on data, only Wn does.∫
1β∈WnLn(β0)dDn = EDn1{β ∈ Wn} = PDn(β ∈ Wn)

So

EDnπ(Sn ∩Wn) =

∫
1β∈SnPDn(β ∈ Wn)π(β)dβ ≤ 1

nbn
π(β ∈ Sn)
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Hence for some an,

PDn(J < anπ(Sn)) ≤ PDn(exp(−2nbn)[π(Sn)− π(Sn ∩Wn)] < anπ(Sn))

= PDn(π(Sn ∩Wn) > π(Sn)− anπ(Sn) exp(2nbn))

≤ 1

nbn

1

(1− an exp(2nbn))

can choose an so that 1−an exp(2nbn) is a constant, for example, an = 1
2

exp(−2nbn)
Then

PDn(J >
1

2
exp(−2nbn)π(Sn)) ≥ 1− 2

nbn

6.1.2 upper bound of JB

Method 1
The key proof for posterior convergence is usually based on a “testing technique”

Schwartz (1965). Let En be a random event, such that Ec
n holds with high prob, to

be determined. The usual tradition of the notation is that Ec
n holds likely, instead

of En. We hope

PDn(En) ≤ small, sup
β∈B

PDn,β(Ec
n) ≤ small

where PDn,β means the probability measure with respect to the data, when the true
value is β.

p(β ∈ B|D) =
JB
J

1En +
JB
J

1Ecn ≤ 1En +
JB
J

1Ecn

We need to bound both.
step 1
For 1En :

EDn(1En) = PDn(En)

Hence for some cn,

PDn(1En > cn) ≤ PDn(En)
1

cn

For JB
J

1Ecn ,

EDn(JB1Ecn) = EDn1Ecn

∫
B

Ln(β)

Ln(β0)
π(β)dβ =

∫
1Ecn

∫
B

Ln(β)

Ln(β0)
π(β)Ln(β0)dDndβ
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=

∫
1Ecn

∫
B

Ln(β)π(β)dβdDn =

∫
B

∫
1EcnLn(β)dDnπ(β)dβ =

∫
B

EDn,β(1Ecn)π(β)dβ

≤ π(β ∈ B) sup
β∈B

EDn,β(1Ecn) = π(β ∈ B) sup
β∈B

PDn,β(Ec
n)

where EDn,β means the expectation with respect to the data, when the true value is
β.

So for some dn,

PDn(JB1Ecn > dn) ≤ π(β ∈ B) sup
β∈B

PDn,β(Ec
n)

1

dn

step 2
together

p(β ∈ B|D) ≤ 1En +
JB
J

1Ecn

PDn(JB1Ecn < dn) ≥ 1− π(β ∈ B) sup
β∈B

PDn,β(Ec
n)

1

dn

PDn(1En < cn) ≥ 1− PDn(En)
1

cn

PDn(J >
1

2
exp(−2nbn)π(Sn)) ≥ 1− 2

nbn

Hence with probability 1−m, where m = 2
nbn

+ π(β ∈ B) supβ∈B PDn,β(Ec
n) 1

dn
+

PDn(En) 1
cn

P (β ∈ B|D) ≤ cn +
dn

1
2

exp(−2nbn)π(Sn)

we need m→ 0 and cn and dn as small as possible, so take

nbn →∞

PDn(En) =
1

3
cnm

π(B) sup
β∈B

PDn,β(Ec
n) =

1

3
dnm
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Thus

P (β ∈ B|D) ≤ 3

m
PDn(En) +

3π(B)
1
2
mπ(Sn)

exp(2nbn) sup
β∈B

PDn,β(Ec
n)

step 3 let us now find En. can set

En = {‖β̂ − β0‖ ≥ kn}.

and note ‖β̂ − β0‖ ≥ ‖β − β0‖ − ‖β̂ − β‖

sup
β∈B

PDn,β(Ec
n) = sup

‖β−β0‖>rn
PDn,β(‖β̂ − β0‖ < kn) ≤ sup

‖β−β0‖>rn
PDn,β(‖β̂ − β0‖ < kn)

≤ sup
‖β−β0‖>rn

PDn,β(‖β̂ − β‖ > rn − kn) = sup
‖β−β0‖>rn

PDn,β(‖β̂ − β‖ > rn/2)

set kn = rn/2,
So need exponential bound. For normal model,

PDn(En) + PDn,β(‖β̂ − β‖ > rn/2) ≤ C exp(−Cnr2n)

then

P (β ∈ B|D) ≤ 3

m
C exp(−Cnr2n) +

3π(B)
1
2
mπ(Sn)

C exp(−Cnr2n + 2nbn)

let

2bn =
C

2
r2n

P (β ∈ B|D) ≤ 3

m
C exp(−Cnr2n) +

3π(B)
1
2
mπ(Sn)

C exp(−C
2
nr2n)

let nr2n →∞, suppose

π(Sn) exp(
C

2
nr2n)→∞

m−1 →∞ slower than π(Sn) exp(C
2
nr2n)

Method 2 recall

p(β ∈ B|D) =
JB
J
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Ln(β)

Ln(β0)
= exp(− log

Ln(β0)

Ln(β)
) = exp(−nKn(β))

alternative bound for

JB =

∫
B

Ln(β)/Ln(β0)π(β)dβ =

∫
B

exp(−nKn(β))π(β)dβ

Kn(β) =
1

n
log

Ln(β0)

Ln(β)

Suppose for an → 0,
PDn( inf

β∈B
Kn(β) > an)→ 1,

Then on the event infβ∈BKn(β) > an,

JB ≤ exp(−nan)π(B)

Also,

PDn(J >
1

2
exp(−2nbn)π(Sn)) ≥ 1− 2

nbn

Hence

p(β ∈ B|D) ≤ exp(2nbn − nan)π(B)
1
2
π(Sn)

=
exp(−1

2
nan)π(B)

1
2
π(Sn)

let 2bn = 1
2
an, need

nan →∞

π(Sn) exp(
1

2
nan)→∞

key question: what is an ? For normal model,

Kn(β) = −‖Y −Xβ0‖
2

2nσ2
+
‖Y −Xβ‖2

2nσ2

then an ∼ rn. More general verification of PDn(infβ∈BKn(β) > an) → 1, is the
stochastic equicontinuity of empirical process (Ossiander 1987)

6.2 Bernstein von Mises theorem

• The BvM shows the asymptotic normality
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Recall that the likelihood is

Ln(β) = exp(ln(β)).

• Consider two expansions

(1) Here ln(β) has expansion

ln(β) = ln(β0) + (β − β0)′∇ln(β0)−
n

2
(β − β0)′Jn(β0)(β − β0) +Rn(β)

So this looks like a normal likelihood. We now formalize this result.

(2)
0 = ∇ln(MLE) = ∇ln(β0)− nJn(β0)(MLE − β0) + rn

So

MLE ≈ β0 +
1

n
Jn(β0)

−1∇ln(β0)

This motivates:

Given β, we make a transformation

h =
√
n(β − β0)−

1√
n
Jn(β0)

−1∇ln(β0)

Equivalently

β =
1√
n
h+ β0 +

1

n
Jn(β0)

−1∇ln(β0)︸ ︷︷ ︸
Tn

We do so , because when β = β̂MLE, h ≈ 0 (in absence of Rn). So for a general
β, h measures how far it is from β̂MLE.

• The B-v-M theorem: detailed proof can be found from Ghosh and Ramamoor-
thi (2003, Springer)

Let pn(β) = p(β|D).

we consider pn(β), but in the new transformation

1√
n
pn(

1√
n
h+ β0 +

1

n
Jn(β0)

−1∇ln(β0)) := p∗n(h)

35



we aim to show
p∗n(h) ≈ N(0, Jn(β0)

−1) ∼ φ(h)

Proof. Define

Tn = β0 +
1

n
Jn(β0)

−1∇ln(β0)

then

β =
1√
n
h+ Tn

Tn looks like MLE.
Use these notation, replace β by 1√

n
h+ Tn,

ln(β) = ln(β0) + (β − β0)′∇ln(β0)−
n

2
(β − β0)′Jn(β0)(β − β0) +Rn(β)

= ln(β0)+(
1√
n
h+Tn−β0)′∇ln(β0)−

n

2
(

1√
n
h+Tn−β0)′Jn(β0)(

1√
n
h+Tn−β0)+Rn(

1√
n
h+Tn)

= C − 1

2
h′Jn(β0)h+Rn(

1√
n
h+ Tn)

Recall

p(β|D) =
1

C
exp(ln(β))π(β)

then replace β with 1√
n
h+ Tn

p∗n(h) =
π( h√

n
+ Tn) exp(w(h))

Cn

w(h) = −1

2
h′Jn(β0)h+Rn(

h√
n

+ Tn)

where Cn is the integration wrt h.
Now we are hoping

π( h√
n

+ Tn) exp(w(h))

Cn
≈ φ(h) ∼ N(0, Jn(β0)

−1)

So we aim to show

exp(−1

2
h′Jn(β0)h+Rn(

h√
n

+ Tn))π(
h√
n

+ Tn) ≈ exp(−1

2
h′Jn(β0)h)π(β0)
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(i) when |h| < M , this is true, note Tn ≈ β0
(ii) when M < |h| <

√
n, the LHS can be made smaller than exp(−1

4
h′Jn(β0)h),

which then is small if M is sufficiently large.
(iii) when |h| >

√
n. Both sides go to zero.

we only give the intuition up to here.

6.3 confidence interval

6.3.1 MCMC revisits

Metroplis-Hastings
The algorithm:
1. choose a starting β0

2. generate ξ from q(βj|ξ)
3. update βj+1 using

βj+1 =

{
ξ pro = ρ(βj, ξ)

βj pro = 1− ρ(βj, ξ)

where

ρ(x, y) = min(1,
Ln(y)π(y)

Ln(x)π(x)

q(x|y)

q(y|x)
)

we use

q(x|y) ∼ e−
|x−y|2

2

6.3.2 Large sample property of MCMC confidence interval

Let ca1 and ca2 be the upper and lower quantiles of MCMC:

P (ca2 < β < ca1|D) = 0.95

We now show that
P (ca2 < β0 < ca1)→ 0.95

Proof. let

F (x|D) =

∫ x

p(β|D)dβ

F (β0 +
s√
n
|D) =

∫ β0+
s√
n

p(β|D)dβ
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Let Un = 1√
n
J−1n ∇ln(β0) (at trueth)

recall

β =
1√
n
h+ β0 +

1√
n
Un

change var to h,

P (β < β0 +
s√
n
|D) = F (β0 +

s√
n
|D) =

∫
h+Un<s

p∗n(h)dh ≈
∫
h+Un<s

φ(h)dh

=

∫
x<s

φ(x− Un)d(x− Un) =

∫ s

N(x;Un, J
−1
n )dx

= P (N(Un, J
−1
n ) < s|Un)

let Z = N(0, J−1n ),

now let β0 +
s∗1√
n

= ca1, and β0 +
s∗2√
n

= ca2,

0.95 = P (ca2 < β < ca1|D) = P (β < ca1|D)− P (β < ca2|D)

≈ P (N(Un, J
−1
n ) < s∗1|Un)− P (N(Un, J

−1
n ) < s∗2|Un)

= P (Z < s∗1 − Un|Un)− P (Z < s∗2 − Un|Un)

= P (s∗2 − Un < Z < s∗1 − Un|Un)

So let us define
m1 = s∗1 − Un, m2 = s∗2 − Un

which satisfy
P (m2 < Z < m1) = 0.95

On the other hand,

P (ca2 < β0 < ca1) = P (s∗1 > 0, s∗2 < 0) = P (Un < −m2, Un > −m1)

= P (m2 < Un < m1) = 0.95

suppose Un ∼ N(0, J−1).
it remains to show Un →d N(0, J−1n ). Note Un = 1√

n
J−1n ∇ln.

V ar(Un) = J−1n
1

n
V ar(∇ln)J−1n

this is true because 1
n
V ar(∇ln) = Jn
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7 Term project: Estimate the density of SP500

returns

Obtain data from SP500 index, as well as its constituents. It does not matter
whether the panel is balanced, because all we need for each individual stock is its
mean and variance.

Estimate the density of SP500 using three methods. Plot the three in the same
plot

• Use full MoN to estimate index density,

you need to:

(1) give the iteration scheme

(2) plot the histogram with the density

(3) try some number of mixtures

• Use MoN to estimate index density, but assuming σk, µk are known, only need
to estimate weights

you need to:

(0) Estimate individual σk, µk from each return

(1) give the iteration scheme for the weights

(2) plot the histogram with the density

(3) the number of mixtures is just the number of stocks used

• Estimate the SP500 predictive density, given the model

Yt = f(Xt) + et, Xt = Yt−1, e ∼ N(0, σ2)

you need to:

(1) σ2 is assumed known, simply estimated by sample variance

(2) Use “data” Y1, ..., YT in the following way:

let
(Y1, ..., YT−1)be “X”

(Y2, ..., YT )be “Y”

YT be “Xnew”
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To goal is to use the above to get the posterior predict density for Ynew = YT+1

(3) Use Gaussian process
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