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APPENDIX A. FROBENIUS-NORM MATRIX CONVERGENCE AND RANK
CONSISTENCY

A.1. The convergence of ||Og — Og||5.
Lemma A.1. Suppose the n rows of £ o X are independent and that each is a
1 X p sub-Gaussian vector. In addition, suppose || ZE(E o X)(€ o X)'|| is bounded.

Then
|€ 0 X|| = Op(vn+ /D).
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Proof. The eigenvalue-concentration inequality for independent sub-Gaussian ran-

dom vectors (Theorem 5.39 of [6]) implies
(€ e X)(€ 0 X) = E(€ 0 X)(€ 0 X)'|| = Op(y/np+p),
which in turn shows
1€ 0 X|* < |E(€ 0 X)(€ 0 X)'|| + Op(v/np + p) = Op(n +p).
U

To formally state the rate of convergence of the nuclear-norm penalized estima-

tor, let

Whp = v+ IRy =< (V1 + \/ﬁ)ﬁ"‘ 1R ()-

Proposition A.1. For S € {Z,7¢ {1, ...,n}}, there is a J x J rotation matriz Hg
satisfying HgHg =1, so that

185 = Ol = Op(wry,), Vs = VoHslr = Op(Jwnpty,).

Proof. The convergence of [|©g—Og||2 follows from the standard arguments in the
low-rank literature, e.g., [4]. Moreover, given the convergence (in Frobinus norm)
of é, the convergence of V — V, follows straightforward by applying the Weyls’
theorem for bounding the eigenvalues and the sin-theta theorem for bounding the
eigenvectors. The extra “J%” term in the rate arises from the eigengap v,,/J%
We omit details for brevity.

The only thing we would like to emphasize here is that the convergence requires
the so-called “restrictive strong convexity”, which we shall give a formal prove in

the following subsection. O

A.2. Proof of Restricted strong convexity. Recall the SVD of ©y:
©y=UDV', U= (UyU.), V=(V,V).

Here (U,, V,) are the columns of U, V that correspond to the zero singular values,
while (Up, V) denote the columns of U, V associated with the non-zero singular

values. In addition, for any n x p matrix A, let

P(A) = UUAV,V! and M(A) = A — P(A).
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Here M(-) can be thought of as the projection matrix onto the columns of Uy and
Vo, which is also the “low-rank” space of ©¢. P(-) is then the projection onto the

space orthogonal to this low-rank space.

Lemma A.2. Suppose (i) max;; |z;;| < C and ming Ex3; > co. (ii) Bither z;; = ¢;
almost surely for some constants ¢; # 0, or x;; is independent across both (i, 7).

In addition, define the restricted low-rank set as, for some ¢ > 0,
Clerea) ={A € A [P(A)[lw) < e M(A) [y, AlIF > c2v/mp}.

For any c1,co > 0 there are constants k, B > 0 so that with probability approaching

one, uniformly for A € C(cq, cz),
1X 0 A% > &|| Al — J(n+p)B

The same inequality holds when ©q is replaced with its subsample versions: Oz

and O ze.

Proof. For notational simplicity, write X (A) = || X o A||% . Then for Ez3; > ¢,

ij

EX(A) =) AJEx} > col All%-
ij

Define an event, for sufficiently large B > 0,
E(A) :={|X(A) —EX(A)| > 0.5EX(A) + J(n + p)B}.

We aim to claim P(3A € C(cy,¢a),E(A)) — 0. Once this is proved, then P(VA €
C(ey,62),E(A)°) — 1. On E(A)°, the restricted strong convexity holds for k = ¢q/2,

because:
X(A) > 0.5EX(A) — J(n+p)B > &||A||% — J(n + p)B.

To prove P(3A € C(c1,¢2),E(A)) — 0, we use the standard peeling argument.
Let
I, ={AcClc,c) : 2, <EX(A) <20,},
where v,, = B,/np and [ € N. We let ¢, = 2¢;' B in the definition of C(cy, c3).
Step 1: show C(cy, o) C U2 I, For A € C(cy, ¢2) we have

| A% > eo/np = 2¢5* By/np = 25 vy,
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Then EX(A) > ¢]|A||% > 2v,. Hence there is [ € N so that A € T, as long as
A € C(eq, ¢2). This shows C(cy, o) C UR, T
Now let

D(x) = {A€C(a, ) : Al <z}
F = {A:]|X(A) —EX(A)| - J(n+p)B > 0.25 x 2"y, }.
and z; = ¢; 1210,

Step 2: show {A: E(A) is true} NI, C D(x;)NF. If A eI and £(A) holds,
then A € F because:

|X(A) —EX(A)| — J(n+p)B > 0.5EX(A) > 0.5 x 20, = 0.25 x 2",

Also ||Al|% < ¢ 'EX(A) < ¢y '2!*1,. This implies A € D(z;).
Now let 1
Z(x):= sup \—Zx A7 — Eaf A7

AeD(z) NP v
Step 3: bound EZ(x). For any A € D(I) C C(er, ), C=1+¢,

[Allm) = [IP(A) + M(A)[[m) < (1 + 1) |M(A) | )
< (14 ¢1)\/rank(Bg)|[M(A)||lr < CVI||A|r < CV Jx.

Let €; be an i.i.d. Rademacher sequence. Let G' = (€;;%;j)nxp- Then E[|G| <
Ciy/n + p for some constant C;. Then

EZ(z) <® 2E sup |— x5 ,Ez <@ OyE sup |— TiiAii€
() AGD(x)| Z J4 iy ]‘ 2 AeD( ’ Z J4hig ]’

= GE sup !—tr(GA)!<02 sup —HGHHAHm)
AeD(z) T

AeD(z) NP
+
< oY, ||A||<n><04mx/__20 mr
np  AeD(x V/npco 32np
P +C_2J(n+p)§ CoT +BJ(n—HD)
32np ¢ np 32np np

where (i) follows from the standard symmetrization argument; (ii) uses the con-
traction inequality (e.g., (2.3) of [3]), which requires |z;;| + |Al;; < M for all (4, 7).
This holds since A € A and by the assumption. The last inequality holds for
sufficiently large B > 0.

Step 4: bound the tail probability of Z(z) — EZ(z). The conditions that
|A;j| < M (because A € A) and the independence of x;; over (i,7) allow us to
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apply the Massart inequality (e.g., Theorem 14.2 of [2]), so
P(Z(x) > EZ(x) +t) < exp(—Cgnpt?), Vt >0,
Let t = 7‘30“” Then from Step 3,

1 1
MB + —0.25¢oz) < P(Z(z) > EZ(z) — o —0.25¢0x)
np np 32np  np
071’2
= P(Z(z) > EZ(z) +t) < exp(—Cgnpt?) = exp(— o ).

Step 5: Pealing device. Hence for ¢’ that only depends on ¢q, but not on B,

P(Z(z) >

PEA € Clcr, ), E(A)) < i P(A €Ty, E(A)) = i P(A € D(a) N F)

WE

P( sup |X(A)—EX(A)| > J(n+p)B+ 0.25¢yx;)
AGD(Q}l)

~

1

J 1 Cra?
P(Z(x;) > (n—+p)B + —O 25cx;) < Zexp L
! " 1=1 p

I
NE

)

Cgd*lop 2 = 141 D2 exp(—16Cs B?)
exp(—— Zexp Ced B < 1 — exp(—16CsB?)

~

[
WE

<€

=1 =1

for any € > 0 and sufficiently large B.

APPENDIX B. PROOF OF THEOREMS

We use the notation E; and Var; to denote the conditional expectation and
variance given the subsamples in S € {Z,Z°}. We use | to denote the identity

matrix.

B.1. Convergence of fg. Recall that columns of Hg are the eigenvectors of
I's's. Note that 6;; = v/v; + r;;. Throughout the proof, we use v; and v; to
denote the true values 7, and v; o for notational simplicity.

Lemma B.1. There are J x J rotation matrices H and B, so that for each i ¢ S,

p
&\i — HI’yZ = BilH‘IS Zgijxijvj —+ 0P<1).
7=1
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The above op(.) is pointwise in i and in |.||. Also |H' — Hg'|| = Op(J%wnpthy)),
and || B|| + ||B7H|| + ||H|| + ||H || = Op(1). Note that both B and H' depend on
S.

Proof. First recall that Vi is estimated using subsamples in S. Note that ]]175 —
VoHs|| = Op(Jwnptdy,) for some rotation matrix Hg. For simplicity of notation,
we simply write v} to denote the j th row of Vs. For each i ¢ S, by definition in
Step 3 of the estimation algorithm, and 4, as the i th row of I'y,

72' S /Yz B Zyz] S ,U]]xljv_]7

and B; = >0 aivv). Let B = Hg Yl (Ex; v Hs.

p

Y- Hg'y = BV [ei + a0y — i Hg )]0
1

p p
= B‘legZ%xijvj+B_1Z@w?j( v — Hg'y; %+ZA“‘“
j=1 J=1

<.
Il

p
Ain = (B7' =B vl (v — Hg ) v, Aip =By Zgiﬂw@‘ — Hgvy),
1 -
= . p
A@g = Z T'UU], 14 = (Bz_l — B_I)Hgv 261‘]{[‘1‘]‘1}]‘. (B].)
7j=1

Lemma shows that Zk:l A =op(1). So
¥ — Hg'vi =B 'Hg' stxwvj + B~ ZUJ 35 (v; — H3Y0,)v; 4 op(1). (B.2)

To bound the second term on the right hand side, we proceed below in different
cases on the DGP of w;;, corresponding to conditions (ii-a)-(ii-b) in Assumption
4.5l

Under condition (ii-a) z7; does not vary across i <n. We can write 27, = x
B=Hgy"_ a%v;v;Hs and

H = Hy'+ B Zv] =), |[H = Hg'[| = Op(Jwnpitiy,)-
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From (B.1), moving B~'>"_, ¥;a%(v; — ¥;)"y; to the left hand side we have:

p p
— H/’)/Z = B_II'IS_1 Z 61‘]‘1‘1‘]‘@]‘ + Z A@k + 0P(1) = B—ngl Zgijmijvj + OP(]_).
=1 =1

j=1
The fact that |B7!|| = Op(1) follows from the assumption that >_*

bounded away from zero.

j=1 ]’U]U is

Under condition (ii-b) w;; is independent across ¢ < n and is weakly depen-
dent across j < p. Let B = Hgy " (Ex7)v;0;Hg. Define

Ajs = B~ ZUJ ) (v — HV05)"

H = Hg'+B™ Z@(Ex?j)(% — 0, ||H = Hg'|| = Op(J wnpthyy)-
j=1
where it is the assumption that Emfj is stationary in ¢ (does not vary across ).

From (B.2), moving B~' 37", ¥;(Ex;)(v; — U;)"y to the left hand side we have:

7=1
p 5
~ /. —1r7r—1
Yi— H'y= BHg' Y eymiguy + ) Aig

Lemma bounds A@l ~ Ai,5-
Under condition (ii-c) In this case we focus on z;; € {0,1}. Let B, = {j :
= 1}. Then B = Hj Zp 5ViVjHs. The fact | B~ = Op(1) follows from the

assurnptlon. In addition, let

Aig:= B~ ZUJ i ( Hg U] - B ZUJ Hg Ug)l%ﬂ

jeB

We define

H :=Hi'+ B~ Zv] - ;) ||H,_H§1||:OP(denp¢;p1>‘

jeB

From , moving B~ Y7, 57 (v; — ;)" to the left hand side we have:

p p
/’}71' — HI"}/Z = BilHSTl Z €ijTijV; + Z Ai,k + Ai’ﬁ = Bingl Zaijxijvj + Op(l).

j=1 k=1 j=1

Lemma shows that in this case A; 1 ~ A4, Ajg = op(1).
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B.2. Convergence of Vs, Let Liz=H' Zigz x?j%-%fH.

As the vector g can be either sparse (e.g., g = (1,0...0)") or dense (e.g., g =
(1,...,1)"/p), sometimes we shall use the following inequality to bound terms of
the form: > | X;L;z7g;:

Let G={j=1,...,p:g; # 0} and |G| be its cardinality.

p
ZXLJIgjs DR ZEN DI
j=1

Jj€G
which is shaper than the usual bound L := \/ L?I\/ Z 2 when g is

sparse, and reaches about the same order of L when g is dense.

Lemma B.2. Given a p X 1 fized vector g, for the rotation matrix H in Lemma
(which depends on the sample T ),

p
Vig—H'Vig =YY LizH'vieiui9; + Op(np)

j=1 igZ

where &y, is defined in (B.8). The above convergence is in ||.|.

Proof. Write Vz = (0, ..., Up)". Then for Ej,I =D i1 LA

—H ;= L1y [y — g - ALH "vjlwii.

i¢T
Therefore,
p 4
Vig—H 'Wyg=> (0; — H 'vj)g Z > LiiH7viegaygi+ > Ag, (B3)
J=1 J=1 i¢T d=1
where
A = Z Liz Z Triig5, Do = Z[LJ_% - L;%]H, Z Vi€ijTii 95,
i¢T J=1 i¢7T
A3 = ZL]IZ ’yl H'Vz €ijTij95, A4 - ZLJIZ‘TU H ’)/Z H U]’}/Zg].
1¢T i¢7
(B.4)

By Lemmas [C.4{C.6]
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4
DolAdP = On(E,)
d=1

2 = (J2+2d+4b 2 Emax||v]||2—I—an2+2bmaXT”+¢ T AR 4) lgll? ZH%” l/)

np
Jj€G

p
t (Wt ST )N 0051716 1y
J=1

‘i‘OP wi J2+4d+6b + Wnp’l?b 2J2+2d+6b J2b+1 max |7"”|27’L ¢ ||g|| |g|
+0p (1 G g g 3 Euvju‘*) Wil T, (B.5)
j=1

where

pry = npwl b gl 2Ty P,
B;AB

g

B.3. Asymptotic normality of 0 "g. The asymptotic normality follows from
Proposition [B.1} E below, whose condition (§ is verified by Lemma in the

case of either sparse or dense g, and the primitive condition in Assumption [4.6]
Proposition B.1. Let &,, be as defined in . Suppose
[rigl + T il iy = 0p (™2 + [luilllg)- (B.6)
Then for a fized i < n,
a’g —0lg

\/ 1+Snp,

where, with Ly = Y7 ayiy; and B = Y70 (Ex?;)v;v),

-4 N(0,1),

P n

Sop1 = > Y Var(ey|©, X)Lyl gl
=1 t=1
p

Shpo = ZVar(sU\@,X):U?j[v;B’lvo’g]?
=1

Proof. Note that for fixed ¢ < n, 5’11 =7 VI and 0, = ~v/Vj + r;, where r} denotes
the i th row of R, the low-rank approximation error. By Lemmas [B.I B.2] for
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EJ, Zzgél ngfyl’}/z’

(0r; =09 = (3 Vz "iVe)g —rig
= %ZZLJI%st]xt]gj—l—Ze,Jm,]v]B 1{/094_72
j= 1 t¢T
- 27@2211 'Vtgt]xtjg]—i_zgmngva 1%9+R
Jj=1 t¢T

R = op(p '+ HUzHHQH)+OP(J1+ngH1/an)+fnpOP(JbHuz|Wnp +JY?%) —rig
where we used ||H' — Hg'|| = (Jo%wnpthy,)) and Lj = >0 2297,

H Z Z Lg Z’Ytgt]]:tngH - OP(‘]I/Q_H?“Q“wnp || Zgljxlj _1” = OP(\/j)

Jj= 1t¢I

mZZ%l L. veyeig;] = I\mHQZII—L S

Jj=1 t¢T
op(llusllllgl)-
Similarly, once we switch Z and Z¢, (é\IC,i — 6;)g has a similar expansion. Hence
P P
blg—0g = Z Z Ly eyyg; + i Z Z Ly ey,
j;l t¢T j=1 t¢Te

+ Z eijTi Vi BT Vig+ R

= Z Z L Vi€t Tt g5 + Zgwxw “Wog + R+ Op([luil?(lgll)

7j=1 t=1
where 37, 7+ 307 = S 1t = z} and o (Ut = Z}L ViELj TG =
Op([lwl?[lgl])- Also note that [|[Vgg|| =< p~'/? and JHZ’HQW = o(p'7?).

Next, we verify the Lindeberg cond1t10n for the first two leading terms of 0! lg—0.g

First, we emphasize that the defined &} ; and X » (as defined below) do not depend
on the sample Z or Z¢. Let

p
e / —1 . ! p—1y,/
Xig = %E Ly meyryg5,  Xjo = erigv; BT Vog

j=1
n

n p
sfml = Var(ZXtyl\@,X) :ZZVar &0, X)Ly ’yt]Q:ctzjg?

t=1 j=1 t=1
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2 ! -2 2 2
> crjn<1n¢mm thj%%>¢min([/j Mgl Ml

> cmin Y Z%Utut Vrnax Zwtgutut)llgll il * > el g1I*.
t=1 t=1

np,2

s2 o = Var(ZXj’2|@,X ZVar €10, X)af [v; B~V g)?
=1

> cllg'Vo||* min wmm@ 2200 )2 (B) > ep™!

j=1
Write E|(.) := E(.|©,X). We first bound 7, EX} and 37%_ EA},. Write
Vij = %{Lj_lytgtjxtjgj, then X, = Z;’:l V:.j. Due to conditional independence,

DB = ZE Z%a S 9)IIRED 9 S

tl]l t=1 j=1

< C\Iui||42||ut|l4[zg§*+||g||4]
p
Z (X)) < CZH%H HV0’9H4<CZHUJH4 .

Now for any € > 0, by Cauchy—Schwarz and Markov inequalities and

p n
Do llvllt =op(1), > llul* =
j=1 i=1

we have

Z E‘Xt?11{|xt71| > ESan} S

IN

Z E 1{|Xj71‘ > GSan} <

np2

In addition,

Tl 72 Z’%Z 210, X) < CVallplluill = op (D).
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Also, R = op(p~ /2 + |Jui| || g]l), given condition (B.6). Thus we have achieved
n p
Oig —0ig = Xty Xatop(p™ "+ |lulllgll) (B.7)
=1 =1

where Y | Xi1/8pp1 and 21;:1 X;2/snp1 are asymptotically normal and indepen-
dent. Hence we can apply the argument of the proof of Theorem 3 in [I] to conclude
that, conditionally on (6, X),

Zle Xt,l + ZP:1 Xj,2
J

2 2
Snp,l + Snp,2

Also, op(p™2 + |luillllgll)/1/s2p1 + 52,2 = op(1). This implies conditionally on
(©,X),

—4 N(0,1).

0l — 0lg

Z = —4 N(0,1).

2 2
Snp,l + Snp,Z

It remains to argue that the conditional weak convergence holds unconditionally.

Let ® denote the standard normal cumulative distribution function. Fix any x € R,
let f(©,X):=P(Z < 2|0,X). Then f(©,X) — ®(z), pointwise in (0, X). By

the dominated convergence theorem and that f is dominated by 1,
P(Z<z)=Ef(0,X)— &(x).

This holds for any x, thus proves the weak convergence of Z unconditionally. [

B.4. Proof of Theorem [4.2} efficiency bound.

Lemma B.3. Let Z be a random variable with sub-Gaussian norm bounded by r.
If r <1/3, then |Eexp(Z) — 1| < cr, where ¢ > 0 is an absolute constant.

Proof. By assumption, [E|Z|/]'/7/\/j < r for any j > 1. Thus, E|Z} < 7757/2 for
any j > 1. By Taylor’s expansion, exp(Z) — 1=, % Hence,

> = 77§12 (i) j 53/2

Elep(z) 1) = 3 A < 3 I

J!

Mg
< 1
~<
®
S~—
<

J=1
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where (i) follows by j! > (j/e)’ and (ii) and (iii) follow by » < 1/3 < 1/e. Thus,
the result holds with ¢ = e/(1 — ¢/3). O

Proof of Theorem[.3 Let © = T'V’ be an arbitrary point in M, where I' € R™*/
r
",
R7*(=1) By assumption, o is bounded. Since X1; is bounded, we have that py is
also bounded. It follows that x; < /1y /(20) < Ky for some constants k1, kg > 0.

and V € RP*J/. We partition I' = ( e R withI'; € R and T'_; €

/

L . T By

Consider © = I'V’, where I' = ( ,1 ) c R with 'y =Ty +¢V'g and ¢ =
-1

t/|[V'g||l. Here, t € (0,x1) is a fixed but arbitrary constant. Recall s3(0, f,0) =

o215 '|V'g||* does not depend on I'. So s%(0, f,0) = s2(0, f,0). Let A=0-0 =

(I' = T")V’. Notice that
A <q(vlg)lvl>
B 0

IAIF = ¢ 1(V'g)'V'[[7 = ¢*[[V'glI* = ¢*.
Let ¢(e,1,0) (Y. X) and ¢g ;) (Y, X) be the density of the data (Y, X) under
(0, f,0) and ((:), f,0), respectively; we notice that

and

n p

b0V, X) = (25 20 exp (=5l - X o) - TTTT /%)

i=1 j=1

Then by the asymptotic unbiasedness, we have
E((:),f,a)T(Ya X) - E(@,f,cr)T(}/a X) = h(é) - h<®) + 0(5*(67 fa 0)) + 0(8*<é> fa U))

2 Vgl + o(s.(©, £,0))
=t|[V'g| + o(s.(O, f, 0)),
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where (i) follows by s2(©, f, o) = s2(©, f, ). On the other hand,

Eo.50 (Y, X) = E@10T(Y. X)

96,40)(Ys X) )
=Eo.1.0)[T(Y,X) — h(© B
0.4 [T, X) = h(O) (¢(®,f,a)(Y7X)
b6 (V. X)  \°
< \/Var(@fa [T(Y, X)] x \/E(Qf") (chZ:j:a;(K X) 1)
¢(é,f,o)<Y’ X) ’
= \/Var o.rT(Y, X)] x \/E(@fa) (cb(e,f,a)(y, X)) -1

It follows that

Vgl + o(s.(©, f,0)))"
Fose (Saieiin) 1
The rest of the proof proceeds in two steps.

Step 1: compute Egg ;) <%f"—)(yx)>2 Under (O, f,0), e =Y — X 00O

d)(@,f,cr)(YvX)
is a matrix with entries following N(0,0%). By the explicit formulas above on

d@©,10) (Y, X) and ¢(é7f70)(Y, X), we have that

bo.r )(Y>X) 1 ~ 1
E =00~ ) =E e ——lY =X oO|% + S|V =X 00|
s (D222 — gy oxp (Y~ X o Bl + LY - X o0 )

O Eo,t,0) exp< ZX2A2>
p
= exp <02 Zqufj) x E(e,1,0) €xp ( Z
i=1 i=1

where (i) follows by the fact that under (O, f,0), &;; is i.i.d N(0,0?) conditional
on X.

Notice that under (0, f, o), X12j is i.i.d, bounded and has mean py. By Hoeftd-
ing’s inequality and equivalent bounds for sub-Gaussian distributions (e.g., Propo-

sition 5.10 and Lemma 5.5 in Vershynin [6]), the variable o=2 3% | [XF; — uf] AT,
has sub-Gaussian norm bounded by k302, / A‘ll], where k3 > 0 is a constant

Var(e,10)[T(Y, X)] =

(B.8)

st
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that only depends on the bound of X 12j. We observe that

ZA Z V'g)v]* = ¢* <1I£1]a<>§)[(V 9) vg]2) > ((V'g) vy

j=1

=t (o)) IVl < 0* (1770l s o) 1Vl

1<5<

SV gt Iph) St Ipt = o(1).

By Lemma we have
n p

E,f,0) €XP (o'_2 A?J,) =1+o(1).

i=1 j=1

Moreover,
p
o> Y = o PP (Vg VIV(VIg) = ppo 2|V IglP = pgo

By the above three displays, we have that

B 1) (¢(é,f,a)(Y7 X)
P50 (Y, X)

Step 2: derive the final result.
Since t is fixed and s,(0, f,0) < ||[V'g]|, it follows by (B.8) and (B.9) that

! 2
Var(o gy [TV, X)] > 1V 0l +0(5:(9. /. 0))]
B E (%f_%”)) 1
(©:1:2) \ 9(e.1.0)(V:X)
t]|V'g]| + o(s.(O©, f, g))]
exp(ppo?2) (1 +o(1)) —
2|V'g|? + o(s2(O, f, o))
exp(pyo=2t2) — 1+ o(1) - Xp(ufU*QtQ)
_ 2([V'g|I(1 + o(1))
~exp(ppo2t2) — 1+ o(1) - exp(ppo—2t2)

) — explugo#) (1+ (1) (B.9)

Consider r(a) = exp(a). Notice that the second derivative is 7”(a) = exp(a),
which is increasing in a. We have that for any a > 0, |r(a) — r(0) — 7'(0)a| <
exp(a)a®/2. Thus, for any a > 0,

exp(a) — 1 < 7/(0)a + exp(a)a®/2 = a + exp(a)a®/2.
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Since ¢ € (0, %1) with 1 < \/ii;/(20), we have pro?t? € (0,1/4) and thus
exp(ppo2t%) = 1 < ot + exp(1/4) pjo "t /2.

Therefore, we have
V' g|I?(1 4 o(1
Var(@J,a)[T(Y, X)] Z — 2” g” ( ( )) —
exp(puro—?t?) — 1+ o(1) - exp(pso—2t?)
t2[[V'g*(1 + o(1))

g2+ exp(1/4) 501 /2 + o1) - exp(1/4)
_ [V'gl*(1 + o(1)) |

(1o =2 + exp(1/4) 3o ~412/2] (1 + o(1))

In other words,
Vare 7.0 T(Y, X)] - 1+ 0(1)
30, f,0) 7 0%yt [pgo? + exp(1/4)pio 42 /2] (14 o(1))
@ 1+ 0(1)
~ [1+ 8exp(1/4)r5t%] (1 + o(1))’
where (i) follows by pro~? < 4k3. We take the limit and obtain
V oY, X 1
n,p—00 s2(0, f,0) 1 + 8exp(1/4)r5t?
Notice that the left-hand side does not depend on the choice of t. Since the

above bound holds for any t € (0, 1), we can choose small ¢ and obtain

V Y, X
liminf ar(G:f’U)[ ( ) )] >
n,p—>00 sz(@, f, o‘)

The proof is complete. g

B.5. Proof of Theorem 4.3} minimax rate.

Proof. We provide proofs for both cases: sparse g (g1 =1 and g; = 0 for j > 2) as
well as dense g. The arguments and notations for these two cases are independent.

Case 1: sparse g

Fix any ©, € S with entries {6, .} such that rank©, < J—1 and max;<;<, maxj<;<p 0| <
c1/2. (This is always feasible because we can simply choose O, to be the zero ma-

trix.)
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Let k > 0 be a constant satisfying the following

ngmin{cl/l 03/\/1—02}, (B.10)

Let O, be a matrix with entries {6;; ..} defined as follows

szj* —|— K lf (l,]) = 1

eij,** —
01, otherwise.
Since O, and O, only differ in the (1, 1) entry, it follows that rank©,. < rank©,+

1 < J—1+41=J. Since 011 4| = |b114+K| < |0114]+K < ¢1/24+Kk < ¢1. Therefore,
0., €S.

We now compare the Kullback—Leibler divergence bewteen e, ) and Fe,, p.0):

dPe, po
KL<P(6*7P70)’ P(@**,p,a')) = / (log dp((e . ))) dP(@*ypﬂa')'
w5050

By the formula of Gaussian densities, we have that

dPe, o) exp (=311 — O1jurn1)?07))

dPe,.po) €xp (—%(yn — 91j,**$11)201_12) '

Therefore,

dPo. po
KL(Pe.po) PO..po) = / <10g #) dPe. p0)
*% 50,0

Jj=1

12
= Eo.,p.0) <_§ Z [(y11 — 611.211)% = (y11 — O11 1)’ 01]-2)

1
= E(@*,p,a) ( §/€2$11 - (’yu - 911,*%1)'%11} 01_12>
1 1 @)
= 5/&2p101_12 < §/<;2(1 — )32 < 1/2,

where (i) follows by (B.10)).
We notice that |h(©.) — h(O.)| = k. By Theorem 2.2 in Tsybakov [5] and
Equation (2.9) therein, we have that

1 1— 1/2)/2
inf sup Plo p.0) (|7 — h(©)| > k) > max (— exp(—1/2), A) =1/4.
T oes b 4 2

Case 2: dense g
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Fix any ©, € S with entries {6;; .} such that rank©, < J—1 and max;<;<, maxj<;<p [0 <
c1/2. (This is always feasible because we can simply choose ©, to be the zeor ma-
trix.)

Let k > 0 be a constant satisfying the following

K21 — o)

022

k<ces/2 and
3C5

<1/2. (B.11)

Define A; = kp~%/2/g;. Let O, be a matrix with entries {6;;..} defined as
follows
0.0 if i1
O+ A, ifi=1.
Since O, and O, only differ in the first row, it follows that rank©,, < rank©®, +
1<J—-1+4+1=J. Since

eij,** -

max [0y, = max |01;, + A;| < max [6y;.| + max |A;]
1<j<p 1<j<p 1<j<p 1<j<p

1 kp~3/2 e, kp 32 ()
<s+——<5+—— =0,
2 minjl|g;| T 2 cs/p
where (i) follows by k < c;c5p'/?/2 (due to (B.11)) and p > 1). Therefore, ©,, € S.
We now compare the Kullback—Leibler divergence bewteen P, - and Pe.,, o)

dP(G* ,,070')

dPeo, po)-
dP(G**,p,U)) (©+p2)

KL(Pe, po)s Po..po) = / <1Og

By the formula of Gaussian densities, we have that

-2
dPe,po) P (‘% > (yij — Orjew1y)’oy; )

dP(@**,p,a) exp (—% Z§:1<ylj - elj,**x1j>20;j2>
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Therefore,

dPo. »o
KL(Pe,po) PO.po) = / <10g —dp((@ - )))dp(@*,pm
w3k 50,0

G*pa
=1

p
1
Ee..00) (Z SO — (3 — 91]',*9311)%'3?1]} Uff)
7=1
Z M <1/2
where (i) follows by (B.11)).

We notice that

A
I\UIH
kS

ylj - 91j,*$1j)2 — (1 — 913-,**%1]-)2} 01_j2>

_ Kp—1/2'

By Theorem 2.2 in Tsybakov [5] and Equation (2.9) therein, we have that
1 11— 1/2)/2
inf sup Po 0y (|7 — h(O)| > Iip_l/Q) > max (— exp(—1/2), #> =1/4.
T ocs b 4 2

The proof is complete. U

B.6. Proof of Theorem [4.4].

Proof. We write ﬁ? = ﬁ?l for simplicity because we fix i of interest. Note that

_ 2 _ 2 2
gjyijxij = gjxijeij + gjeij, Where 61']‘ = xijgij- Let ,Uj = Exkj'

—

p
hi(©) —big = > pilgjlwie; + (@f — 13)05] + (a)... + (d)
7=1

(@) = > (7% = )y > (13 — 12)gjai0s

7j=1

15 (5 — 12 g0

—~
=
~—
I
'M@

1

<
Il

2

(7% = ") (5 = 15 g3

—
e}
~
I
7=

1

<
Il
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p
(d) = >t —0)gses.

=1
We now bound each term.
For (a)(c), note max; |ﬁ§ — ,u?| = max; |ﬁ Zk# xzj — E:Eij| = OP(\/IO%).
Hence max; if = Op(1), and max; |p] — 1 2| = P(\/lo%). Hence

log p log p
(a) < Op(— =) max|u; %%IZI%KOP( )

n
7j=1

log p _ logp
(@) < Op(22)max |i*| Y lgjesi| < Op(—22).
J

For (b)(d), let vg; = 3; —Ex}; and ¢; = pi;*0;;. Then vy; is independent over k.
» 2
1 2
Eb)? = E <n — Z kajgj:vijcj>
J=1 ki
1
< O(—2) Z ZgjglEvkjvklEcjclEx?lx?j
n 3,l<p k#i
1
S 1’{1<8;LX Z ‘COV z]? 1l = O<n_p)
Jil<p

2
1 )
E@” = E <n 1 Z D UkigiTiil; 4%')
j=1 k#i

1
Jl<p

Hence provided that \/plogp = o(n), we have
p

VPIhi(©) = i) = 3 Z; + op(1)
j=1

where Zj = \/]_),uJ_Qg]WU with Wij = T4;Eij5 + J]ZQJQZJ

We now verify the Lindeberg condition. Suppose p; > ¢ > 0. Let s2 =
>°F_1 Var(Z;). Note that EZ} = O(p~*)EW}; = O(p~?). Also Var(Z;) < /EZ} =
O(p™'). Also Var(Z;) > ¢p~!. Hence s, = O(1). Then for any € > 0,

—2ZE —EZ)*1{|Z; — EZj| > esn} < € Ls ‘32\/E s —EZ)1y/Var(Z)) =

O(p™'7?).
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Thus s;l\/ﬁ[h/i(a) — 0g] = N(0,1). In particular, s2 = p>_F_, g2u; Var(Wy).
U

B.7. Proof of Theorem the Treatment Effect Study.

B.7.1. Proof of Lemma[5.1. We now prove Lemma[5.1] which verifies the SSV and
incoherence condition in the treatment effect study. For ease of readability, this
lemma is restated below.

Lemma B.4. (i) The minimum nonzero singular value 17, for ©g(m) can be taken
as Y
¢Zp = J1 Z Z hjm(n)?, m=0,1,
i=1 j=1
which means 1 ;(Og(m)) > cwip for this choice of Y.
(ii) The incoherence Assumption holds.
(iii) The low-rank approzimation error satisfies || R(m)|| ) < CJ~@~Y max{p, n}.

Proof. Fix m € {0, 1}, we drop the dependence on m for notational simplicity.
(i) SSV: Let 9;(A) be the j th largest singular value of A. Then v¢,;(0y) =
1;(Ay,). Now for any € > 0, with probability approaching one,

n p J
D> i) = 118lF < (1+e)l0lf = (1+€) > 47 (60)
i=1 j=1 k=1

< (T+e)Jyi(A) <UD 1+ e) T y5(A)
C(1+ €) 2142 (0y)

n p

DY him)® = (187 = (1= e)[Ooll7 = (1—€) > 17(O0)
i=1 j=1 k=1
> (1- €>J¢3(@0)'

where (1) follows from Assumption [5.1]
(ii) Incoherence: We derive the singular vectors and singular values of ©,. Note
that we can write
6 = QA +R.
©o
where @ is the n x J matrix of ¢;; A is the p x J matrix of A;; R is the n X p matrix
of ;. Write Sy = LA'A, Sp = 10/®, A = S/25,8;/%. Also let Gy be a J x J

matrix whose columns are the eigenvectors of A, and T" be the diagonal matrix of
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corresponding eigenvalues. Let Hg := Sy Y G, it can be verified that
1
@0@6@[‘[@ = pn(I)Hq;.T, E(CDHcp)Iq)H@ =1

This shows that the columns of ® Hg are the left singular-vectors of Gg; the eigen-
values of A equal the the first J eigenvalues of ©;0,. Similarly, we can define

Hy = SXI/ ’G A, where G is a J x J matrix whose columns are the eigenvectors
of S,lx/25q>5/1\/2. Hence we have

Uy =n"Y20Hg, Vy=p Y?AH,. (B.12)

The h;(-) function belongs to the Hilber space with uniformly-bounded L? norm,

meaning that max;<, [|h;(|7, = max;<, > 77 A7, < oo. Thus

Emax [|v;]|* < maxHA [ A’A)p‘1
J<p

mln(

< maXZ)\ -wmm NA) <O(p™

Sl < ZH@II V2 (Se) <Z|rd> [ La/g)n-
=1
< —chbn Op(n™") = op(1)
E max||ui]|? < Emaxu@ Pk (Se)
) < n~'Jsupmax |¢; (1) PE¢h(Se) = O(JnY).
n Ji<J

(iii) Sieve error:

IRl < IRIlr(p v )2 < Clpv )T

B.7.2. Proof of Lemma[5.3 In this lemma, we verify the following condition:
]' / 1 /
- — < «
5O (7,00) < 0rt)

1
no_ / —(a+1)
. Ilru? wk( 00’) warl(—np@@ ) > o .
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Proof. Since and h; are independently generated from the Gaussian process prior,
we have
logn

=0
p( p

1
Hﬁx 5 E hj(ﬁi)hj(nl) —K(Uiﬂ?l) )
b j:1

Hence for r; := SUp,, n, | Zk>J Vedr(m) dw(m2)],

1 1 1
|—06' — —BD\&'|| < Op(y/—22) + 7).
np n p

1 i 1 /
glgj(\%( o) - %( PD\P')| < Hn_p@@ —ECDDA‘I) |-

Thus

-~

Op(y/ 5% +ry)
We now show that the eigenvalues of %@D,\@’ are approximately D,. In fact,
the top J eigenvalues equal those of (1&'®)/2D,(19'®)!/2. Because n; are i.i.d
Unif[0, 1], and ¢; are eigenfunctions of the operator T, so [ ¢, (n)¢x,(n)dn =
1{k; = ky}, showing E2®'® = I. Hence ||10'® — I|| = Op(\/iﬁ). This implies

1 1 J
max [¢;(~ @DLAP) — v < H( D)2 Dy(~0'®)!/? — Dyl < [|DAlIOp(—=
i<J vn

Together, for w, := ,/k’% +r;+ ||DA||\/LE7

).

1 /
max ij(n—p@@ ) — vl < Op(wy,) = op(vs/J).
This implies
Loe’
wl(”p ) < Oplwn) 20 ey,
¢J( @@/) VJ—OP(’UJ”) vy

Also, for any k£ < J — 1, the mean value theorem implies

wk%@@/)—wm(%@@’) > M(k™ = (k+1)7)=Op(w,) > aMJ = = Op(wy).

The lower bound also holds (up to a constant) for wk( -0) — wkﬂ( -0) because

U1 (6) = Op(1).
]



24  VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

B.7.3. Proof of Theorem[5.3

Proof. Let the columns of V(m) = (v;(m) : j < p) be the right singular vectors of
Oolm) and B(0) = ¥, ez, a15(0)0;(0)0;(0) and B(1) = 5y, 235Dy (1)

Note that condition implies Assumption [4.3] (ii-c) when {1, ..., p} is replaced
with Tj and for x;; = z,;(0). Hence holds, for gy = pio(l, ., 1), on Ty and
m = 0. We then have

é\ (O) Jdo — Z eljxlj Uj B(O)il%(o)/go + 0P<p61/2)
J€To
=) G (0) + op(pg ).
J€To
Similarly, for g; = pil(l, ..,1); on T} and m = 1, we have
‘/9\( 1)'g1 — 0i( Z €i;Gii (1) +op(p 1/2)'
JjeT

Together, we reach

77 = 6:(1)g1 — 6,0)

1 1 P

EZI 0:;(0)

_ @(1)@—@(1)]) B:(0) g0 — ()go
1)’91—%2%( 129” 6.

= D eGu(l) = > eGy(0 )+0P( V2 1_1/2)

]ETI j€To

= Ze”Al]jLOp(mln{Po, 132

Ay = Qg( JH{j € Th} — ¢;5(0 )1{J € To},
Sopi = Var(e;| X, g(n))Gi;(0)” + ) Var(ey| X, g(n))¢;(1)?

JE€TH JET

.

Note that e;; is independent over j conditioning on z;;(m) and ©(m), m = 0, 1.
We verify the Lindeberg condition: for any € > 0,

p

ZE z] 1{|€UAZ]’ > ES”IM}’X g 62 ZE z] ‘X g )]

npzj 1 npz

_4 Z Cz] _4 Z Cz] —= §4 2 Z ||UJ ||4 §4 2 Z HU] H4

np % JE€Ty np % JETY np, P JETo np, iP J€T1

IA
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CJ? CJ?
Snp,ip() np,ipl

Thus with the condition that 57, ; min{py,p1} > ¢ for some ¢ > 0 with probability
! T — Ti) —d N(O, 1)

approaching one, we have 5, (7

El

APPENDIX C. TECHNICAL LEMMAS

Lemma C.1. Suppose ) _, EHUjH4 = o(1) and min,<, || 3 7_, v
B; = > 7173'6’ and B = Hyy " (Ex};)vjviHs. Then

(i) masicy | B = Op(1).

(i1) Consider the DGP of x;;, corresponding to conditions (ii-a)-(ii-b) in As-
sumption [{.3.

For each fized 1 < n,

1B = B = Op(Jwnptrn) + /35 Ellvgl|*), and

Yigz 1B = BT = Op(nd*hin? + 0375 Ellosll").

In case (ii-c), For each fized i < n,

1Bt = B = Op(J by + Ip" Y e 1), and

>igz 1B = B7Y]? = Op(n*%w i 2) + Op(n?p ™) [ e p 1%

via2|| > c. Let

Proof. (i) Note that for max;; |z;;| = Op(1),

max | B; Hszx”v]vHsuwp maxuz% 5 — Hiu)ol|

p
+max Y a||o; — Hyvsl|]

< 0p(V)||Vs — VoHs| = Op(Jwuptin)) = 0p(1).

On the other hand, by the assumption min;<, || Y20_; vvial|| > ¢ almost surely.

Vi
We have max;<,, ||B Y < max<, ||( L agvvl) T+ 0p( ) =0Op(1).
To prove (ii), we proceed below corresponding to conditions (ii-a)-(ii-b) in As-

sumption [4.3]
Under condition (ll—a) a: - does not vary across ¢ < n. We can write x = 3.

In this case B = Hy vjv "Hg.

J1J
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We have

p
|57 = BT < Op(W|Bi = Hy D atuef Hsl| < Op(Jwngilyy).
=1

In addition, » .7 |B; — B||? < Op (nJ?w2 1 2).

Under condition (ii-b) w;; is 1ndependent across ¢ < n and is weakly depen-
dent across j < p. In this case B = Hg > " (Ex};)v;viHs.

We now bound »"_, (z3; — Ex? )vjv for fixed i < n. By the assumption z7; is
weakly dependent across j. Also E((z}; — Ez};)[00) = 0. Let X? = (23, ...,23,)".
max; |[Var(X?|0o)||* < C. Let Vi x, = p X 1 vector of v;,vjk,. Then with the
assumption Y7, Eflv;[|* = o(1),

EHZ 13 UJ ]HF Z Evarzxuvjklvj k2|®0]

K1, ka<J

= > EV ,Var[X?|00| Vi, < CZ ElJo;[|* < o(1).

k1,k2<J j=1

Hence || B! — BY| < Op(1)||B; — B|| < Op(J4wnptby) + /327 Ellv||9).

In addition, by the proof of part (i),

Y I1B: = Bl < Op(ng*"w) ) +ZIIZ wip)usvi*.

i1¢T ¢ g=1
By a similar argument of part (ii), Eziﬂ 120 (@2 —Ex? o) ||? < n S0 Elu "
Together, || B||?> = Op(1) and max || B; || = Op(1) so
Y B =BIP < B Pmax B P Y IIB - BI?
i¢T i¢T
P
= Op(nJ™wl 2 + 1> Elvjll*)
j=1
Under condition (ii-c) There is a common B. In this case we restrict to

z;; € {0,1}, and let B = Hg 3 " zv;v;Hg. Let B; = {j : x;; = 1},
We have

p
IB7' =B < Op()IBi — Hy Y ajjuyviHs| +Op(LI| Y vjv; — D sl

j=1 JjEB; jeB
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< Op(Jwnptlyy) + Op(1) max oyl 37 1

jEB;AB
< Op(Jwnptbny) + Op(Jp7h) Y 1.
jEBiAB_
In addition,
ZIIB '—BYP < 0p(1))_|IBi- B’
&L i¢T
= Op(nJ*wl ) + Op(nJ?p~2)[ Y 1)

jEBiAB
]

Lemma C.2. Ford =1~ 4, consider A; 4 as defined in . In addition, let

A;js = B~ ZUJ 7,] )(vj — H51UJ)7

Also, consider the three different cases on the DGP of z;;, corresponding to con-
ditions (ii-a)-(ii-c) in Assumption[{.5 Then:

(i) Under conditions either (ii-a) or (ii-b), for each i ¢ Z, and d =1 ~ 4,

1Asall = 0p(1) and 37 [|Aidll® = Op(J124202 ) = op(dy,).

(ii) Under condition (ii-b), for each i ¢ T,

[Ais]l = 0p(1) and 3,47 185> = Op(J' 242w ) = op(Yy7,).

(#i) Under conditions (ii-c), for each for each i € I, and d =1 ~ 4, 6,

[Aiall = 0p(1) and 3,47 [|1Asall* = Op(J' 2202 ) = 0p(¢r,).

Proof. (i) For term A, ;.
Lemma|C.1{shows || B! = B~!|| = Op(J%wupthy) + /S0 Ellvy||4) and || B! =
Op(1). Also let X? = (2, ...,23,)". Note ||[7il| < Op(J*%yp)|lui-

| Z% w5 (v; = Hg ' 5) 7l < Il |V diag(X7)(VHg' = V)| < il Op (" ).

Hence [[Ai1 ]| = Op(J wnptin, + /32521 Ellvgl*) s llwnp J*F = 0p(1).
In addition, note that Y, [|vl|* = Op(J'**¢7,). Hence

o llAul? < op ZHZ% (v — Hg"0;)y)”

1¢7 ¢ j=1
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< Op(1) Y Inull?lIV'diag(X7)(Vs — VHs)|* = Op(J" 207 ) = op(47,).

np np
¢ T

For term A, ,.

By assumption ¢;; is independent across ¢ < n. Because ‘N/I is estimated using
subsamples excluding i, E(Eij|171, Op, X) = 0. Let ]Blk be p x 1 vector of ;;(v; 5 —
vj ). By the assumption Varle;| X, O] < C,

Ex(]] Z eij45(0; — Hgv;)[*|80) = Z Elé’/kvarf[gi’vb X, @O]Ek
k<J

< EI(Z x?jHUJ Hyv;]*|00) < HVI — VHg|; = Op(J*W?, wnp) =op(1).
(C.1)

Hence ||A; 2| = op(1). In addition, Zzﬁ | Z;’ LEiii (Uj—v;) |2 = Op(nﬂdwipw;;).
implies 3.7 | Aial|* < Op(n*®wi i) = Op(JHH02 ) = op(¥7,).
For term A, ;.

p
max [Ais] < Op(1)] > il < max [ri;|\/pJ = op(1)
< —

SIAGE < mmax Al < npTmaxr? = op(NE) = op(uZ,)
¢ T
(C.2)
For term A, ,.
Note E| Z 1 €| < CZ] 1 Zj||v.7||2 < CJ. 5o
N = Op(VI) (Tt + ZEHvJH op(1).
7j=1

Al < ZHZ%%%H < Op(nJ) = op(J?H2W2 ) = op(¥2,).

i¢T ¢ g=1
(ii) For term A;5; under Assumption (ii-b).
First, [|7:]] < Op(J%np)|lui]l. So

p
0 — Hov;)(v; — Hg " 0)) vi(af; — Ex
|y (0 — Hgv;)(v; — Hg" ;) yi(x;; — Ex;) ||

< Op(lnl)lIVz = VHsl3 = Op(J* P wp i luil]) = 0p(1).
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Next, by the assumption x - is independent across i. Let P;m denote p x 1 vector
of v; 1 (v; —v;)"y; and recall Xi2 = (3, ...,my,). Since i ¢ Z, V7 is estimated using

subsample in Z, and z;; is independent of O, we have that

EIHZU] — Hg" %)) vi(a% — Ex)|> =Y EVar, [P, X?[O]

B k<J
< (Er?ggﬂvjll NV =V Hs |1l

This makes | 327, v;(v;—Hg " 0;)"vi(a3,—Ea)) || = Op(y/Emax;<p [0 1) wppllui| T4+
The last term is assumed to be op(1). Hence ||A; ;|| = op(1).
In addition,

S Iaul? < OIS - ) — B — Hy %)l

¢7 ¢ j= 1
+CZ I ZUJ Z] )(v; — Hg' U]) "ill?
| _ _
< C) |lPI(Ve = VHs)diag{X} — EX7}(Vz — VHg)|”
i¢T
+Op(1)zII%HQ(EmgXIIUjH?)IIVI—VHsHQF
i¢T
S OP(J1+2b+4gwnpwnp + J1+2d+2b 2 EmaXHUJH ) O (‘]1+2d+2bw72zp) — OP(1/1721P).
(C.3)

(iii) We now focus on condition (ii-c) of Assumption [4.3]

For terms A;, A 3.

These two terms are the same as under Assumption [4.3| (ii-a) and (ii-b), so their
bounds are the same as that of part (i).

For terms A; 1, A, 4.

By Lemma |[C.1| || B;' — B7Y|| = Op(J YWnpthry +J07 Y iep,a 1)- Also

| Zva w5 (v; = HV0) il < Illl|V'diag(X2) (VHg ' = V)| < il Op (wnp ).

Hence [|Ai1[| = Op(J wnpthny + T07' 30 005 Dltil|wnp " = 0p(1).
Also, 3207 [[Ain]* < Op(J1H2 2000 ) = op(¢7,).

nP np
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Fina’HY7 EH Z EUZL'”U]HQ < CZ] 1 2]||U]||2 < C‘] SO
Ay = Op(VI)(Jwnpthy +Jp7" Y 1) = op(1).
jEBiAB_
P
YAl < 0p() Y 11D eymiosll’ < Op(nd) = op(v,)-
i¢T i¢T  j=1

For term A, .

Uniformly in ¢,

Al = [B” 12% Hg 53/ 12“] Hg UJ) Vil

JEB; jeB

< 0p(1) > (v — Hg"'5) il

jGBiAB

< Op(VIull Vs = VoHs|* + Op(1) i l11Vs — Vo | manx o] \/Z 1{j € 5; 5 B}

< Op(Run )l + Op(J wnpwnp>|mumaxuvj||\/21{3eBAB}

< Op(JQdJ’bw?w ;pan* ) 4+ Op(J T W,/ (np) 1 \/Z 1{j € B; A B} = op(1),
J

(C.4)

where we used ||vi|| = Op(J%,)||uill = Op(J°%npVJIn1t) and max; ||v,|| =
Op(y/Jp~1) from Assumption . Finally,

D Aigl® < max|Aig]*n
i¢T
< OP<wip¢ 2J1+4d+2b +UJ J2+2d+2b 12 1{7 c BZ A B_})

_ O (J1+2d+2bw721p)

Lemma C.3. (i) |[s — TosH||2 = Op(J'2H2002 ) = op (Y2 ) where Tog is the

np
submatriz of Ty corresponding to the rows in S (i.e., sample splitting).
(11) max;<, ||Lgs|| = Op(¢,2). Recall that L =37, 237,

(iii) e |1L75 = Lyl = Op(w an1+2d+4b%?\Q!)- Here G = {j :g; # 0}
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Proof. (i) First not that [|[Tog||> = Op(J*42,). It follows from (B.1) and Lemma
[C2

ITs — TosH|l% < Z |B~'Hy Z%%%HQ + Z > 1A
k=1 i¢T
= OP( np‘]1+2d+2b> 0P(¢721p)-

(ii) Now set S = Z. Write diag{ X7} be |Z]o x |Z|o diagonal matrix of z7;,. Then

Lz = Thdiag{X?}T7, L;z = H'T}diag{X?}ToH.

max | Lz — Liz| < 2max (T —TozH) diag{X;}TorH|
+ max |(Tz — Doz H) diag{X?}(Tz — Doz H)|
_ OP(wan1/2+d+2b¢np —Hu J1+2d+2b) OPW?@)‘
(C.5)

Also, min; ¢mi§\(Lj71) > Cmin(00)? > c1p?,. Thus min; wmin(/L\j,Z) > (c—op(1))17,.
(iii) 3 jeq 1Lz — Ljzll* < Op(JHH2HH48L2 42 IG]). So

Z HLJ_% ]I”2 < max ”L]I”Hszu Z HLJI L]IH2 (wipw;;"g‘(]l-l-?d-i-ﬂxb)'

j€G jeg

U
In lemmas below, Ay, d =1 ~ 4 are defined in (B.4)).
Lemma C.4. [|A][+[|As]] = Op(wiythy, T+ maxy; |rij|y/n) iy, 9l1/1G]-

Proof. First EZ?zl I Zi¢z Hiviewiigil)® < O‘]2b+1wnp||g||2‘
By Lemma |C.3] note le lg;| < llgll\/1G],

[Adll < max||Lizrya; HZWZH%\<mea><\m\v Ty l9lV1G].
7=1

i¢7

1/2
|18all = (ZHkaz—L&HQZHZH’s%e@-jxijgjrf) < Op (Wt 2|GV2 T3 g ).

keg j=1 ¢

U
Lemma C.5. Suppose E(¢;;|X,©) =0. Then
12317 < Y o lPllglP ey n® + w9 g 21G] + Op (S22 Mgl Peor,).

jEG
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74HgHZnJ2d+2+2b.

+O0p | T2 0,2 +ZEH%H4 + Pp > 1P| wl,
B;AB

Proof. Let S =Z. We now bound ||Az]|. First, Z?Zl Ziﬂ&??ﬂ?ﬂ? = Op(n||g]|?).

p
1As] < ZLJIZ B — Hyeimigi®> < 1D Liz Y (5 — H'yv)eiaigil®

€T Jj=1 €T
—’—Z“L;% ]I” ||FI—FOIH||FZZ€2]:E2]9]
]Eg ] 1 7,%1
< HZLJzZB ka&k%%xmgﬂl + HZLJIZZAzk%%%H
i¢7 k=1

+0P( Wap J“‘*M"Hgll G-

The first term is, let L._%B_lvk = (@K1, - aji,g)’. Then

EH ZLJIZB kagzkgmxmxzkgjn < Z Zzza]k tgzk’guxmxzkg]]

zezz t=1  j=1 igT k=1

p

J
< ZZZZg]nga]kta:” Zkak]tEe kEa

t=1 j= 1z§§Zk1
J p

T Z Z Z Z Z Ea’]] txz]gj EE )CL] 14, tm /51 95! E€?/j/

t=1 j=1 ¢T j'=1i'#i

p
ZII%QJH J"Or( ) SEY llulPllglPOp(¢r,n?).

jEG

We now bound the second term. Note

P
Ell ZéTisz’jgjL;,%HQF = O(“g”%/};zjlj)‘
=1

(i) Lemma shows

gz 1Bt — B7YPP = Op(nd* Wiy +n 320 Ellvll* + nd?p™2[3 5 45 11%)-

Then
d = > |B" =BV — VorHs|?
¢ T
2 =2 y2d,,

= Op | T2 0, +ZEHUJ\|4 + Pp D> 1P | wh,

B;AB
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Next, let 0, be the u th row of L]I and a;; = Y r_; kazk(vk—ka ) Vi€ijTii G-
Then

| Z L]IZ Aijeijaigs|l?

i1¢7
p

< HZLJIZ — B> i (v — BHg ") viesiaigs)

i¢T k=1

p
< Y IB - B*H?ZZ 1 aibhll < Op(d) Y [l Zé‘w%gy L%
i¢T u=1 i¢7 j=1 1¢T

< Op | w0, +ZE||UJ||4 + 22 1 | wi i llglPn P

B;AB
(i) Let a; = Yo7y cinwin(Up — Hguy), by = Lyzeii;9;. First, by (C.1),
> il = Op(ng? 4wl i),

z¢I
| ZL]IZAZ 2ei%i9511° < || ZL]IZB Zgzkxzk (O — Hgvy)eijai595]°
1¢7 i¢T
< D el sz'jHQmiaX IB7HI* < Op(wiytny n > |g]1%G]).
i¢T ¢ j=1

(iii) Note that E(gijﬂN/I, X,0) =0. Let aj;q be the d th element of L;%B*1~

P

| Z L7 Y Aiseizigl® < || Z Liz > (Bf Y earancirigsl®

1¢7 1¢7T k=1

-+ Z L;;Y B Z Uk tiig; |

i1¢7 k=1

p
I> Bt =B ZZ%%H > eiwigi Ly

i¢T 1¢7 k=1 j=1

+Op(VE/| Z L2y B Z Uh i ik i 5

i1¢T

JZHB‘ 1||2+1)||R||FH9” Vo

€T

IN

IN

—_

< I 0 g B o+ 030 1| IR gl

B;AB
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We note that this term is dominated by other terms. In particular,

np0 Y 1P IRIENgIP5, T

jEBiAB

2
= np 20| 11204, 74, —2
R J

orp (n+p)J3 JHR”Q > 1R[] Vpp 1P

op ( ) |R[|% )| g]1*¢y, dominated by the (v) term below.

IN

(iv) Let b}, be the u th row of L;Z and a;; = Y h_, CikTikVkEijTii 05,

and f:= Zigz HBi_l - BilHQ: Ciutqkj = Vk,qTijTikdjOjut

p
| Z L7y Avscirig|® < || Z Liz > (Bi' =B enznvieiziigl

ngI i1¢7 k=1
< fzz I Zaijb;'uni“ <Op(f) Y. D Zzgikgijcikjutq|2|X, o]
u=1 ¢¢7 j=1 t,qusJ i¢T 7=1 k=1
PP P
< DD G +0p(F) D D O Ciutgrr)”
t,q, u<J i¢Z k=1 j=1 t,q, u<J ¢ k=1
< Op(fn) Z Jg7||L; |7 < the bound for | ZL ZA,lswxwg]H
J=1 1¢7

(v) Let ajk¢ be the ¢ th element of L;IB_lﬂk. Because E(g;;|0, X,Z) = 0, and
E(z?, — E2%|©,7) = 0. Let A;;; be p-dimensional vector of aj(vk — Up)'7i. Let
e, = (0,..,0,1,0...). Then maxy<, |0 = maxy ||,V < maxy|/ex]] = 1. Under

Assumption [4.3] (ii-b),

| Z L]IZ Aiseijiigsll®

i¢T
< | Z Liz) B! ka i) (0 — Hg " 0r) vigwji 051
1¢T
< ZZZEIVarI Zaﬂ’”( — Ex3)(vp — Hs_ll'ﬁk)'visiﬂ@,X]m?jg?
t<J i¢T ] 1

< Op()Y ) Z E A} Var [ X?|O]Ajjegs

t<J i¢T j=1
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< ZZEIZHGMH (ox — Hg"0n)' ]9}

7 j=1

< Op(Jy, )||g||2maX||ka |V = VHS|* < Op(J# 20 Hlg|Pwr,)-

(Vl) Recall Ai,G = B_l ?:1 'ﬁjx?j (Uj — H;l ?}/j)/’yi — B_l Zjeg i)}'(?)j — HS ’U]) Yi-

Because E(g;;|0, X,Z) = 0, we have E(¢;;|0,X,Z,A;4) = 0. So by the bound for
max; A; g in (C.4),

p p
1D L2 Aissigrigil* < Op(1) Y Y T IL P A6l g3 27 Var(e;510, X, T)
Jj=1 i¢T J=1 i¢ZT
< Op(ny, lgll*) max [|A;6]|* < Op (T4 gl *wr,).

Putting together we obtain the desired result.

Lemma C.6. Suppose E(¢;;|X,0) =0. Then

HA4H2 < Op <J2+2d+2b 2 EmaXHv]HQjanJQmaxrw +¢ 2J2+4d+2b 4 ) HgH ZHUJH w 2J2b

j€G

+ (Wip 2J3+4d+8b J2+2b) Z ||Ujgj||2|g|¢;p2
j=1
Proof. First,

p p
YD IHE el < Y I ZII%H Jl”bwip)ZIIvaIng

J=1 ¢TI i¢T
ElY Z%&k%kvkl|2 < O(J*02) E||Z€zkxzkH ‘wel* = O(J).
i1¢7 k=1 =

Next, define and bound: (using Lemmas [C.2][C.3)

I = HZLJIZxUB Z&kxzkvk}[ U37193H2

1¢7
< D MLEBTPIY @ Z%glkxlkvk” IH Y lloggsl?
jeG i¢T Jjeg
+Z||Z$?j9g B IIZ&;@IMH el P NG = Hy)|?
¢Z  g=1 €T
< Op(IGly, J2+2b2|\%93|!2+n¢ gl Y o 2732202,

jEG j€G
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6 p
1= >IN L3 e A H F — Hy)gsl?

d=1 j= 1 1¢7
< ZZIIAzdII Mgl >~ o1 DG = H') JII" max | Lz
d=1 ¢T Jj€g i¢T
< Op(SHH 0Nl lloslPen,)-
Jjeg
P
I = Y L= Lzl Y IeH =317 Y 2D I1H  viade?
J€Sg i¢T J=1 i¢Z
p
= Op(wptny IG1 T oy ]1%g2)
7=1
1A = IIZLJIZ% H =) H  viAigs)®
1¢7
< 1+U+IU+Z ||ZL]IZH,%:E?JU;H YA ag;]?
1¢7
< (WU g ) vajgju G162 + 3 oy P gl 44440,
jeg
_'_Z H ZLJ%HIZQJV’LI.UU]H A’l de'
i¢T
We now bound the last term on the right hand side. Recall that
p
Y IB =B = Op(T* nupytby + 1y Elloll* +n*p72[ Y 1]2).
Z¢I j=1 jEB,‘AB
(i) Recall 37,57 [|%il]* = Op(J**247,).
H ZL]%H/ZQJ%IE” ]H AllHZ
'L(;éZ
< Op() Y _IB =B HPlal* Y llosl? JHVs—VoHsllpz:||%||2ma><iIILJ%H’II2
i¢T J€g i¢T
< Op(wpt, 2J2d+ZEHUjH4+J2p’2[ Y GNP Y loslPncn, iy, 2.
Jj=1 jeB;AB j€eg

We note that the term involving > jes,nf 1 18 dominated by other terms so can be

ignored.
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(i) As E;(e]B;,V,0,X) =0 for i ¢ T, (B;,V are estimated using data in T),

HZLJ%H/mezv;H Al

i1¢T
P
< D gLipH Y vy H VBN (B — How) |
i€ i¢T k=1
P
< 1) Z ||gij_7%H’||2 Z ZVarI[Z Z%,tx?jv;H B Yeintin(Ur — Hgvp)]
Jjeg t=1 jeg k=1 i¢T
< DD gLz 2P ol Y Il lVs = VoHs|I%
j€g Jj€G i¢T
< Op(Wllgl® Y llvj P72 )
Jj€g

(i) By (C.2)(C.3) > g5 > 1Aiall* = Op(ays), (sharper bound than the con-

clusion in Lemmas |C.2]), where

1+2b+4g, 4 12d2b
an, — Jlt2b+dg , ¢np+<]++

112 2
2o max v ]|* + npJ max r;.

Hence

P
ST LigH gyl HV A1

d=35 z¢Ig1

< > H%|!22 L 2H gl Y ol® Y > Al
zgél' jeg d=3,5 i¢T
< Ol S ) 3 3 1Aal? < Or(an)T 202 1gl S sl
Jjeg d=3,5 i¢T j€G

This is the leading term.
(iv) Er(ein H, Bi, V,0,X) =0,

p
1Y L H gy o, HV A 4

zgéI Jj=1
< ||ZLJ%HIQJZZ%$U VH V(BT = B g
k=1 i¢T
< ZHLJ%H'QJH ZZVarI ZZ%ta:?jv;H B_ — B Yupeinwir]
jEG t=1 k=1 i¢T
< HQH S ol B = B Pl T,

Jjeg i¢T
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p

< Op(1)(max [|u;|*nd>wi, 5 +nmax|lul* Y Ellos|) T4 gl D vl
j=1 J€G

This is dominated by other terms. Also the last term involving A, ¢, depending on
BAB;, is dominated by other terms. So together leads to the desired result.

O

We now verify using more primitive conditions.

Lemma C.7. Suppose max;; |ri;|*(p vV n)*J?> = o(1). Then

[rigl + I il dnpbnp = o (™" + JJuillllgl])-
holds true when either case (I) or case (1) below holds:
(1) sparse g- |lg]| < C,

(p V; n)3/4J1+d+2b — O(wnp) and J3+2d+6b — O(min(\/ﬁ, p/\/ﬁ))
(II) dense g: max;<,|g;| < Cp~'.

(p\/n)3/4J5/4+d+2b+ J7/2+5b+2dpn_1/2 — O(wnp)y and J3+3b+g — o(min(\/ﬁ, \/]_9))

Proof. First,

6
572117 = Zad—'—“ip

d=1

p

ar = (Wt ST T) Yl P16 e,
j=1

dz5 = <J2+2d+4bepEg¢3;<|lvj\|2+w;5J2+4d+4bwitp) lgl® D llosll*

N Jj€g

ag = (Wipuy ™ + 1) Yy lg|P|Gler, T2
p

ag = (1+nJ2d+1w§p¢n§+nJZE\|vj||4 w2 gl TR
j=1

as = (NZijnmm) nmax [ri; g g 7

Jj€g
Iuip = np—Qwip ;;Hg‘|2j4+2d+2b[z 1]2_

B;AB
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Therefore, we aim to show

[igl” + T2 |uil*r,05 = op(p™" + luill*[lg]1*) (C.6)
T2 Juwil Py (ar + -+ as) = op(p™" + [Jual*[lgl*) (C.7)
T l[willonpting = op (™ + [[ill I gl1)- (C.8)

Under max;; [r;;|*(pVn)2J3T0 = o(1), holds. In particular, pJ 3=, g [|v;|[*+
G| < Op(pJ?) and
T a5 = op(llgl). (C.9)
Proof of (C.7)). We consider two cases.
CASE I: sparse g. In this case, ||g]| + |G| < C and we use bound: }_; [|v;]|* <
max;eg ||v;]|?|G] < Op(J/p). We have the following bounds

ar+ay < Op (whtp, J2H 4 p7h) JH2E0pTGE Wl g

= O (inin 1) gyt 240
ar = Op (14 nJMW2 g2 4 Pp=t) w2 gt JiH202 g2

So J®||u; |22, (a1 + ... + as) = op([|us|[*[lg]|*) holds as long as: (pV n)3/*Jirar2 —
0(thnp) and J3T24H60 < min(y/p, p/v/n).

CASE II: dense g. In this case maxj<,|g;| < Cp~'. |lg||* < Cp~!, and |G| =
O(p). We use the bounds Y°%_, [lv;g;[I* < CJ|\glI*/p, 32 ;c6 lvjlI* < J. Then

a;+ ...+ ay S (wip ;}72J2+2d+4b + J2p—1 _i_pnwzpw;;J?d-i-Qb _{_w;IJQJpr) ‘]2+2d+4ngH2w;pQwip-

Hence J?|ju;||*¢2,(ar + ... + as) = op(p™") holds as long as: J7/2F50+2dpp=1/2 —
O(thnp), T35 = ofmin(V/T, o/F)) and (p v n)¥AI5/AH2 _ oy, ).

Proof of . We divide into two cases.

CASE I: sparse g.

We have J®||uil|$nphiny = op([[uill|lgl])-

CASE II: dense g.

We have [[ui||[tnptiny = 0p(p™?) .

These hold under the condition

p .
. min{n, p, Ynp}p —(2+d+2b
maxg {jeBAB}=op J—(@rd+2e)
i<n (n+p)J +[IRI[,

j=1
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