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Appendix A. Frobenius-norm matrix convergence and rank

consistency

A.1. The convergence of ∥Θ̃S −ΘS∥F .

Lemma A.1. Suppose the n rows of E ◦ X are independent and that each is a

1× p sub-Gaussian vector. In addition, suppose ∥ 1
n
E(E ◦X)(E ◦X)′∥ is bounded.

Then

∥E ◦X∥ = OP (
√
n+

√
p).
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Proof. The eigenvalue-concentration inequality for independent sub-Gaussian ran-

dom vectors (Theorem 5.39 of [6]) implies

∥(E ◦X)(E ◦X)′ − E(E ◦X)(E ◦X)′∥ = OP (
√
np+ p),

which in turn shows

∥E ◦X∥2 ≤ ∥E(E ◦X)(E ◦X)′∥+OP (
√
np+ p) = OP (n+ p).

□

To formally state the rate of convergence of the nuclear-norm penalized estima-

tor, let

ωnp := ν
√
J + ∥R∥(n) ≍ (

√
n+

√
p)
√
J + ∥R∥(n).

Proposition A.1. For S ∈ {I, Ic, {1, ..., n}}, there is a J×J rotation matrix HS

satisfying H ′
SHS = I, so that

∥Θ̃S −ΘS∥2F = OP (ω
2
np), ∥ṼS − V0HS∥F = OP (J

dωnpψ
−1
np ).

Proof. The convergence of ∥Θ̃S−ΘS∥2F follows from the standard arguments in the

low-rank literature, e.g., [4]. Moreover, given the convergence (in Frobinus norm)

of Θ̃, the convergence of Ṽ − V0 follows straightforward by applying the Weyls’

theorem for bounding the eigenvalues and the sin-theta theorem for bounding the

eigenvectors. The extra “Jd” term in the rate arises from the eigengap ψnp/J
d.

We omit details for brevity.

The only thing we would like to emphasize here is that the convergence requires

the so-called “restrictive strong convexity”, which we shall give a formal prove in

the following subsection. □

A.2. Proof of Restricted strong convexity. Recall the SVD of Θ0:

Θ0 = UDV ′, U = (U0, Uc), V = (V0, Vc).

Here (Uc, Vc) are the columns of U, V that correspond to the zero singular values,

while (U0, V0) denote the columns of U, V associated with the non-zero singular

values. In addition, for any n× p matrix A, let

P(A) = UcU
′
cAVcV

′
c and M(A) = A− P(A).
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Here M(·) can be thought of as the projection matrix onto the columns of U0 and

V0, which is also the “low-rank” space of Θ0. P(·) is then the projection onto the

space orthogonal to this low-rank space.

Lemma A.2. Suppose (i) maxij |xij| < C and minij Ex
2
ij > c0. (ii) Either xij = cj

almost surely for some constants cj ̸= 0, or xij is independent across both (i, j).

In addition, define the restricted low-rank set as, for some c > 0,

C(c1, c2) = {A ∈ A : ∥P(A)∥(n) ≤ c1∥M(A)∥(n), ∥A∥2F > c2
√
np}.

For any c1, c2 > 0 there are constants κ,B > 0 so that with probability approaching

one, uniformly for A ∈ C(c1, c2),

∥X ◦ A∥2F ≥ κ∥A∥2F − J(n+ p)B

The same inequality holds when Θ0 is replaced with its subsample versions: Θ0,I

and Θ0,Ic.

Proof. For notational simplicity, write X(A) = ∥X ◦ A∥2F . Then for Ex2ij > c0,

EX(A) =
∑
ij

A2
ijEx

2
ij ≥ c0∥A∥2F .

Define an event, for sufficiently large B > 0,

E(A) := {|X(A)− EX(A)| > 0.5EX(A) + J(n+ p)B}.

We aim to claim P (∃A ∈ C(c1, c2), E(A)) → 0. Once this is proved, then P (∀A ∈
C(c1, c2), E(A)c) → 1. On E(A)c, the restricted strong convexity holds for κ = c0/2,

because:

X(A) ≥ 0.5EX(A)− J(n+ p)B ≥ κ∥A∥2F − J(n+ p)B.

To prove P (∃A ∈ C(c1, c2), E(A)) → 0, we use the standard peeling argument.

Let

Γl = {A ∈ C(c1, c2) : 2lvn ≤ EX(A) ≤ 2l+1vn},

where vn = B
√
np and l ∈ N. We let c2 = 2c−1

0 B in the definition of C(c1, c2).
Step 1: show C(c1, c2) ⊂ ∪∞

l=1Γl. For A ∈ C(c1, c2) we have

∥A∥2F ≥ c2
√
np = 2c−1

0 B
√
np = 2c−1

0 vn.
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Then EX(A) ≥ c0∥A∥2F ≥ 2vn. Hence there is l ∈ N so that A ∈ Γl as long as

A ∈ C(c1, c2). This shows C(c1, c2) ⊂ ∪∞
l=1Γl.

Now let

D(x) := {A ∈ C(c1, c2) : ∥A∥2F ≤ x}
F := {A : |X(A)− EX(A)| − J(n+ p)B > 0.25× 2l+1vn}.

and xl = c−1
0 2l+1vn.

Step 2: show {A : E(A) is true}∩Γl ⊂ D(xl)∩F . If A ∈ Γl and E(A) holds,
then A ∈ F because:

|X(A)− EX(A)| − J(n+ p)B > 0.5EX(A) ≥ 0.5× 2lvn = 0.25× 2l+1vn.

Also ∥A∥2F ≤ c−1
0 EX(A) ≤ c−1

0 2l+1vn. This implies A ∈ D(xl).

Now let

Z(x) := sup
A∈D(x)

| 1
np

∑
ij

x2ijA
2
ij − Ex2ijA

2
ij|.

Step 3: bound EZ(x). For any A ∈ D(x) ⊂ C(c1, c2), C = 1 + c1,

∥A∥(n) = ∥P(A) +M(A)∥(n) ≤ (1 + c1)∥M(A)∥(n)
≤ (1 + c1)

√
rank(Θ0)∥M(A)∥F ≤ C

√
J∥A∥F ≤ C

√
Jx.

Let ϵij be an i.i.d. Rademacher sequence. Let G = (ϵijxij)n×p. Then E∥G∥ ≤
C1

√
n+ p for some constant C1. Then

EZ(x) ≤(i) 2E sup
A∈D(x)

| 1
np

∑
ij

x2ijA
2
ijϵij| ≤(ii) C2E sup

A∈D(x)

| 1
np

∑
ij

xijAijϵij|

= C2E sup
A∈D(x)

| 1
np

tr(GA′)| ≤ C2E sup
A∈D(x)

1

np
∥G∥∥A||(n)

≤ C3

√
n+ p

np
sup

A∈D(x)

∥A||(n) ≤ C4

√
n+ p

np

√
Jx = 2C5

√
J(n+ p)
√
npc0

√
c0

32np
x

≤ c0x

32np
+
C2

5

c0

J(n+ p)

np
≤ c0x

32np
+B

J(n+ p)

np

where (i) follows from the standard symmetrization argument; (ii) uses the con-

traction inequality (e.g., (2.3) of [3]), which requires |xij|+ |A|ij ≤M for all (i, j).

This holds since A ∈ A and by the assumption. The last inequality holds for

sufficiently large B > 0.

Step 4: bound the tail probability of Z(x) − EZ(x). The conditions that

|Aij| < M (because A ∈ A) and the independence of xij over (i, j) allow us to
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apply the Massart inequality (e.g., Theorem 14.2 of [2]), so

P (Z(x) > EZ(x) + t) ≤ exp(−C6npt
2), ∀t > 0,

Let t = 7c0x
32np

. Then from Step 3,

P (Z(x) >
J(n+ p)

np
B +

1

np
0.25c0x) ≤ P (Z(x) > EZ(x)− c0x

32np
+

1

np
0.25c0x)

= P (Z(x) > EZ(x) + t) ≤ exp(−C6npt
2) = exp(−C7x

2

np
).

Step 5: Pealing device. Hence for c′ that only depends on c0, but not on B,

P (∃A ∈ C(c1, c2), E(A)) ≤
∞∑
l=1

P (A ∈ Γl, E(A)) =
∞∑
l=1

P (A ∈ D(xl) ∩ F)

≤
∞∑
l=1

P ( sup
A∈D(xl)

|X(A)− EX(A)| > J(n+ p)B + 0.25c0xl)

=
∞∑
l=1

P (Z(xl) >
J(n+ p)

np
B +

1

np
0.25c0xl) ≤

∞∑
l=1

exp(−C7x
2
l

np
)

=
∞∑
l=1

exp(−C84
l+1v2n
np

) =
∞∑
l=1

exp(−C84
l+1B2) ≤ exp(−16C8B

2)

1− exp(−16C8B2)
< ϵ

for any ϵ > 0 and sufficiently large B.

□

Appendix B. Proof of Theorems

We use the notation EI and VarI to denote the conditional expectation and

variance given the subsamples in S ∈ {I, Ic}. We use I to denote the identity

matrix.

B.1. Convergence of Γ̂S. Recall that columns of HS are the eigenvectors of

Γ′
SΓS. Note that θij = γ′ivj + rij. Throughout the proof, we use vi and γj to

denote the true values γi,0 and vi,0 for notational simplicity.

Lemma B.1. There are J ×J rotation matrices H and B, so that for each i /∈ S,

γ̂i −H ′γi = B−1H ′
S

p∑
j=1

εijxijvj + oP (1).
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The above oP (.) is pointwise in i and in ∥.∥. Also ∥H ′ −H−1
S ∥ = OP (J

dωnpψ
−1
np ),

and ∥B∥ + ∥B−1∥ + ∥H∥ + ∥H−1∥ = OP (1). Note that both B and H ′ depend on

S.

Proof. First recall that ṼS is estimated using subsamples in S. Note that ∥ṼS −
V0HS∥ = OP (Jωnpψ

−1
np ) for some rotation matrix HS. For simplicity of notation,

we simply write ṽ′j to denote the j th row of ṼS. For each i /∈ S, by definition in

Step 3 of the estimation algorithm, and γ′i as the i th row of Γ0,

γ̂i −H−1
S γi = B̂−1

i

p∑
j=1

[yij − xij · γ′iH−1′

S ṽj]xij ṽj,

and B̂i =
∑p

j=1 x
2
ij ṽj ṽ

′
j. Let B = H ′

S

∑p
j=1(Ex

2
ij)vjv

′
jHS.

γ̂i −H−1
S γi = B̂−1

i

p∑
j=1

[εij + xij(θij − γ′iH
−1′

S ṽj)]xij ṽj

= B−1H ′
S

p∑
j=1

εijxijvj +B−1

p∑
j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi +

4∑
k=1

∆i,k,

∆i,1 = (B̂−1
i −B−1)

p∑
j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi, ∆i,2 = B̂−1

i

p∑
j=1

εijxij(ṽj −H ′
Svj),

∆i,3 = B̂−1
i

p∑
j=1

x2ijrij ṽj, ∆i,4 = (B̂−1
i −B−1)H ′

S

p∑
j=1

εijxijvj. (B.1)

Lemma C.2 shows that
∑4

k=1∆i,k = oP (1). So

γ̂i −H−1
S γi = B−1H−1

S

p∑
j=1

εijxijvj +B−1

p∑
j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi + oP (1). (B.2)

To bound the second term on the right hand side, we proceed below in different

cases on the DGP of xij, corresponding to conditions (ii-a)-(ii-b) in Assumption

4.3.

Under condition (ii-a) x2ij does not vary across i ≤ n. We can write x2ij = x2j ,

B = H ′
S

∑p
j=1 x

2
jvjv

′
jHS and

H ′ := H−1
S +B−1

p∑
j=1

ṽjx
2
j(vj − ṽj)

′, ∥H ′ −H−1
S ∥ = OP (J

dωnpψ
−1
np ).
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From (B.1), moving B−1
∑p

j=1 ṽjx
2
j(vj − ṽj)

′γi to the left hand side we have:

γ̂i −H ′γi = B−1H−1
S

p∑
j=1

εijxijvj +
4∑

k=1

∆i,k + oP (1) = B−1H−1
S

p∑
j=1

εijxijvj + oP (1).

The fact that ∥B−1∥ = OP (1) follows from the assumption that
∑p

j=1 x
2
jvjv

′
j is

bounded away from zero.

Under condition (ii-b) xij is independent across i ≤ n and is weakly depen-

dent across j ≤ p. Let B = H ′
S

∑p
j=1(Ex

2
ij)vjv

′
jHS. Define

∆i,5 = B−1

p∑
j=1

ṽj(x
2
ij − Ex2ij)(vj −H−1′

S ṽj)
′γi

H ′ := H−1
S +B−1

p∑
j=1

ṽj(Ex
2
ij)(vj − ṽj)

′, ∥H ′ −H−1
S ∥ = OP (J

dωnpψ
−1
np ).

where it is the assumption that Ex2ij is stationary in i (does not vary across i).

From (B.2), moving B−1
∑p

j=1 ṽj(Ex
2
ij)(vj − ṽj)

′γi to the left hand side we have:

γ̂i −H ′γi = B−1H−1
S

p∑
j=1

εijxijvj +
5∑

k=1

∆i,k.

Lemma C.2 bounds ∆i,1 ∼ ∆i,5.

Under condition (ii-c) In this case we focus on xij ∈ {0, 1}. Let Bi = {j :

xij = 1}. Then B = H ′
S

∑p

j∈B̄ vjv
′
jHS. The fact ∥B−1∥ = OP (1) follows from the

assumption. In addition, let

∆i,6 := B−1

p∑
j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi −B−1

∑
j∈B̄

ṽj(vj −H−1′

S ṽj)
′γi.

We define

H ′ := H−1
S +B−1

∑
j∈B̄

ṽj(vj − ṽj)
′, ∥H ′ −H−1

S ∥ = OP (J
dωnpψ

−1
np ).

From (B.1), moving B−1
∑

j∈B̄ ṽj(vj − ṽj)
′γi to the left hand side we have:

γ̂i −H ′γi = B−1H−1
S

p∑
j=1

εijxijvj +
4∑

k=1

∆i,k +∆i,6 = B−1H−1
S

p∑
j=1

εijxijvj + oP (1).

Lemma C.2 shows that in this case ∆i,1 ∼ ∆i,4,∆i,6 = oP (1).

□
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B.2. Convergence of V̂I. Let Lj,I = H ′∑
i/∈I x

2
ijγiγ

′
iH.

As the vector g can be either sparse (e.g., g = (1, 0...0)′) or dense (e.g., g =

(1, ..., 1)′/p), sometimes we shall use the following inequality to bound terms of

the form:
∑p

j=1XjLj,Igj:

Let G = {j = 1, ..., p : gj ̸= 0} and |G| be its cardinality.

p∑
j=1

XjLj,Igj ≤
√∑

j∈G

L2
j,I

√√√√ p∑
j=1

X2
j g

2
j ,

which is shaper than the usual bound L :=
√∑p

j=1 L
2
j,I

√∑p
j=1X

2
j g

2
j when g is

sparse, and reaches about the same order of L when g is dense.

Lemma B.2. Given a p × 1 fixed vector g, for the rotation matrix H in Lemma

B.1 (which depends on the sample I),

V̂ ′
Ig −H−1V ′

0g =

p∑
j=1

∑
i/∈I

L−1
j,IH

′γiεijxijgj +OP (ξnp)

where ξnp is defined in (B.5). The above convergence is in ∥.∥.

Proof. Write V̂I = (v̂1, ..., v̂p)
′. Then for L̂j,I =

∑
i/∈I x

2
ij γ̂iγ̂

′
i,

v̂j −H−1vj = L̂−1
j,I

∑
i/∈I

[yij − xij · γ̂′iH−1vj]xij γ̂i.

Therefore,

V̂ ′
Ig −H−1V ′

0g =

p∑
j=1

(v̂j −H−1vj)gj =

p∑
j=1

∑
i/∈I

L−1
j,IH

′γiεijxijgj +
4∑

d=1

∆d, (B.3)

where

∆1 =

p∑
j=1

L̂−1
j,I

∑
i/∈I

x2ijrij γ̂igj, ∆2 =

p∑
j=1

[L̂−1
j,I − L−1

j,I ]H
′
∑
i/∈I

γiεijxijgj,

∆3 =

p∑
j=1

L̂−1
j,I

∑
i/∈I

(γ̂i −H ′γi)εijxijgj, ∆4 =

p∑
j=1

L̂−1
j,I

∑
i/∈I

x2ij(γ
′
iH − γ̂′i)H

−1vj γ̂igj.

(B.4)

By Lemmas C.4-C.6,
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4∑
d=1

∥∆d∥2 = OP (ξ
2
np)

ξ2np :=

(
J2+2d+4bω2

npEmax
j≤p

∥vj∥2 + npJ2+2bmax
ij

r2ij + ψ−2
np J

2+4d+4bω4
np

)
∥g∥2

∑
j∈G

∥vj∥2ψ−2
np

+
(
ω4
npψ

−2
np J

3+4d+8b + J2+2b
) p∑

j=1

∥vjgj∥2|G|ψ−2
np

+OP

(
ω4
npψ

−4
np nJ

2+4d+6b + ω2
npψ

−2
np J

2+2d+6b + J2b+1 max
ij

|rij|2n
)
ψ−2
np ∥g∥2|G|

+OP

(
1 + nJ2d+1ω2

npψ
−2
np + nJ

p∑
j=1

E∥vj∥4
)
ω2
npψ

−4
np ∥g∥2J1+2d+2b. (B.5)

where

µ2
np := np−2ω2

npψ
−4
np ∥g∥2J4+2d+2b[

∑
Bi∆B̄

1]2.

□

B.3. Asymptotic normality of θ̂′ig. The asymptotic normality follows from

Proposition B.1 below, whose condition (B.6) is verified by Lemma C.7 in the

case of either sparse or dense g, and the primitive condition in Assumption 4.6.

Proposition B.1. Let ξnp be as defined in (B.5). Suppose

|r′ig|+ J b∥ui∥ψnpξnp = oP (p
−1/2 + ∥ui∥∥g∥). (B.6)

Then for a fixed i ≤ n,

θ̂′ig − θ′ig√
s2np,1 + s2np,2

→d N(0, 1),

where, with Lj =
∑n

i=1 x
2
ijγiγ

′
i and B̄ =

∑p
j=1(Ex

2
ij)vjv

′
j,

s2np,1 :=

p∑
j=1

n∑
t=1

Var(εtj|Θ, X)[γ′iL
−1
j γt]

2x2tjg
2
j

s2np,2 :=

p∑
j=1

Var(εij|Θ, X)x2ij[v
′
jB

−1V ′
0g]

2.

Proof. Note that for fixed i ≤ n, θ̂′I,i = γ̂′iV̂
′
I and θ′i = γ′iV

′
0 + r′i, where r

′
i denotes

the i th row of R, the low-rank approximation error. By Lemmas B.1, B.2, for
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L̄j,I =
∑

i/∈I x
2
ijγiγ

′
i,

(θ̂I,i − θi)
′g = (γ̂′iV̂

′
I − γ′iV

′
0)g − r′ig

= γ′i

p∑
j=1

∑
t/∈I

L̄−1
j,Iγtεtjxtjgj +

p∑
j=1

εijxijv
′
jB̄

−1V ′
0g +R

= 2γ′i

p∑
j=1

∑
t/∈I

L−1
j γtεtjxtjgj +

p∑
j=1

εijxijv
′
jB̄

−1V ′
0g +R

R := oP (p
−1/2 + ∥ui∥∥g∥) +OP (J

1+b∥g∥ψ−1
np ) + ξnpOP (J

b∥ui∥ψnp + J1/2)− r′ig

where we used ∥H ′ −H−1
S ∥ = (Jdωnpψ

−1
np ) and Lj =

∑n
i=1 x

2
ijγiγ

′
i

∥
p∑

j=1

∑
t/∈I

L−1
j,Iγtεtjxtjgj∥ = OP (J

1/2+b∥g∥ψ−1
np ), ∥

p∑
j=1

εijxijv
′
jB

−1∥ = OP (
√
J).

|γ′i
p∑

j=1

∑
t/∈I

(2L−1
j − L̄−1

j,I)γtεtjxtjgj| =

√√√√OP (J)∥ui∥2
p∑

j=1

∥1
2
Lj − L̄j,I∥2g2jψ−4

np

= oP (∥ui∥∥g∥).

Similarly, once we switch I and Ic, (θ̂Ic,i − θi)g has a similar expansion. Hence

θ̂′ig − θ′ig = γ′i

p∑
j=1

∑
t/∈I

L−1
j γtεtjxtjgj + γ′i

p∑
j=1

∑
t/∈Ic

L−1
j γtεtjxtjgj

+

p∑
j=1

εijxijv
′
jB̄

−1V ′
0g +R

= γ′i

p∑
j=1

n∑
t=1

L−1
j γtεtjxtjgj +

p∑
j=1

εijxijv
′
jB̄

−1V ′
0g +R+OP (∥ui∥2∥g∥)

where
∑

t/∈I +
∑

t/∈Ic =
∑n

t=1 +1{t = i}, and γ′i
∑p

j=1 1{t = i}L−1
j γtεtjxtjgj =

OP (∥ui∥2∥g∥). Also note that ∥V ′
0g∥ ≍ p−1/2 and J1+b∥g∥ψ−1

np = o(p−1/2).

Next, we verify the Lindeberg condition for the first two leading terms of θ̂′ig−θ′ig.
First, we emphasize that the defined Xt,1 and Xj,2 (as defined below) do not depend

on the sample I or Ic. Let

Xt,1 := γ′i

p∑
j=1

L−1
j γtεtjxtjgj, Xj,2 = εijxijv

′
jB̄

−1V ′
0g

s2np,1 := Var(
n∑

t=1

Xt,1|Θ, X) =

p∑
j=1

n∑
t=1

Var(εtj|Θ, X)[γ′iL
−1
j γt]

2x2tjg
2
j
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≥ cmin
j≤p

ψmin(
n∑

t=1

x2tjγtγ
′
t)ψmin(L

−2
j )∥g∥2∥γi∥2

≥ cmin
j≤p

ψmin(
n∑

t=1

x2tjutu
′
t)ψ

−2
max(

n∑
t=1

x2tjutu
′
t)∥g∥2∥ui∥2 ≥ c∥ui∥2∥g∥2.

s2np,2 := Var(

p∑
j=1

Xj,2|Θ, X) =

p∑
j=1

Var(εij|Θ, X)x2ij[v
′
jB̄

−1V ′
0g]

2

≥ c∥g′V0∥2min
i
ψmin(

p∑
j=1

x2ijvjv
′
j)ψ

−2
max(B̄) ≥ cp−1.

Write E|(.) := E(.|Θ, X). We first bound
∑n

t=1 E|X 4
t,1 and

∑p
j=1 E|X 4

j,2. Write

Yt,j := γ′iL
−1
j γtεtjxtjgj, then Xt,1 =

∑p
j=1 Yt,j. Due to conditional independence,

n∑
t=1

E|(X 4
t,1) =

n∑
t=1

E|(

p∑
j=1

Yt,j)
4 ≤

n∑
t=1

p∑
j=1

E|Y4
t,j + 3

n∑
t=1

[

p∑
j=1

E|Y2
t,j]

2

≤ C∥ui∥4
n∑

t=1

∥ut∥4[
p∑

j=1

g4j + ∥g∥4]

p∑
j=1

E|(X 4
j,2) ≤ C

p∑
j=1

∥vj∥4∥V ′
0g∥4 ≤ C

p∑
j=1

∥vj∥4p−2.

Now for any ϵ > 0, by Cauchy-Schwarz and Markov inequalities and

p∑
j=1

∥vj∥4 = oP (1),
n∑

i=1

∥ui∥4 = oP (1)

we have

1

s2np,1

n∑
t=1

E|X 2
t,11{|Xt,1| > ϵsnp,1} ≤ 1

s2np,1ϵ

√√√√ n∑
t=1

E|X 4
t,1

≤ C

ϵ

√√√√ n∑
t=1

∥ut∥4
√∑p

j=1 g
4
j

∥g∥4
+ 1 = oP (1).

1

s2np,2

p∑
j=1

E|X 2
j,11{|Xj,1| > ϵsnp,2} ≤ Cp

√√√√ p∑
j=1

∥vj∥4p−2 = oP (1).

In addition,

1

∥ui∥∥g∥p−1/2
Cov(

n∑
t=1

Xt,1,

p∑
j=1

Xj,2|Θ, X) ≤ C∥V0∥F∥ui∥ = oP (1).
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Also, R = oP (p
−1/2 + ∥ui∥∥g∥), given condition (B.6). Thus we have achieved

θ̂′ig − θ′ig =
n∑

t=1

Xt,1 +

p∑
j=1

Xj,2 + oP (p
−1/2 + ∥ui∥∥g∥) (B.7)

where
∑n

t=1Xt,1/snp,1 and
∑p

j=1Xj,2/snp,1 are asymptotically normal and indepen-

dent. Hence we can apply the argument of the proof of Theorem 3 in [1] to conclude

that, conditionally on (Θ, X),∑n
t=1Xt,1 +

∑p
j=1Xj,2√

s2np,1 + s2np,2

→d N(0, 1).

Also, oP (p
−1/2 + ∥ui∥∥g∥)/

√
s2np,1 + s2np,2 = oP (1). This implies conditionally on

(Θ, X),

Z :=
θ̂′ig − θ′ig√
s2np,1 + s2np,2

→d N(0, 1).

It remains to argue that the conditional weak convergence holds unconditionally.

Let Φ denote the standard normal cumulative distribution function. Fix any x ∈ R,
let f(Θ, X) := P (Z < x|Θ, X). Then f(Θ, X) → Φ(x), pointwise in (Θ, X). By

the dominated convergence theorem and that f is dominated by 1,

P (Z < x) = Ef(Θ, X) → Φ(x).

This holds for any x, thus proves the weak convergence of Z unconditionally. □

B.4. Proof of Theorem 4.2: efficiency bound.

Lemma B.3. Let Z be a random variable with sub-Gaussian norm bounded by r.

If r ≤ 1/3, then |E exp(Z)− 1| ≤ cr, where c > 0 is an absolute constant.

Proof. By assumption, [E|Z|j]1/j/
√
j ≤ r for any j ≥ 1. Thus, E|Z|j ≤ rjjj/2 for

any j ≥ 1. By Taylor’s expansion, exp(Z)− 1 =
∑∞

j=1
Zj

j!
. Hence,

E |exp(Z)− 1| =
∞∑
j=1

E|Z|j

j!
≤

∞∑
j=1

rjjj/2

j!

(i)

≤
∞∑
j=1

rjjj/2

(j/e)j

=
∞∑
j=1

(er)jj−j/2 ≤
∞∑
j=1

(er)j
(ii)
=

er

1− er

(iii)

≤ er

1− e/3
,
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where (i) follows by j! ≥ (j/e)j and (ii) and (iii) follow by r ≤ 1/3 < 1/e. Thus,

the result holds with c = e/(1− e/3). □

Proof of Theorem 4.2. Let Θ = ΓV ′ be an arbitrary point in M, where Γ ∈ Rn×J

and V ∈ Rp×J . We partition Γ =

(
Γ′
1

Γ′
−1

)
∈ Rn×J with Γ1 ∈ RJ and Γ−1 ∈

RJ×(n−1). By assumption, σ is bounded. Since X1j is bounded, we have that µf is

also bounded. It follows that κ1 ≤
√
µf/(2σ) ≤ κ2 for some constants κ1, κ2 > 0.

Consider Θ̃ = Γ̃V ′, where Γ̃ =

(
Γ̃′
1

Γ′
−1

)
∈ Rn×J with Γ̃1 = Γ1 + qV ′g and q =

t/∥V ′g∥. Here, t ∈ (0, κ1) is a fixed but arbitrary constant. Recall s2∗(Θ, f, σ) =

σ2µ−1
f ∥V ′g∥2 does not depend on Γ. So s2∗(Θ̃, f, σ) = s2∗(Θ, f, σ). Let ∆ = Θ̃−Θ =

(Γ̃− Γ)V ′. Notice that

∆ =

(
q(V ′g)′V ′

0

)
and

∥∆∥2F = q2∥(V ′g)′V ′∥2F = q2∥V ′g∥2 = t2.

Let ϕ(Θ,f,σ)(Y,X) and ϕ(Θ̃,f,σ)(Y,X) be the density of the data (Y,X) under

(Θ, f, σ) and (Θ̃, f, σ), respectively; we notice that

ϕ(Θ,f,σ)(Y,X) = (2π)−np/2σ−np exp

(
− 1

2σ2
∥Y −X ◦Θ∥2F

)
·

n∏
i=1

p∏
j=1

f(Xij).

Then by the asymptotic unbiasedness, we have

E(Θ̃,f,σ)T (Y,X)− E(Θ,f,σ)T (Y,X) = h(Θ̃)− h(Θ) + o(s∗(Θ, f, σ)) + o(s∗(Θ̃, f, σ))

(i)
= q∥V ′g∥2 + o(s∗(Θ, f, σ))

= t∥V ′g∥+ o(s∗(Θ, f, σ)),
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where (i) follows by s2∗(Θ̃, f, σ) = s2∗(Θ, f, σ). On the other hand,

E(Θ̃,f,σ)T (Y,X)− E(Θ,f,σ)T (Y,X)

= E(Θ,f,σ)[T (Y,X)− h(Θ)]

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)
− 1

)

≤
√

Var(Θ,f,σ)[T (Y,X)]×

√
E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)
− 1

)2

=
√

Var(Θ,f,σ)[T (Y,X)]×

√
E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)

)2

− 1.

It follows that

Var(Θ,f,σ)[T (Y,X)] ≥ [t∥V ′g∥2 + o(s∗(Θ, f, σ))]
2

E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)

)2
− 1

. (B.8)

The rest of the proof proceeds in two steps.

Step 1: compute E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)

)2
. Under (Θ, f, σ), ε = Y − X ◦ Θ

is a matrix with entries following N(0, σ2). By the explicit formulas above on

ϕ(Θ,f,σ)(Y,X) and ϕ(Θ̃,f,σ)(Y,X), we have that

E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)

)2

= E(Θ,f,σ) exp

(
− 1

σ2
∥Y −X ◦ Θ̃∥2F +

1

σ2
∥Y −X ◦Θ∥2F

)
(i)
= E(Θ,f,σ) exp

(
σ−2

p∑
j=1

X2
1j∆

2
1j

)

= exp

(
σ−2

p∑
j=1

µf∆
2
1j

)
× E(Θ,f,σ) exp

(
σ−2

p∑
j=1

[X2
1j − µf ]∆

2
1j

)
,

where (i) follows by the fact that under (Θ, f, σ), εi,j is i.i.d N(0, σ2) conditional

on X.

Notice that under (Θ, f, σ), X2
1j is i.i.d, bounded and has mean µf . By Hoeffd-

ing’s inequality and equivalent bounds for sub-Gaussian distributions (e.g., Propo-

sition 5.10 and Lemma 5.5 in Vershynin [6]), the variable σ−2
∑p

j=1[X
2
1j − µf ]∆

2
1j

has sub-Gaussian norm bounded by κ3σ
−2
√∑p

j=1∆
4
1j, where κ3 > 0 is a constant
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that only depends on the bound of X2
1j. We observe that

p∑
j=1

∆4
1j =

p∑
j=1

[q(V ′g)′vj]
4 = q4

(
max
1≤j≤p

[(V ′g)′vj]
2

) p∑
j=1

[(V ′g)′vj]
2

= q4
(
max
1≤j≤p

[(V ′g)′vj]
2

)
∥V ′g∥2 ≤ q4

(
∥V ′g∥2 max

1≤j≤p
∥vj∥2

)
∥V ′g∥2

≲ q4∥V ′g∥4(Jp−1) ≲ t4Jp−1 = o(1).

By Lemma B.3, we have

E(Θ,f,σ) exp

(
σ−2

n∑
i=1

p∑
j=1

(X2
ij − µf )∆

2
ij

)
= 1 + o(1).

Moreover,

σ−2

p∑
j=1

µf∆
2
1j = µfσ

−2q2(V ′g)′V ′V (V ′g) = µfσ
−2q2∥V ′g∥2 = µfσ

−2t2.

By the above three displays, we have that

E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)

)2

= exp(µfσ
−2t2) (1 + o(1)) . (B.9)

Step 2: derive the final result.

Since t is fixed and s∗(Θ, f, σ) ≍ ∥V ′g∥, it follows by (B.8) and (B.9) that

Var(Θ,f,σ)[T (Y,X)] ≥ [t∥V ′g∥+ o(s∗(Θ, f, σ))]
2

E(Θ,f,σ)

(
ϕ(Θ̃,f,σ)(Y,X)

ϕ(Θ,f,σ)(Y,X)

)2
− 1

=
[t∥V ′g∥+ o(s∗(Θ, f, σ))]

2

exp(µfσ−2t2) (1 + o(1))− 1

=
t2∥V ′g∥2 + o(s2∗(Θ, f, σ))

exp(µfσ−2t2)− 1 + o(1) · exp(µfσ−2t2)

=
t2∥V ′g∥2(1 + o(1))

exp(µfσ−2t2)− 1 + o(1) · exp(µfσ−2t2)
.

Consider r(a) = exp(a). Notice that the second derivative is r′′(a) = exp(a),

which is increasing in a. We have that for any a > 0, |r(a) − r(0) − r′(0)a| ≤
exp(a)a2/2. Thus, for any a > 0,

exp(a)− 1 ≤ r′(0)a+ exp(a)a2/2 = a+ exp(a)a2/2.
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Since t ∈ (0, κ1) with κ1 ≤
√
µf/(2σ), we have µfσ

−2t2 ∈ (0, 1/4) and thus

exp(µfσ
−2t2)− 1 ≤ µfσ

−2t2 + exp(1/4)µ2
fσ

−4t4/2.

Therefore, we have

Var(Θ,f,σ)[T (Y,X)] ≥ t2∥V ′g∥2(1 + o(1))

exp(µfσ−2t2)− 1 + o(1) · exp(µfσ−2t2)

≥ t2∥V ′g∥2(1 + o(1))

µfσ−2t2 + exp(1/4)µ2
fσ

−4t4/2 + o(1) · exp(1/4)

=
∥V ′g∥2(1 + o(1))[

µfσ−2 + exp(1/4)µ2
fσ

−4t2/2
]
(1 + o(1))

.

In other words,

Var(Θ,f,σ)[T (Y,X)]

s2∗(Θ, f, σ)
≥ 1 + o(1)

σ2µ−1
f

[
µfσ−2 + exp(1/4)µ2

fσ
−4t2/2

]
(1 + o(1))

(i)

≥ 1 + o(1)

[1 + 8 exp(1/4)κ42t
2] (1 + o(1))

,

where (i) follows by µfσ
−2 ≤ 4κ22. We take the limit and obtain

lim inf
n,p→∞

Var(Θ,f,σ)[T (Y,X)]

s2∗(Θ, f, σ)
≥ 1

1 + 8 exp(1/4)κ42t
2
.

Notice that the left-hand side does not depend on the choice of t. Since the

above bound holds for any t ∈ (0, κ1), we can choose small t and obtain

lim inf
n,p→∞

Var(Θ,f,σ)[T (Y,X)]

s2∗(Θ, f, σ)
≥ 1.

The proof is complete. □

B.5. Proof of Theorem 4.3: minimax rate.

Proof. We provide proofs for both cases: sparse g (g1 = 1 and gj = 0 for j ≥ 2) as

well as dense g. The arguments and notations for these two cases are independent.

Case 1: sparse g

Fix any Θ∗ ∈ S with entries {θij,∗} such that rankΘ∗ ≤ J−1 and max1≤i≤nmax1≤j≤p |θij,∗| ≤
c1/2. (This is always feasible because we can simply choose Θ∗ to be the zero ma-

trix.)
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Let κ > 0 be a constant satisfying the following

κ ≤ min
{
c1/2, c3/

√
1− c2

}
, (B.10)

Let Θ∗∗ be a matrix with entries {θij,∗∗} defined as follows

θij,∗∗ =

θij,∗ + κ if (i, j) = 1

θ1j,∗ otherwise.

Since Θ∗ and Θ∗∗ only differ in the (1, 1) entry, it follows that rankΘ∗∗ ≤ rankΘ∗+

1 ≤ J−1+1 = J . Since |θ11,∗∗| = |θ11,∗+κ| ≤ |θ11,∗|+κ ≤ c1/2+κ ≤ c1. Therefore,

Θ∗∗ ∈ S.
We now compare the Kullback–Leibler divergence bewteen P(Θ∗,ρ,σ) and P(Θ∗∗,ρ,σ):

KL(P(Θ∗,ρ,σ), P(Θ∗∗,ρ,σ)) =

∫ (
log

dP(Θ∗,ρ,σ)

dP(Θ∗∗,ρ,σ)

)
dP(Θ∗,ρ,σ).

By the formula of Gaussian densities, we have that

dP(Θ∗,ρ,σ)

dP(Θ∗∗,ρ,σ)
=

exp
(
−1

2
(y11 − θ1j,∗x11)

2σ−2
11

)
exp

(
−1

2
(y11 − θ1j,∗∗x11)2σ

−2
11

) .
Therefore,

KL(P(Θ∗,ρ,σ), P(Θ∗∗,ρ,σ)) =

∫ (
log

dP(Θ∗,ρ,σ)

dP(Θ∗∗,ρ,σ)

)
dP(Θ∗,ρ,σ)

= E(Θ∗,ρ,σ)

(
−1

2

p∑
j=1

[
(y11 − θ11,∗x11)

2 − (y11 − θ11,∗∗x11)
2
]
σ−2
1j

)

= E(Θ∗,ρ,σ)

([
1

2
κ2x11 − (y11 − θ11,∗x11)κx11

]
σ−2
11

)
=

1

2
κ2ρ1σ

−2
11 ≤ 1

2
κ2(1− c2)c

−2
3

(i)

≤ 1/2,

where (i) follows by (B.10).

We notice that |h(Θ∗) − h(Θ∗∗)| = κ. By Theorem 2.2 in Tsybakov [5] and

Equation (2.9) therein, we have that

inf
T

sup
Θ∈S

P(Θ,ρ,σ) (|T − h(Θ)| > κ) ≥ max

(
1

4
exp(−1/2),

1−
√
(1/2)/2

2

)
= 1/4.

Case 2: dense g
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Fix any Θ∗ ∈ S with entries {θij,∗} such that rankΘ∗ ≤ J−1 and max1≤i≤nmax1≤j≤p |θij,∗| ≤
c1/2. (This is always feasible because we can simply choose Θ∗ to be the zeor ma-

trix.)

Let κ > 0 be a constant satisfying the following

κ ≤ c1c5/2 and
κ2(1− c2)

2c23c
2
5

≤ 1/2. (B.11)

Define ∆j = κp−3/2/gj. Let Θ∗∗ be a matrix with entries {θij,∗∗} defined as

follows

θij,∗∗ =

θij,∗ if i ̸= 1

θ1j,∗ +∆j if i = 1.

Since Θ∗ and Θ∗∗ only differ in the first row, it follows that rankΘ∗∗ ≤ rankΘ∗+

1 ≤ J − 1 + 1 = J . Since

max
1≤j≤p

|θ1j,∗∗| = max
1≤j≤p

|θ1j,∗ +∆j| ≤ max
1≤j≤p

|θ1j,∗|+ max
1≤j≤p

|∆j|

≤ c1
2
+

κp−3/2

minj |gj|
≤ c1

2
+
κp−3/2

c5/p

(i)

≤ c1,

where (i) follows by κ ≤ c1c5p
1/2/2 (due to (B.11) and p ≥ 1). Therefore, Θ∗∗ ∈ S.

We now compare the Kullback–Leibler divergence bewteen P(Θ∗,ρ,σ) and P(Θ∗∗,ρ,σ):

KL(P(Θ∗,ρ,σ), P(Θ∗∗,ρ,σ)) =

∫ (
log

dP(Θ∗,ρ,σ)

dP(Θ∗∗,ρ,σ)

)
dP(Θ∗,ρ,σ).

By the formula of Gaussian densities, we have that

dP(Θ∗,ρ,σ)

dP(Θ∗∗,ρ,σ)
=

exp
(
−1

2

∑p
j=1(y1j − θ1j,∗x1j)

2σ−2
1j

)
exp

(
−1

2

∑p
j=1(y1j − θ1j,∗∗x1j)2σ

−2
1j

) .
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Therefore,

KL(P(Θ∗,ρ,σ), P(Θ∗∗,ρ,σ)) =

∫ (
log

dP(Θ∗,ρ,σ)

dP(Θ∗∗,ρ,σ)

)
dP(Θ∗,ρ,σ)

= E(Θ∗,ρ,σ)

(
−1

2

p∑
j=1

[
(y1j − θ1j,∗x1j)

2 − (y1j − θ1j,∗∗x1j)
2
]
σ−2
1j

)

= E(Θ∗,ρ,σ)

(
p∑

j=1

[
1

2
∆2

jx1j − (y1j − θ1j,∗x1j)∆jx1j

]
σ−2
1j

)

=
κ2p−3

2

p∑
j=1

σ−2
1j ρjg

−2
j ≤ κ2(1− c2)

2c23c
2
5

(i)

≤ 1/2,

where (i) follows by (B.11).

We notice that

|h(Θ∗)− h(Θ∗∗)| =

∣∣∣∣∣
p∑

j=1

gj∆j

∣∣∣∣∣ = κp−1/2.

By Theorem 2.2 in Tsybakov [5] and Equation (2.9) therein, we have that

inf
T

sup
Θ∈S

P(Θ,ρ,σ)

(
|T − h(Θ)| > κp−1/2

)
≥ max

(
1

4
exp(−1/2),

1−
√

(1/2)/2

2

)
= 1/4.

The proof is complete. □

B.6. Proof of Theorem 4.4.

Proof. We write µ̂2
j = µ̂2

j,i for simplicity because we fix i of interest. Note that

gjyijxij = gjx
2
ijθij + gjeij, where eij = xijεij. Let µ

2
j = Ex2kj.

ĥi(Θ)− θ′ig =

p∑
j=1

µ−2
j gj[xijεij + (x2ij − µ2

j)θij] + (a)...+ (d)

(a) =

p∑
j=1

(µ̂−2
j − µ−2

j )µ−2
j (µ2

j − µ̂2
j)gjx

2
ijθij

(b) =

p∑
j=1

µ−4
j (µ2

j − µ̂2
j)gjx

2
ijθij

(c) =

p∑
j=1

(µ̂−2
j − µ−2

j )µ−2
j (µ2

j − µ̂2
j)gjeij
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(d) =

p∑
j=1

µ−4
j (µ2

j − µ̂2
j)gjeij.

We now bound each term.

For (a)(c), note maxj |µ̂2
j − µ2

j | = maxj | 1
n−1

∑
k ̸=i x

2
kj − Ex2kj| = OP (

√
log p
n

).

Hence maxj µ̂
2
j = OP (1), and maxj |µ̂−2

j − µ−2
j | = OP (

√
log p
n

). Hence

(a) ≤ OP (
log p

n
)max

j
|µ−2

j xijgj|
p∑

j=1

|θij| ≤ OP (
log p

n
)

(c) ≤ OP (
log p

n
)max

j
|µ−2

j |
∑
j

|gjeij| ≤ OP (
log p

n
).

For (b)(d), let vkj = x2kj −Ex2kj and cj = µ−4
j θij. Then vkj is independent over k.

E(b)2 = E

(
1

n− 1

p∑
j=1

∑
k ̸=i

vkjgjx
2
ijcj

)2

≤ O(
1

n2
)
∑
j,l≤p

∑
k ̸=i

gjglEvkjvklEcjclEx
2
ilx

2
ij

≤ O(
1

np2
)max

i≤n

∑
j,l≤p

|Cov(x2ij, x2il)| = O(
1

np
)

E(d)2 = E

(
1

n− 1

p∑
j=1

∑
k ̸=i

vkjgjxijµ
−4
j εij

)2

≤ O(
1

np2
)max

k≤n

∑
j,l≤p

|Cov(x2kl, x2kj)Exijεijxilεil| = O(
1

np
).

Hence provided that
√
p log p = o(n), we have

√
p[ĥi(Θ)− θ′ig] =

p∑
j=1

Zj + oP (1)

where Zj =
√
pµ−2

j gjWij with Wij = xijεij + x2ijθij.

We now verify the Lindeberg condition. Suppose µj > c > 0. Let s2n =∑p
j=1 Var(Zj). Note that EZ4

j = O(p−2)EW 4
ij = O(p−2). Also Var(Zj) ≤

√
EZ4

j =

O(p−1). Also Var(Zj) ≥ cp−1. Hence s−1
n = O(1). Then for any ϵ > 0,

s−2
n

∑
j

E(Zj − EZj)
21{|Zj − EZj| > ϵsn} ≤ ϵ−1s−3

n

∑
j

√
E(Zj − EZj)4

√
Var(Zj) = O(p−1/2).
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Thus s−1
n

√
p[ĥi(Θ) − θ′ig] →d N(0, 1). In particular, s2n = p

∑p
j=1 g

2
jµ

−4
j Var(Wij).

□

B.7. Proof of Theorem 5.2: the Treatment Effect Study.

B.7.1. Proof of Lemma 5.1. We now prove Lemma 5.1 which verifies the SSV and

incoherence condition in the treatment effect study. For ease of readability, this

lemma is restated below.

Lemma B.4. (i) The minimum nonzero singular value ψ2
np for Θ0(m) can be taken

as

ψ2
np ≍ J−1

n∑
i=1

p∑
j=1

hj,m(ηi)
2, m = 0, 1,

which means ψJ(Θ0(m)) ≥ cψ2
np for this choice of ψnp.

(ii) The incoherence Assumption 4.4 holds.

(iii) The low-rank approximation error satisfies ∥R(m)∥(n) ≤ CJ−(a−1)max{p, n}.

Proof. Fix m ∈ {0, 1}, we drop the dependence on m for notational simplicity.

(i) SSV: Let ψj(A) be the j th largest singular value of A. Then ψj(Θ0) =

ψj(Am). Now for any ϵ > 0, with probability approaching one,

n∑
i=1

p∑
j=1

hj(ηi)
2 = ∥Θ∥2F ≤ (1 + ϵ)∥Θ0∥2F = (1 + ϵ)

J∑
k=1

ψ2
k(Θ0)

≤ (1 + ϵ)Jψ2
1(A) ≤(1) C(1 + ϵ)J2b+1ψ2

J(A)

= C(1 + ϵ)J2b+1ψ2
J(Θ0)

n∑
i=1

p∑
j=1

hj(ηi)
2 = ∥Θ∥2F ≥ (1− ϵ)∥Θ0∥2F = (1− ϵ)

J∑
k=1

ψ2
k(Θ0)

≥ (1− ϵ)Jψ2
J(Θ0).

where (1) follows from Assumption 5.1.

(ii) Incoherence: We derive the singular vectors and singular values of Θ0. Note

that we can write

Θ = ΦΛ′︸︷︷︸
Θ0

+R.

where Φ is the n×J matrix of ϕi; Λ is the p×J matrix of λj; R is the n×p matrix

of rij. Write SΛ = 1
p
Λ′Λ, SΦ = 1

n
Φ′Φ, A = S

1/2
Φ SΛS

1/2
Φ . Also let GΦ be a J × J

matrix whose columns are the eigenvectors of A, and T be the diagonal matrix of
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corresponding eigenvalues. Let HΦ := S
−1/2
Φ GΦ, it can be verified that

Θ0Θ
′
0ΦHΦ = pnΦHΦT,

1

n
(ΦHΦ)

′ΦHΦ = I.

This shows that the columns of ΦHΦ are the left singular-vectors of Θ0; the eigen-

values of A equal the the first J eigenvalues of Θ′
0Θ0. Similarly, we can define

HΛ = S
−1/2
Λ GΛ, where GΛ is a J × J matrix whose columns are the eigenvectors

of S
1/2
Λ SΦS

1/2
Λ . Hence we have

U0 = n−1/2ΦHΦ, V0 = p−1/2ΛHΛ. (B.12)

The hj(·) function belongs to the Hilber space with uniformly-bounded L2 norm,

meaning that maxj≤p ∥hj∥2L2
= maxj≤p

∑∞
k=1 λ

2
j,k <∞. Thus

Emax
j≤p

∥vj∥2 ≤ max
j≤p

∥λj∥2ψ−1
min(

1

p
Λ′Λ)p−1

≤ max
j≤p

∞∑
k=1

λ2j,kp
−1ψ−1

min(
1

p
Λ′Λ) ≤ O(p−1)

n∑
i=1

∥ui∥4 ≤
n∑

i=1

∥ϕi∥4ψ−2
min(SΦ) ≤

n∑
i=1

∥Φi∥4ψ−2
min(

1

n
Φ′Φ)n−2

≤ 1

n

n∑
i=1

∥Φi∥4OP (J
2n−1) = oP (1)

Emax
i≤n

∥ui∥2 ≤ Emax
i≤n

∥Φi∥2ψ−1
min(SΦ)

≤ n−1J sup
η

max
j≤J

|ϕj(η)|2Eψ−1
min(SΦ) = O(Jn−1).

(iii) Sieve error:

∥R∥(n) ≤ ∥R∥F (p ∨ n)1/2 ≤ C(p ∨ n)3/2J−a.

□

B.7.2. Proof of Lemma 5.3. In this lemma, we verify the following condition:

ψ1(
1

np
ΘΘ′)/ψJ(

1

np
ΘΘ′) ≤ OP (J

α)

min
k=1...J−1

ψk(
1

np
ΘΘ′)− ψk+1(

1

np
ΘΘ′) ≥ cJ−(α+1).
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Proof. Since and hj are independently generated from the Gaussian process prior,

we have

max
i,l

∣∣∣∣∣1p
p∑

j=1

hj(ηi)hj(ηl)−K(ηi, ηl)

∣∣∣∣∣ = OP (

√
log n

p
).

Hence for rJ := supη1,η2 |
∑

k>J νkϕk(η1)ϕk(η2)|,

∥ 1

np
ΘΘ′ − 1

n
ΦDλΦ

′∥ ≤ OP (

√
log n

p
) + rJ .

Thus

max
j≤J

|ψj(
1

np
ΘΘ′)− ψj(

1

n
ΦDλΦ

′)| ≤ ∥ 1

np
ΘΘ′ − 1

n
ΦDλΦ

′︸ ︷︷ ︸
OP (

√
logn
p

+rJ )

∥.

We now show that the eigenvalues of 1
n
ΦDλΦ

′ are approximately Dλ. In fact,

the top J eigenvalues equal those of ( 1
n
Φ′Φ)1/2Dλ(

1
n
Φ′Φ)1/2. Because ηi are i.i.d

Unif[0, 1], and ϕj are eigenfunctions of the operator T , so
∫
ϕk1(η)ϕk2(η)dη =

1{k1 = k2}, showing E 1
n
Φ′Φ = I. Hence ∥ 1

n
Φ′Φ− I∥ = OP (

J√
n
). This implies

max
j≤J

|ψj(
1

n
ΦDλΦ

′)− νj| ≤ ∥( 1
n
Φ′Φ)1/2Dλ(

1

n
Φ′Φ)1/2 −Dλ∥ ≤ ∥Dλ∥OP (

J√
n
).

Together, for wn :=
√

logn
p

+ rJ + ∥Dλ∥ J√
n
,

max
j≤J

|ψj(
1

np
ΘΘ′)− νj| ≤ OP (wn) = oP (νJ/J).

This implies
ψ1(

1
np
ΘΘ′)

ψJ(
1
np
ΘΘ′)

≤ OP (wn)

νJ −OP (wn)
+

2ν1
νJ

≤ OP (J
α).

Also, for any k ≤ J − 1, the mean value theorem implies

ψk(
1

np
ΘΘ′)−ψk+1(

1

np
ΘΘ′) ≥M(k−α−(k+1)−α)−OP (wn) ≥ αMJ−α−1−OP (wn).

The lower bound also holds (up to a constant) for ψk(
1√
np
Θ)−ψk+1(

1√
np
Θ) because

ψ1(
1√
np
Θ) = OP (1).

□
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B.7.3. Proof of Theorem 5.2.

Proof. Let the columns of V0(m) = (vj(m) : j ≤ p) be the right singular vectors of

Θ0(m) and B̄(0) =
∑

j∈T0
xij(0)vj(0)vj(0)

′ and B̄(1) =
∑

j∈T1
xij(1)vj(1)vj(1)

′.

Note that condition (12) implies Assumption 4.3 (ii-c) when {1, ..., p} is replaced

with T0 and for xij = xij(0). Hence (B.7) holds, for g0 = 1
p0
(1, ..., 1)′, on T0 and

m = 0. We then have

θ̂i(0)
′g0 − θi(0)

′g0 =
∑
j∈T0

eijxij(0)vj(0)
′B̄(0)−1V0(0)

′g0 + oP (p
−1/2
0 )

:=
∑
j∈T0

eijζij(0) + oP (p
−1/2
0 ).

Similarly, for g1 =
1
p1
(1, ..., 1)′, on T1 and m = 1, we have

θ̂i(1)
′g1 − θi(1)

′g1 =
∑
j∈T1

eijζij(1) + oP (p
−1/2
1 ).

Together, we reach

τ̂i − τi = θ̂i(1)
′g1 − θ̂i(0)

′g0 −

[
1

p

p∑
j=1

θij(1)−
1

p

p∑
j=1

θij(0)

]
= θ̂i(1)

′g1 − θi(1)
′g1 − [θ̂i(0)

′g0 − θi(0)
′g0]

+θi(1)
′g1 −

1

p

p∑
j=1

θij(1) +
1

p

p∑
j=1

θij(0)− θi(0)
′g0

=
∑
j∈T1

eijζij(1)−
∑
j∈T0

eijζij(0) + oP (p
−1/2
0 + p

−1/2
1 )

=

p∑
j=1

eij∆ij + oP (min{p0, p1}−1/2)

∆ij := ζij(1)1{j ∈ T1} − ζij(0)1{j ∈ T0},
s̄2np,i :=

∑
j∈T0

Var(eij|X, g(η))ζij(0)2 +
∑
j∈T1

Var(eij|X, g(η))ζij(1)2

Note that eij is independent over j conditioning on xij(m) and Θ(m), m = 0, 1.

We verify the Lindeberg condition: for any ϵ > 0,

1

s̄2np,i

p∑
j=1

E[e2ij∆
2
ij1{|eij∆ij| > ϵs̄np,i}|X, g(η)] ≤

1

s̄4np,iϵ
2

p∑
j=1

E[e4ij∆
4
ij|X, g(η)]

≤ C

s̄4np,i

∑
j∈T0

ζij(0)
4 +

C

s̄4np,i

∑
j∈T1

ζij(1)
4 ≤ C

s̄4np,ip
2
0

∑
j∈T0

∥vj(0)∥4 +
C

s̄4np,ip
2
1

∑
j∈T1

∥vj(1)∥4
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≤ CJ2

s̄4np,ip
3
0

+
CJ2

s̄4np,ip
3
1

= oP (1).

Thus with the condition that s̄2np,i min{p0, p1} ≥ c for some c > 0 with probability

approaching one, we have s̄−1
np,i(τ̂i − τi) →d N(0, 1).

□

Appendix C. Technical Lemmas

Lemma C.1. Suppose
∑p

j=1 E∥vj∥4 = o(1) and mini≤n ∥
∑p

j=1 vjv
′
jx

2
ij∥ ≥ c. Let

B̂i =
∑p

j=1 x
2
ij ṽj ṽ

′
j and B = H ′

S

∑p
j=1(Ex

2
ij)vjv

′
jHS. Then

(i) maxi≤n ∥B̂−1
i ∥ = OP (1).

(ii) Consider the DGP of xij, corresponding to conditions (ii-a)-(ii-b) in As-

sumption 4.3.

For each fixed i ≤ n,

∥B̂−1
i −B−1∥ = OP (J

dωnpψ
−1
np +

√∑p
j=1 E∥vj∥4), and∑

i/∈I ∥B̂
−1
i −B−1∥2 = OP (nJ

2dω2
npψ

−2
np + n

∑p
j=1 E∥vj∥4).

In case (ii-c), For each fixed i ≤ n,

∥B̂−1
i −B−1∥ = OP (J

dωnpψ
−1
np + Jp−1

∑
j∈Bi△B̄ 1), and∑

i/∈I ∥B̂
−1
i −B−1∥2 = OP (nJ

2dω2
npψ

−2
np ) +OP (nJ

2p−2)[
∑

j∈Bi△B̄ 1]
2.

Proof. (i) Note that for maxij |xij| = OP (1),

max
i≤n

∥B̂i −H ′
S

p∑
j=1

x2ijvjv
′
jHS∥ ≤ OP (1)[max

i≤n
∥

p∑
j=1

x2ij(ṽj −H ′
Svj)v

′
j∥

+max
i≤n

p∑
j=1

x2ij∥ṽj −H ′
Svj∥2]

≤ OP (1)∥ṼS − V0HS∥ = OP (J
dωnpψ

−1
np ) = oP (1).

On the other hand, by the assumption mini≤n ∥
∑p

j=1 vjv
′
jx

2
ij∥ ≥ c almost surely.

We have maxi≤n ∥B̂−1
i ∥ ≤ maxi≤n ∥(

∑p
j=1 x

2
ijvjv

′
j)

−1∥+ oP (1) = OP (1).

To prove (ii), we proceed below corresponding to conditions (ii-a)-(ii-b) in As-

sumption 4.3.

Under condition (ii-a) x2ij does not vary across i ≤ n. We can write x2ij = x2j .

In this case B = H ′
S

∑p
j=1 x

2
jvjv

′
jHS.
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We have

∥B̂−1
i −B−1∥ ≤ OP (1)∥B̂i −H ′

S

p∑
j=1

x2ijvjv
′
jHS∥ ≤ OP (J

dωnpψ
−1
np ).

In addition,
∑

i/∈I ∥B̂i −B∥2 ≤ OP (nJ
2dω2

npψ
−2
np ).

Under condition (ii-b) xij is independent across i ≤ n and is weakly depen-

dent across j ≤ p. In this case B = H ′
S

∑p
j=1(Ex

2
ij)vjv

′
jHS.

We now bound
∑p

j=1(x
2
ij − Ex2ij)vjv

′
j for fixed i ≤ n. By the assumption x2ij is

weakly dependent across j. Also E((x2ij − Ex2ij)|Θ0) = 0. Let X2
i = (x2i1, ..., x

2
ip)

′.

maxi ∥Var(X2
i |Θ0)∥2 < C. Let Vk1,k2 = p × 1 vector of vj,k1vj,k2 . Then with the

assumption
∑p

j=1 E∥vj∥4 = o(1),

E∥
p∑

j=1

(x2ij − Ex2ij)vjv
′
j∥2F =

∑
k1,k2≤J

EVar[

p∑
j=1

x2ijvj,k1vj,k2|Θ0]

=
∑

k1,k2≤J

EV ′
k1,k2

Var[X2
i |Θ0]Vk1,k2 ≤ C

p∑
j=1

E∥vj∥4 ≤ o(1).

Hence ∥B̂−1
i −B−1∥ ≤ OP (1)∥B̂i −B∥ ≤ OP (J

dωnpψ
−1
np +

√∑p
j=1 E∥vj∥4).

In addition, by the proof of part (i),∑
i/∈I

∥B̂i −B∥2 ≤ OP (nJ
2dω2

npψ
−2
np ) +

∑
i/∈I

∥
p∑

j=1

(x2ij − Ex2ij)vjv
′
j∥2.

By a similar argument of part (ii), E
∑

i/∈I ∥
∑p

j=1(x
2
ij−Ex2ij)vjv

′
j∥2 ≤ n

∑p
j=1 E∥vj∥4.

Together, ∥B∥2 = OP (1) and max ∥B̂−1
i ∥ = OP (1) so∑

i/∈I

∥B̂−1
i −B−1)∥2 ≤ ∥B−1∥2max ∥B̂−1

i ∥2
∑
i/∈I

∥B̂i −B∥2

= OP (nJ
2dω2

npψ
−2
np + n

p∑
j=1

E∥vj∥4).

Under condition (ii-c) There is a common B̄. In this case we restrict to

xij ∈ {0, 1}, and let B = H ′
S

∑p

j∈B̄ vjv
′
jHS. Let Bi = {j : xij = 1}.

We have

∥B̂−1
i −B−1∥ ≤ OP (1)∥B̂i −H ′

S

p∑
j=1

x2ijvjv
′
jHS∥+OP (1)∥

∑
j∈Bi

vjv
′
j −

∑
j∈B̄

vjv
′
j∥
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≤ OP (J
dωnpψ

−1
np ) +OP (1)max

j≤p
∥vj∥2

∑
j∈Bi△B̄

1

≤ OP (J
dωnpψ

−1
np ) +OP (Jp

−1)
∑

j∈Bi△B̄

1.

In addition,∑
i/∈I

∥B̂−1
i −B−1)∥2 ≤ OP (1)

∑
i/∈I

∥B̂i −B∥2

= OP (nJ
2dω2

npψ
−2
np ) +OP (nJ

2p−2)[
∑

j∈Bi△B̄

1]2

□

Lemma C.2. For d = 1 ∼ 4, consider ∆i,d as defined in (B.1). In addition, let

∆i,5 := B−1

p∑
j=1

ṽj(x
2
ij − Ex2ij)(vj −H−1′

S ṽj)
′γi

Also, consider the three different cases on the DGP of xij, corresponding to con-

ditions (ii-a)-(ii-c) in Assumption 4.3. Then:

(i) Under conditions either (ii-a) or (ii-b), for each i ̸∈ I, and d = 1 ∼ 4,

∥∆i,d∥ = oP (1) and
∑

i/∈I ∥∆i,d∥2 = OP (J
1+2d+2bω2

np) = oP (ψ
2
np).

(ii) Under condition (ii-b), for each i ̸∈ I,
∥∆i,5∥ = oP (1) and

∑
i/∈I ∥∆i,5∥2 = OP (J

1+2d+2bω2
np) = oP (ψ

2
np).

(iii) Under conditions (ii-c), for each for each i ̸∈ I, and d = 1 ∼ 4, 6,

∥∆i,d∥ = oP (1) and
∑

i/∈I ∥∆i,d∥2 = OP (J
1+2d+2bω2

np) = oP (ψ
2
np).

Proof. (i) For term ∆i,1.

Lemma C.1 shows ∥B̂−1
i −B−1∥ = OP (J

dωnpψ
−1
np +

√∑p
j=1 E∥vj∥4) and ∥B̂−1

i ∥ =

OP (1). Also let X2
i = (x2i1, ..., x

2
ip)

′. Note ∥γi∥ ≤ OP (J
bψnp)∥ui∥.

∥
p∑

j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi∥ ≤ ∥γi∥∥Ṽ ′diag(X2

i )(Ṽ H
−1
S − V )∥ ≤ ∥ui∥OP (J

b+gωnp).

Hence ∥∆i,1∥ = OP (J
dωnpψ

−1
np +

√∑p
j=1 E∥vj∥4)∥ui∥ωnpJ

b+g = oP (1).

In addition, note that
∑

i/∈I ∥γi∥2 = OP (J
1+2bψ2

np). Hence∑
i/∈I

∥∆i,1∥2 ≤ OP (1)
∑
i/∈I

∥
p∑

j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi∥2
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≤ OP (1)
∑
i/∈I

∥γi∥2∥Ṽ ′diag(X2
i )(ṼS − V HS)∥2 = OP (J

1+2d+2bω2
np) = oP (ψ

2
np).

For term ∆i,2.

By assumption εij is independent across i ≤ n. Because ṼI is estimated using

subsamples excluding i, E(εij|ṼI ,Θ0, X) = 0. Let P̃ik be p× 1 vector of xij(ṽj,k −
vj,k). By the assumption Var[εi|X,Θ0] < C,

EI(∥
p∑

j=1

εijxij(ṽj −H ′
Svj)∥2|Θ0) =

∑
k≤J

EIP̃
′
ikVarI [εi|ṼI , X,Θ0]P̃ik

≤ EI(

p∑
j=1

x2ij∥ṽj −H ′
Svj∥2|Θ0) ≤ ∥ṼI − V HS|2F = OP (J

2dω2
npψ

−2
np ) = oP (1).

(C.1)

Hence ∥∆i,2∥ = oP (1). In addition,
∑

i/∈I ∥
∑p

j=1 εijxij(ṽj−vj)∥2 = OP (nJ
2dω2

npψ
−2
np ).

implies
∑

i/∈I ∥∆i,2∥2 ≤ OP (nJ
2dω2

npψ
−2
np ) = OP (J

1+2d+2bω2
np) = oP (ψ

2
np).

For term ∆i,3.

max
i≤n

∥∆i,3∥ ≤ OP (1)∥
p∑

j=1

rij ṽj∥ ≤ max
ij

|rij|
√
pJ = oP (1)∑

i/∈I

∥∆i,3∥2 ≤ nmax
i

∥∆i,3∥2 ≤ npJ max
ij

r2ij = oP (J
1+2d+2bω2

np) = oP (ψ
2
np).

(C.2)

For term ∆i,4.

Note E∥
∑p

j=1 εijxijvj∥2 ≤ C
∑p

j=1 x
2
ij∥vj∥2 ≤ CJ. So

∆i4 = OP (
√
J)(Jdωnpψ

−1
np +

√√√√ p∑
j=1

E∥vj∥4) = oP (1).

∑
i/∈I

∥∆i,4∥2 ≤ OP (1)
∑
i/∈I

∥
p∑

j=1

εijxijvj∥2 ≤ OP (nJ) = oP (J
1+2d+2bω2

np) = oP (ψ
2
np).

(ii) For term ∆i,5 under Assumption 4.3 (ii-b).

First, ∥γi∥ ≤ OP (J
bψnp)∥ui∥. So

∥
p∑

j=1

(ṽj −H ′
Svj)(vj −H−1′

S ṽj)
′γi(x

2
ij − Ex2ij)∥

≤ OP (∥γi∥)∥ṼI − V HS∥2F = OP (J
b+2dω2

npψ
−1
np ∥ui∥) = oP (1).
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Next, by the assumption x2ij is independent across i. Let P̃ki denote p×1 vector

of vj,k(vj − ṽj)′γi and recall X2
i = (ṁ2

i1, ..., ṁ
2
ip)

′. Since i /∈ I, ṼI is estimated using

subsample in I, and xij is independent of Θ0, we have that

EI∥
p∑

j=1

vj(vj −H−1′

S ṽj)
′γi(x

2
ij − Ex2ij)∥2 =

∑
k≤J

EIVarI [P̃
′
kiX

2
i |Θ0]

≤ (Emax
j≤p

∥vj∥2)∥ṼI − V HS∥2F∥γi∥2.

This makes ∥
∑p

j=1 vj(vj−H
−1′

S ṽj)
′γi(x

2
ij−Ex2ij)∥ = OP (

√
Emaxj≤p ∥vj∥2)ωnp∥ui∥Jg+b.

The last term is assumed to be oP (1). Hence ∥∆i,5∥ = oP (1).

In addition,∑
i/∈I

∥∆i,5∥2 ≤ C
∑
i/∈I

∥
p∑

j=1

(ṽj −H ′
Svj)(x

2
ij − Ex2ij)(vj −H−1′

S ṽj)
′γi∥2

+C
∑
i/∈I

∥
p∑

j=1

vj(x
2
ij − Ex2ij)(vj −H−1′

S ṽj)
′γi∥2

≤ C
∑
i/∈I

∥γi∥2∥(ṼI − V HS)
′diag{X2

i − EX2
i }(ṼI − V HS)∥2

+OP (1)
∑
i/∈I

∥γi∥2(Emax
j≤p

∥vj∥2)∥ṼI − V HS∥2F

≤ OP (J
1+2b+4gω4

npψ
−2
np + J1+2d+2bω2

npEmax
j≤p

∥vj∥2) = OP (J
1+2d+2bω2

np) = oP (ψ
2
np).

(C.3)

(iii) We now focus on condition (ii-c) of Assumption 4.3.

For terms ∆i,2,∆i,3.

These two terms are the same as under Assumption 4.3 (ii-a) and (ii-b), so their

bounds are the same as that of part (i).

For terms ∆i,1,∆i,4.

By Lemma C.1, ∥B̂−1
i −B−1∥ = OP (J

dωnpψ
−1
np + Jp−1

∑
j∈Bi△B̄ 1). Also

∥
p∑

j=1

ṽjx
2
ij(vj −H−1′

S ṽj)
′γi∥ ≤ ∥γi∥∥Ṽ ′diag(X2

i )(Ṽ H
−1
S − V )∥ ≤ ∥ui∥OP (ωnpJ

b+g).

Hence ∥∆i,1∥ = OP (J
dωnpψ

−1
np + Jp−1

∑
j∈Bi△B̄ 1)∥ui∥ωnpJ

b+g = oP (1).

Also,
∑

i/∈I ∥∆i,1∥2 ≤ OP (J
1+2d+2bω2

np) = oP (ψ
2
np).
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Finally, E∥
∑p

j=1 εijxijvj∥2 ≤ C
∑p

j=1 x
2
ij∥vj∥2 ≤ CJ. So

∆i4 = OP (
√
J)(Jdωnpψ

−1
np + Jp−1

∑
j∈Bi△B̄

1) = oP (1).

∑
i/∈I

∥∆i,4∥2 ≤ OP (1)
∑
i/∈I

∥
p∑

j=1

εijxijvj∥2 ≤ OP (nJ) = oP (ψ
2
np).

For term ∆i,6.

Uniformly in i,

|∆i,6| = |B−1
∑
j∈Bi

ṽj(vj −H−1′

S ṽj)
′γi −B−1

∑
j∈B̄

ṽj(vj −H−1′

S ṽj)
′γi|

≤ OP (1)
∑

j∈Bi△B̄

∥ṽj(vj −H−1′

S ṽj)
′γi∥

≤ OP (1)∥γi∥∥ṼS − V0HS∥2 +OP (1)∥γi∥∥ṼS − V0HS∥max
j

∥vj∥
√∑

j

1{j ∈ Bi △ B̄}

≤ OP (J
2dω2

npψ
−2
np )∥γi∥+OP (J

dωnpψ
−1
np )∥γi∥max

j
∥vj∥

√∑
j

1{j ∈ Bi △ B̄}

≤ OP (J
2d+bω2

npψ
−1
np

√
Jn−1) +OP (J

g+b+1ωnp

√
(np)−1)

√∑
j

1{j ∈ Bi △ B̄} = oP (1),

(C.4)

where we used ∥γi∥ = OP (J
bψnp)∥ui∥ = OP (J

bψnp

√
Jn−1) and maxj ∥vj∥ =

OP (
√
Jp−1) from Assumption 4.4. Finally,∑

i/∈I

∥∆i,6∥2 ≤ max
i

∥∆i,6∥2n

≤ OP (ω
4
npψ

−2
np J

1+4d+2b + ω2
npJ

2+2d+2bp−1
∑
j

1{j ∈ Bi △ B̄})

= OP (J
1+2d+2bω2

np).

□

Lemma C.3. (i) ∥Γ̂S − Γ0,SH∥2F = OP (J
1+2d+2bω2

np) = oP (ψ
2
np) where Γ0,S is the

submatrix of Γ0 corresponding to the rows in S (i.e., sample splitting).

(ii) maxj≤p ∥L̂−1
j,S∥ = OP (ψ

−2
np ). Recall that Lj =

∑
i x

2
ijγiγ

′
i

(iii)
∑

j∈G ∥L̂
−1
j,S − L−1

j,S∥2 = OP (ω
2
npJ

1+2d+4bψ−6
np |G|). Here G = {j : gj ̸= 0}.
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Proof. (i) First not that ∥Γ0,S∥2 = OP (J
2bψ2

np). It follows from (B.1) and Lemma

C.2

∥Γ̂S − Γ0,SH∥2F ≤
∑
i/∈S

∥B−1H ′
S

p∑
j=1

εijxijvj∥2 +
5∑

k=1

∑
i/∈I

∥∆i,k∥2

= OP (ω
2
npJ

1+2d+2b) = oP (ψ
2
np).

(ii) Now set S = I. Write diag{X2
j } be |I|0 × |I|0 diagonal matrix of x2ij. Then

L̂j,I = Γ̂′
Idiag{X2

j }Γ̂I , Lj,I = H ′Γ′
0,Idiag{X2

j }Γ0,IH.

max
j≤p

∥L̂j,I − Lj,I∥ ≤ 2max
j≤p

∥(Γ̂I − Γ0,IH)′diag{X2
j }Γ0,IH∥

+max
j≤p

∥(Γ̂I − Γ0,IH)′diag{X2
j }(Γ̂I − Γ0,IH)∥

= OP (ωnpJ
1/2+d+2bψnp + ω2

npJ
1+2d+2b) = oP (ψ

2
np).

(C.5)

Also, minj ψmin(Lj,I) ≥ cψmin(Θ0)
2 ≥ cψ2

np. Thus minj ψmin(L̂j,I) ≥ (c−oP (1))ψ2
np.

(iii)
∑

j∈G ∥L̂j,I − Lj,I∥2 ≤ OP (J
1+2d+4bω2

npψ
2
np|G|). So∑

j∈G

∥L̂−1
j,I −L−1

j,I∥
2 ≤ max

j
∥L̂−2

j,I∥∥L
−2
j,I∥

∑
j∈G

∥L̂j,I −Lj,I∥2 = OP (ω
2
npψ

−6
np |G|J1+2d+4b).

□

In lemmas below, ∆d, d = 1 ∼ 4 are defined in (B.4).

Lemma C.4. ∥∆1∥+∥∆2∥ = OP (ωnpψ
−1
np J

1+d+3b+J b+1/2maxij |rij|
√
n)ψ−1

np ∥g∥
√

|G|.

Proof. First E
∑p

j=1 ∥
∑

i/∈I H
′
Sγiεijxijgj∥2 ≤ CJ2b+1ψ2

np∥g∥2.
By Lemma C.3, note

∑p
j=1 |gj| ≤ ∥g∥

√
|G|,

∥∆1∥ ≤ max
ij

∥L̂−1
j,Irijx

2
ij∥

p∑
j=1

|gj|
∑
i/∈I

∥γ̂i∥ ≤ J bmax
ij

|rij|
√
nJψ−1

np ∥g∥
√
|G|.

∥∆2∥ ≤

(∑
k∈G

∥L̂−1
k,I − L−1

k,I∥
2

p∑
j=1

∥
∑
i/∈I

H ′
Sγiεijxijgj∥2

)1/2

≤ OP (ωnpψ
−2
np |G|1/2J1+d+3b∥g∥).

□

Lemma C.5. Suppose E(εij|X,Θ) = 0. Then

∥∆3∥2 ≤
∑
j∈G

∥vj∥2∥g∥2ψ−4
np n

2 + ω4
npψ

−6
np nJ

2+4d+6b∥g∥2|G|+OP (J
1+2b+2dψ−4

np ∥g∥2ω2
np).
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+OP

J2dω2
npψ

−2
np +

p∑
j=1

E∥vj∥4 + J2p−2[
∑
Bi∆B̄

1]2

ω2
npψ

−4
np ∥g∥2nJ2d+2+2b.

Proof. Let S = I. We now bound ∥∆3∥. First,
∑p

j=1

∑
i/∈I ε

2
ijx

2
ijg

2
j = OP (n∥g∥2).

∥∆3∥2 ≤ ∥
p∑

j=1

L̂−1
j,I

∑
i/∈I

(γ̂i −H ′γi)εijxijgj∥2 ≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

(γ̂i −H ′γi)εijxijgj∥2

+
∑
j∈G

∥L̂−1
j,I − L−1

j,I∥
2∥Γ̂I − Γ0,IH∥2F

p∑
j=1

∑
i/∈I

ε2ijx
2
ijg

2
j

≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

B−1

p∑
k=1

vkεikεijxijxikgj∥2 + ∥
p∑

j=1

L−1
j,I

∑
i/∈I

5∑
k=1

∆i,kεijxijgj∥2

+OP (ω
4
npψ

−6
np nJ

2+4d+6b∥g∥2|G|).

The first term is, let L−1
j,IB

−1vk = (ajk,1, ..., ajk,J)
′. Then

E∥
p∑

j=1

L−1
j,I

∑
i/∈I

B−1

p∑
k=1

vkεikεijxijxikgj∥2 ≤
J∑

t=1

E[

p∑
j=1

∑
i/∈I

p∑
k=1

ajk,tεikεijxijxikgj]
2

≤
J∑

t=1

p∑
j=1

∑
i/∈I

p∑
k=1

gjgkEajk,tx
2
ijx

2
ikakj,tEε

2
ikEε

2
ij

+
J∑

t=1

p∑
j=1

∑
i/∈I

p∑
j′=1

∑
i′ ̸=i

Eajj,tx
2
ijgj(Eε

2
ij)aj′j′,tṁ

2
i′j′gj′Eε

2
i′j′

≤ E[

p∑
j=1

∥vjgj∥]2OP (ψ
−4
np n

2) ≤ E
∑
j∈G

∥vj∥2∥g∥2OP (ψ
−4
np n

2).

We now bound the second term. Note

E∥
p∑

j=1

εijxijgjL
−1
j,I∥

2
F = O(∥g∥2ψ−4

np J).

(i) Lemma C.1 shows∑
i/∈I ∥B̂

−1
i − B−1∥2 = OP (nJ

2dω2
npψ

−2
np + n

∑p
j=1 E∥vj∥4 + nJ2p−2[

∑
Bi∆B̄ 1]

2).

Then

d :=
∑
i/∈I

∥B̂−1
i −B−1∥2∥ṼI − V0,IHS∥2

= OP

J2dω2
npψ

−2
np +

p∑
j=1

E∥vj∥4 + J2p−2[
∑
Bi∆B̄

1]2

ω2
npψ

−2
np J

2dn.
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Next, let b′ju be the u th row of L−1
j,I and aij =

∑p
k=1 ṽkx

2
ik(vk− ṽkH−1′

S )′γiεijxijgj.

Then

∥
p∑

j=1

L−1
j,I

∑
i/∈I

∆i,1εijxijgj∥2

≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

(B̂−1
i −B−1)

p∑
k=1

ṽkx
2
ik(vk − ṽkH

−1′

S )′γiεijxijgj∥2

≤
∑
i/∈I

∥B̂−1
i −B−1∥2

J∑
u=1

∑
i/∈I

∥
p∑

j=1

aijb
′
ju∥2F ≤ OP (d)

∑
i/∈I

∥γi∥2∥
p∑

j=1

εijxijgjL
−1
j,I∥

2
F

≤ OP

J2dω2
npψ

−2
np +

p∑
j=1

E∥vj∥4 + J2p−2[
∑
Bi∆B̄

1]2

ω2
npψ

−4
np ∥g∥2nJ2d+2+2b.

(ii) Let ai =
∑p

k=1 εikxik(ṽk −H ′
Svk), bij = L−1

j,Iεijxijgj. First, by (C.1),∑
i/∈I

∥ai∥2 = OP (nJ
2dω2

npψ
−2
np ).

∥
p∑

j=1

L−1
j,I

∑
i/∈I

∆i,2εijxijgj∥2 ≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

B̂−1
i

p∑
k=1

εikxik(ṽk −H ′
Svk)εijxijgj∥2

≤
∑
i/∈I

∥ai∥2
∑
i/∈I

∥
p∑

j=1

bij∥2max
i

∥B̂−1
i ∥2 ≤ OP (ω

4
npψ

−6
np nJ

2+4d+6b∥g∥2|G|).

(iii) Note that E(εij|ṼI , X,Θ) = 0. Let ajk,d be the d th element of L−1
j,IB

−1ṽk.

∥
p∑

j=1

L−1
j,I

∑
i/∈I

∆i,3εijxijgj∥2 ≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

(B̂−1
i −B−1)

p∑
k=1

ṽkx
2
ikrikεijxijgj∥2

+∥
p∑

j=1

L−1
j,I

∑
i/∈I

B−1

p∑
k=1

ṽkx
2
ikrikεijxijgj∥2

≤ J
∑
i/∈I

∥B̂−1
i −B−1∥2

∑
i/∈I

p∑
k=1

x4ikr
2
ik∥

p∑
j=1

εijxijgjL
−1
j,I∥

2
F

+OP (1)EI∥
p∑

j=1

L−1
j,I

∑
i/∈I

B−1

p∑
k=1

ṽkx
2
ikrikεijxijgj∥2

≤ (J
∑
i/∈I

∥B̂−1
i −B−1∥2 + 1)∥R∥2F∥g∥2ψ−4

np J

≤

J1+2dnω2
npψ

−2
np + nJ2Emax

j≤p
∥vj∥2 + nJ3p−2[

∑
Bi∆B̄

]2 + 1

 ∥R∥2F∥g∥2ψ−4
np J.
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We note that this term is dominated by other terms. In particular,nJ3p−2[
∑

j∈Bi△B̄

1]2

 ∥R∥2F∥g∥2ψ−4
np J

= oP

(
np

(n+ p)J3 + J∥R∥2(n)

)2

∥R∥2F∥g∥2ψ−4
np nJ

4p−2

≤ oP

( n
J2

)
∥R∥2F∥g∥2ψ−4

np dominated by the (v) term below.

(iv) Let b′ju be the u th row of L−1
j,I and aij =

∑p
k=1 εikxikvkεijxijgj,

and f :=
∑

i/∈I ∥B̂
−1
i −B−1∥2, ciutqkj = vk,qxijxikgjbju,t

∥
p∑

j=1

L−1
j,I

∑
i/∈I

∆i,4εijxijgj∥2 ≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

(B̂−1
i −B−1)

p∑
k=1

εikxikvkεijxijgj∥2

≤ f
J∑

u=1

∑
i/∈I

∥
p∑

j=1

aijb
′
ju∥2F ≤ OP (f)

∑
t,q,u≤J

∑
i/∈I

E[|
p∑

j=1

p∑
k=1

εikεijcikjutq|2|X,Θ]

≤ OP (f)
∑

t,q,u≤J

∑
i/∈I

p∑
k=1

p∑
j=1

c2iutqkj +OP (f)
∑

t,q,u≤J

∑
i/∈I

(

p∑
k=1

ciutqkk)
2

≤ OP (fn)

p∑
j=1

Jg2j∥L−1
j ∥2F ≤ the bound for ∥

p∑
j=1

L−1
j,I

∑
i/∈I

∆i,1εijxijgj∥2.

(v) Let ajk,t be the t th element of L−1
j,IB

−1ṽk. Because E(εij|Θ, X, I) = 0, and

E(x2ik − Ex2ik|Θ, I) = 0. Let Aijt be p-dimensional vector of ajk,t(vk − ṽk)
′γi. Let

e′k = (0, .., 0, 1, 0...). Then maxk≤p ∥ṽk∥ = maxk ∥e′kṼ ∥ ≤ maxk ∥ek∥ = 1. Under

Assumption 4.3 (ii-b),

∥
p∑

j=1

L−1
j,I

∑
i/∈I

∆i,5εijxijgj∥2

≤ ∥
p∑

j=1

L−1
j,I

∑
i/∈I

B−1

p∑
k=1

ṽk(x
2
ik − Ex2ik)(vk −H−1′

S ṽk)
′γiεijxijgj∥2

≤ OP (1)
∑
t≤J

∑
i/∈I

p∑
j=1

EIVarI [

p∑
k=1

ajk,t(x
2
ik − Ex2ik)(vk −H−1′

S ṽk)
′γiεij|Θ, X]x2ijg

2
j

≤ OP (1)
∑
t≤J

∑
i/∈I

p∑
j=1

EIA
′
ijtVarI [X

2
i |Θ]Aijtg

2
j
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≤ OP (1)
∑
i/∈I

p∑
j=1

EI

p∑
k=1

∥ajk∥2[(vk −H−1′

S ṽk)
′γi]

2g2j

≤ OP (J
1+2bψ−2

np )∥g∥2max
k

∥ṽk∥2∥V − Ṽ H−1
S ∥2 ≤ OP (J

1+2b+2dψ−4
np ∥g∥2ω2

np).

(vi) Recall ∆i,6 = B−1
∑p

j=1 ṽjx
2
ij(vj −H−1′

S ṽj)
′γi−B−1

∑
j∈B̄ ṽj(vj −H

−1′

S ṽj)
′γi.

Because E(εij|Θ, X, I) = 0, we have E(εij|Θ, X, I,∆i,6) = 0. So by the bound for

maxi ∆i,6 in (C.4),

∥
p∑

j=1

L−1
j,I

∑
i/∈I

∆i,6εijxijgj∥2 ≤ OP (1)

p∑
j=1

∑
i/∈I

∥L−1
j,I∥

2∥∆i,6∥2g2jx2ijVar(εij|Θ, X, I)

≤ OP (nψ
−4
np ∥g∥2)max

i
∥∆i,6∥2 ≤ OP (J

1+2b+2dψ−4
np ∥g∥2ω2

np).

Putting together we obtain the desired result.

□

Lemma C.6. Suppose E(εij|X,Θ) = 0. Then

∥∆4∥2 ≤ OP

(
J2+2d+2bω2

npEmax
j≤p

∥vj∥2 + npJ2max
ij

r2ij + ψ−2
np J

2+4d+2bω4
np

)
∥g∥2

∑
j∈G

∥vj∥2ψ−2
np J

2b

+
(
ω4
npψ

−2
np J

3+4d+8b + J2+2b
) p∑

j=1

∥vjgj∥2|G|ψ−2
np .

Proof. First,

p∑
j=1

∑
i/∈I

∥H−1vj γ̂
′
ix

2
ijgj∥2 ≤

∑
i/∈I

∥γ̂′i∥2
p∑

j=1

∥vj∥2g2j = OP (J
1+2bψ2

np)

p∑
j=1

∥vj∥2g2j

E∥
∑
i/∈I

x2ij

p∑
k=1

γiεikxikv
′
k∥2 ≤ O(J2+2bψ2

np), E∥
p∑

k=1

εikxikH
−1′vk∥2 = O(J).

Next, define and bound: (using Lemmas C.2 C.3)

I := ∥
p∑

j=1

L−1
j,I

∑
i/∈I

x2ijB
−1

p∑
k=1

εikxikv
′
kH

−1vj γ̂igj∥2

≤
∑
j∈G

∥L−1
j,IB

−1∥2∥
∑
i/∈I

x2ij

p∑
k=1

γiεikxikv
′
k∥2∥H−1∥2

∑
j∈G

∥vjgj∥2

+
∑
i/∈I

∥
p∑

j=1

x2ijgjL
−1
j,IB

−1vj∥2∥
p∑

k=1

εikxikH
−1′vk∥2

∑
i/∈I

∥(γ̂i −H ′γi)∥2

≤ OP (|G|ψ−2
np J

2+2b
∑
j∈G

∥vjgj∥2 + nψ−4
np ∥g∥2

∑
j∈G

∥vj∥2J2+2d+2bω2
np.
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II :=
6∑

d=1

∥
p∑

j=1

L−1
j,I

∑
i/∈I

x2ij∆
′
i,dH

−1vj(γ̂i −H ′γi)gj∥2

≤ OP (1)[
6∑

d=1

∑
i/∈I

∥∆i,d∥2]∥g∥2
∑
j∈G

∥vj∥2
∑
i/∈I

∥(γ̂i −H ′γi)∥2max
j

∥L−1
j,I∥

2

≤ OP (J
2+4d+4bω4

np∥g∥2
∑
j∈G

∥vj∥2ψ−4
np ).

III :=
∑
j∈G

∥L̂−1
j,I − L−1

j,I∥
2
∑
i/∈I

∥γ′iH − γ̂′i∥2
p∑

j=1

∑
i/∈I

∥H−1vj γ̂
′
ix

2
ijgj∥2

= OP (ω
4
npψ

−4
np |G|J3+4d+8b

p∑
j=1

∥vj∥2g2j ).

∥∆4∥2 = ∥
p∑

j=1

L̂−1
j,I

∑
i/∈I

x2ij(γ
′
iH − γ̂′i)H

−1vj γ̂igj∥2

≤ I + II + III +
6∑

d=1

∥
p∑

j=1

L−1
j,I

∑
i/∈I

H ′γix
2
ijv

′
jH

−1′∆i,dgj∥2

≤ (ω4
npψ

−2
np J

3+4d+8b + J2+2b)

p∑
j=1

∥vjgj∥2|G|ψ−2
np +

∑
j∈G

∥vj∥2∥g∥2ψ−4
np J

2+4d+4bω4
np

+
6∑

d=1

∥
p∑

j=1

L−1
j,IH

′
∑
i/∈I

gjγix
2
ijv

′
jH

−1′∆i,d∥2.

We now bound the last term on the right hand side. Recall that∑
i/∈I

∥(B̂−1
i −B−1)∥2 = OP (J

2dnω2
npψ

−2
np + n

p∑
j=1

E∥vj∥4 + nJ2p−2[
∑

j∈Bi△B̄

1]2).

(i) Recall
∑

i/∈I ∥γi∥2 = OP (J
1+2bψ2

np).

∥
p∑

j=1

L−1
j,IH

′
∑
i/∈I

gjγix
2
ijv

′
jH

−1′∆i,1∥2

≤ OP (1)
∑
i/∈I

∥(B̂−1
i −B−1)∥2∥g∥2

∑
j∈G

∥vj∥2J∥ṼS − V0HS∥2F
∑
i/∈I

∥γi∥2max
j

∥L−1
j,IH

′∥2

≤ OP (ω
2
npψ

−2
np J

2d +

p∑
j=1

E∥vj∥4 + J2p−2[
∑

j∈Bi△B̄

1]2)∥g∥2
∑
j∈G

∥vj∥2nω2
npψ

−4
np J

2d+1+2b.

We note that the term involving
∑

j∈Bi△B̄ 1 is dominated by other terms so can be

ignored.
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(ii) As EI(εik|B̂i, Ṽ ,Θ, X) = 0 for i /∈ I, (B̂i, Ṽ are estimated using data in I),

∥
p∑

j=1

L−1
j,IH

′
∑
i/∈I

gjγix
2
ijv

′
jH

−1′∆i,2∥2

≤ ∥
∑
j∈G

gjL
−1
j,IH

′
∑
i/∈I

γix
2
ijv

′
jH

−1′B̂−1
i

p∑
k=1

εikxik(ṽk −H ′
Svk)∥2

≤ OP (1)
∑
j∈G

∥gjL−1
j,IH

′∥2
J∑

t=1

∑
j∈G

VarI [

p∑
k=1

∑
i/∈I

γi,tx
2
ijv

′
jH

−1′B̂−1
i εikxik(ṽk −H ′

Svk)]

≤ OP (1)
∑
j∈G

∥gjL−1
j,IH

′∥2
∑
j∈G

∥vj∥2
∑
i/∈I

∥γi∥2∥ṼS − V0HS∥2F

≤ OP (ψ
−4
np ∥g∥2

∑
j∈G

∥vj∥2J1+2b+2dω2
np)

(iii) By (C.2)(C.3)
∑

d=3,5

∑
i ∥∆i,d∥2 = OP (an), (sharper bound than the con-

clusion in Lemmas C.2), where

an := J1+2b+4gω4
npψ

−2
np + J1+2d+2bω2

npEmax
j≤p

∥vj∥2 + npJ max
ij

r2ij.

Hence∑
d=3,5

∥
∑
i/∈I

p∑
j=1

L−1
j,IH

′gjγix
2
ijv

′
jH

−1′∆i,d∥2

≤
∑
i/∈I

∥γi∥2
p∑

j=1

∥L−1
j,IH

′gj∥2
∑
j∈G

∥v′j∥2
∑
d=3,5

∑
i/∈I

∥∆i,d∥2

≤ OP (J
1+2bψ−2

np ∥g∥2
∑
j∈G

∥vj∥2)
∑
d=3,5

∑
i/∈I

∥∆i,d∥2 ≤ OP (an)J
1+2bψ−2

np ∥g∥2
∑
j∈G

∥vj∥2.

This is the leading term.

(iv) EI(εik|H, B̂i, Ṽ ,Θ, X) = 0,

∥
∑
i/∈I

p∑
j=1

L−1
j,IH

′gjγix
2
ijv

′
jH

−1′∆i,4∥2

≤ ∥
p∑

j=1

L−1
j,IH

′gj

p∑
k=1

∑
i/∈I

γix
2
ijv

′
jH

−1′(B̂−1
i −B−1)εikxikvk∥2

≤ OP (1)

p∑
j=1

∥L−1
j,IH

′gj∥2
∑
j∈G

J∑
t=1

VarI [

p∑
k=1

∑
i/∈I

γi,tx
2
ijv

′
jH

−1′(B̂−1
i −B−1)vkεikxik]

≤ OP (1)∥g∥2
∑
j∈G

∥vj∥2
∑
i/∈I

∥B̂−1
i −B−1∥2∥γi∥2Jψ−4

np
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≤ OP (1)(max
i

∥ui∥2nJ2dω2
npψ

−2
np + nmax

i
∥ui∥2

p∑
j=1

E∥vj∥4)J2bψ−2
np ∥g∥2

∑
j∈G

∥vj∥2.

This is dominated by other terms. Also the last term involving ∆i,6, depending on

B̄∆Bi, is dominated by other terms. So together leads to the desired result.

□

We now verify (B.6) using more primitive conditions.

Lemma C.7. Suppose maxij |rij|2(p ∨ n)3J3 = o(1). Then

|r′ig|+ J b∥ui∥ψnpξnp = oP (p
−1/2 + ∥ui∥∥g∥).

holds true when either case (I) or case (II) below holds:

(I) sparse g: ∥g∥ ≤ C,

(p ∨ n)3/4J1+d+2b = o(ψnp) and J
3+2d+6b = o(min(

√
p, p/

√
n)).

(II) dense g: maxj≤p |gj| ≤ Cp−1.

(p∨n)3/4J5/4+d+2b+J7/2+5b+2dpn−1/2 = o(ψnp), and J
3+3b+g = o(min(

√
n,

√
p)).

Proof. First,

ξ2np :=
6∑

d=1

ad + µ2
np

a1 =
(
ω4
npψ

−2
np J

3+4d+8b + J2+2b
) p∑

j=1

∥vjgj∥2|G|ψ−2
np

a25 =

(
J2+2d+4bω2

npEmax
j≤p

∥vj∥2 + ψ−2
np J

2+4d+4bω4
np

)
∥g∥2

∑
j∈G

∥vj∥2ψ−2
np

a3 =
(
ω2
npψ

−2
np nJ

2d + 1
)
ψ−4
np ∥g∥2|G|ω2

npJ
2+2d+6b

a4 =

(
1 + nJ2d+1ω2

npψ
−2
np + nJ

p∑
j=1

E∥vj∥4
)
ω2
npψ

−4
np ∥g∥2J1+2d+2b

a5 =

(
pJ
∑
j∈G

∥vj∥2 + |G|

)
nmax

ij
|rij|2∥g∥2ψ−2

np J
2b+1

µ2
np := np−2ω2

npψ
−4
np ∥g∥2J4+2d+2b[

∑
Bi∆B̄

1]2.
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Therefore, we aim to show

|r′ig|2 + J2b∥ui∥2ψ2
npa5 = oP (p

−1 + ∥ui∥2∥g∥2) (C.6)

J2b∥ui∥2ψ2
np(a1 + ...+ a4) = oP (p

−1 + ∥ui∥2∥g∥2) (C.7)

J b∥ui∥ψnpµnp = oP (p
−1/2 + ∥ui∥∥g∥). (C.8)

Under maxij |rij|2(p∨n)2J3+4b = o(1), (C.6) holds. In particular, pJ
∑

j∈G ∥vj∥2+
|G| ≤ OP (pJ

2) and

J2bψ2
npa5 = oP (∥g∥2). (C.9)

Proof of (C.7). We consider two cases.

CASE I: sparse g. In this case, ∥g∥+ |G| < C and we use bound:
∑

j∈G ∥vj∥2 ≤
maxj∈G ∥vj∥2|G| ≤ OP (J/p). We have the following bounds

a1 + a2 ≤ OP

(
ω2
npψ

−2
np J

2d+4b + p−1
)
J4+2d+4bp−1ω2

npψ
−2
np ∥g∥2

a3 = OP

(
ω2
npψ

−2
np nJ

2d + 1
)
ψ−4
np ω

2
npJ

2+2d+6b∥g∥2

a4 = OP

(
1 + nJ2d+1ω2

npψ
−2
np + nJ3p−1

)
ω2
npψ

−4
np J

1+2d+2b∥g∥2

So J2b∥ui∥2ψ2
np(a1+ ...+a4) = oP (∥ui∥2∥g∥2) holds as long as: (p∨n)3/4J1+d+2b =

o(ψnp) and J
3+2d+6b ≪ min(

√
p, p/

√
n).

CASE II: dense g. In this case maxj≤p |gj| ≤ Cp−1. ∥g∥2 ≤ Cp−1, and |G| =
O(p). We use the bounds

∑p
j=1 ∥vjgj∥2 ≤ CJ∥g∥2/p,

∑
j∈G ∥vj∥2 ≤ J . Then

a1 + ...+ a4 ≤
(
ω2
npψ

−2
np J

2+2d+4b + J2p−1 + pnω2
npψ

−4
np J

2d+2b + ψ−2
np J

2bp
)
J2+2d+4b∥g∥2ψ−2

np ω
2
np.

Hence J2b∥ui∥2ψ2
np(a1 + ... + a4) = oP (p

−1) holds as long as: J7/2+5b+2dpn−1/2 =

o(ψnp), J
3+3b+g = o(min(

√
n,

√
p)) and (p ∨ n)3/4J5/4+d+2b = o(ψnp).

Proof of (C.8). We divide into two cases.

CASE I: sparse g.

We have J b∥ui∥ψnpµnp = oP (∥ui∥∥g∥).
CASE II: dense g.

We have ∥ui∥ψnpµnp = oP (p
−1/2) .

These hold under the condition

max
i≤n

p∑
j=1

1{j ∈ B̄ △ Bi} = oP

(
min{n, p, ψnp}p

(n+ p)J + ∥R∥2(n)

)
J−(2+d+2b).

□
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