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Abstract

In recent years high dimensional sparse models have gained considerable impor-
tance in several areas of economics and finance, which have emerged to deal with many
new applications. In an ultra high dimensional sparse model, the number of regressors
and candidate moment conditions can be possibly much larger than the sample size
(growing in an exponential rate), but only a relatively small number of these regressors
are important that interprets the main features of the regression function. The goal
is to achieve the oracle property: identifying the important variables with high proba-
bility, when both the important and unimportant regressors are possibly endogenous.
We derive sufficient conditions and necessary conditions for a general penalized mini-
mization to achieve the oracle property, using a general form of penalty functions. We
then show that the penalized GMM and penalized empirical likelihood are consistent in
both estimation and selection when (i) the unimportant covariates are endogenous but
the important ones are not, or (ii) the important covariates are also possibly endoge-
nous and a set of valid instrumental variables are available. However, the penalized
OLS is not. Finally, we develop new results for estimating the optimal instruments
in the conditional moment restricted model with the number of instruments growing
exponentially fast. This extends Belloni et al (2010) to the possibly nonlinear models
as well as more general penalty that allows for SCAD, Lasso, and many other penalty

functions.
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1 Introduction

In recent years high dimensional models have gained considerable importance in several
areas of economics and finance, which have emerged to deal with many new applications.
In such models the overall number of regressors grows extremely fast with the sample size.
For example, in housing price regression, the house price in one county may depend on
several other counties, most likely its geographic neighbors. Since the correlation among
the neighbor counties is unknown, initially the regression equation may include about one
thousand counties in the country. Econometricians, however, may only observe a relatively

small size of data series.

Example 1.1 (Housing price panel data). The local housing price has cross-sectional cor-
relation with the housing price in the surrounding counties, and probably in other states.
To predict s period ahead housing price appreciation y; ;4 in county ¢, incorporating lagged

variables of additional counties in other states may contribute additional predicting power:

p

T
Yit+s = E Yt Bire + X 0 + €415,
k=1

where yy; denotes the log-price of county k at period ¢, and x; is a vector of national indices
such as the per capita personal income, population, mortgage rate, the stock market index,
etc. Since the cross-sectional correlation is unknown, p can be large (around 1000 counties

in the US), while the sample size is typically less than two hundred for a data set containing

the monthly repeated sales data in ten years (Fan, Lv and Lei (2011)).

Example 1.2 (Wage regression). The expected wage function is approximated by a regres-

sion function with regressors being the transformations of education and experience:

p

Yi = Z Py (w;) By + €,

k=1

where the transformation Py are usually polynomials or B-splines. Empirical evidence shows
that low-degree polynomials approximation, with relatively less smoothness flexibility, may
fail to capture the information of the entire function provided by the data ( Belloni and
Chernozhukov (2010)). As the high-degree terms can also have large coefficients, the number

of coefficients p can be large relative to the sample size.

Example 1.3 (Instrumental selection). Consider a linear instrumental variable model as in



Angrist and Krueger (1991) and Belloni and Chernozhukov (2011):

Y = 60 + 9133'1' + WlT’)/ + €,

with E(e;|w;,2;) = E(u;|w;,z;) = 0. Here y;, x;, and w; denote wage, education, and a
vector of control variables respectively, and z; denotes a vector of instrumental variables
that have direct effect on education and indirectly on the wage. The data set in Angrist and
Krueger (1991) contains a total of 180 instruments in z;. It is well known that using only a
few instruments results in an estimator of the schooling coefficient #; with a large variance,
while using all the 180 instruments results in a large bias. On the other hand, Belloni and
Chernozhukov (2011) showed that using just 37 instruments selected by the Lasso technique
(Tibshirani 1996) can produce a nearly efficient estimator with a small bias at the same

time.

Besides, high dimensional data have also emerged in many other fields of sciences, engi-
neering and humanities. Examples include marketing, microarray data in genomics, signal
processing, among others.

We assume that the parameters enter the model as the coefficients of a linear combination
of the covariates as in x’ 3y, where dim(z) = p grows with the sample size n. we consider an
ultra high dimensional pool of covariates, meaning that, p = O(exp(n®)), for some o € (0, 1).
Hence p can grow non-polynomially with n, as in the so-called NP-dimensional problem.
Sparse modeling has been widely used to deal with high dimensionality, which assumes that
many components of 5y are either exactly or near zero. As a result, the true structural
parameter can be partitioned as By = (8L, Bly)T, with foy = (=)0. Accordingly, the
covariates can be partitioned as x = (x%,x%)7, called important regressors and unimportant
regressors. The sparsity structure typically assumes that, although p, the number of total
candidates, is NP-dimensional, the number of important regressors s = dim(xg) grows slowly
with the sample size: s = o(n). As in Example 1.1, conditional on x;, only a small number
of counties are useful for predicting the housing price (Fan, Lv and Qi (2010)).

The goal of ultra high dimensional modeling is to (1) achieve the variable selection con-
sistency (identify the nonzero components [ys and therefore the important regressors with
probability approaching one), and (2) make inference on fys. This is called the oracle prop-
erty of high dimensional model selection and estimation (Fan and Li (2001), Zou (2006), and
Belloni and Chernozhukov (2009)). While the majority of the literature has achieved this



property by minimization a penalized objective function taken the form
Loss function + Penalization,

they all assume that all the candidate covariates in x are exogenous, i.e., uncorrelated with
the regression error term. The most popular choices of the loss function in ultra high di-
mensional modeling are least squares, negative log-likelihood and their various modifications
(see, e.g., Bradic, Fan and Wang (2010) and Fan and Lv (2011)).

Has the goal of recovering the oracle been really achieved? Note that the unimportant
regressors are artificially added into the model, while oracle knows what the true important
regressors are, which does not depend on what kind of unimportant regressors are present.
Consequently, a real “mimicking oracle” procedure should be the one under which the oracle
property is achieved regardless of whether the unimportant regressors are correlated with
the residual or not. Therefore the exogeneity assumption on the unimportant regressors is
stronger than that is enough ideally to recover the true sparsity structure, and none of the
proposed methods in the literature developed a simultaneous test to check this assumption.
Besides, in the application of econometrics, there are also many examples in which the
important covariates are also endogenous such as the education in studying the effect of
schooling on the wage. We will show in this paper that in the presence of endogenous
covariates, the penalized OLS is inconsistent in variable selection.

We consider a more general framework of the ultra high dimensional variable selection
problem, and derive both sufficient condition and necessary condition for a penalized mini-
mization procedure to achieve the oracle property, where both the loss function (the leading
term of the objective function) and the penalty function can take a very general form. We
propose the penalized GMM (PGMM) and penalized empirical likelihood (PEL), and study
their asymptotic behaviors. We first consider the case where only the important covariates
are required to be exogenous, allowing for arbitrary unimportant covariates. This setting has
immediate application interests in finance, biology and machine learnings, and our results
significantly contribute to the recent statistical literature on variable selections. We then
allow the important covariates to be also endogenous, and construct the GMM objective
function using the valid instrumental variables. It will be shown that both PGMM and PEL
achieve the oracle properties in the presence of endogeneity. In particular, the estimator
converges in probability to fys at the near oracle rate O,(1/(slogs)/n) (Belloni and Cher-
nozhukov (2009), Fan and Lv (2011)). This is achieved because both of the two procedures
fully take advantages of the correctly specified moment conditions defined by the exogenous

variables, while the penalized OLS does cannot.



In addition, we develop new results for estimating the optimal instruments in nonlinear
conditional moment restricted models. It is well known that the optimal instruments involve
a conditional expectation, whose functional form is unknown unless strong assumptions on
the conditional distribution of the endogenous variables are imposed. The idea of using
nonparametric estimates of the optimal instruments was proposed by Newey (1990), where
he used a slowly growing sieve approximation. The most important feature of our method is
that we consider many more instruments (ultra high dimensional) for estimation, but only
a few of the instruments are important while most of others’ contributions are negligible. In
addition, we let the identities of the important instruments be unknown as in Belloni, Chen,
Chernozhukov and Hansen (2010), which substantially generalizes the classical parametric
models as well as the slowly-growing sieve models for the optimal instruments.

Recently, there are some related works in the shrinkage GMM literature that allows for
endogeneity such as Caner and Zhang (2009) and Liao (2010). They assume the number of
covariates and/or the moment conditions are either finite or growing slowly with the sample
size, and include all the candidate moment conditions to construct the GMM objective func-
tion. However, it is a completely different story in the ultra high dimensional models since
the candidate moment conditions (possibly misspecified due to the possible endogeneity) is
much more than the observed data. When p increases exponentially fast in n, including
all the p moment conditions can lead to inconsistency as p can be much larger than n. It
requires us develop a new technique to show the consistency of PGMM and PEL. Therefore
our results also constitute essential contributions to the GMM with many moment condi-
tion literature. The objective function is designed in a way that uses only a portion of
the candidate covariates or instruments, depending on the subspace of the nonzero compo-
nents of the function argument. This leads our objective function to being discontinuous.
We apply a kernel smoothing technique to smooth the objective function for the numerical
implementation.

In the literature of model selection, a penalty term attached to an objective function is
commonly used. Such a technique can date back at least to the seminal paper of Akaike
(1974). In applied statistics, the famous Lasso (Tibshirani (1996)) and its various modifica-
tions, e.g., adaptive Lasso (Zou (2006)), bridge estimators (Huang, Horowitz and Ma (2008)),
post-Lasso (Belloni and Chernozhukov (2009)), have been widely used for penalization. Fan
and Li (2001) pioneered in proposing properties that a penalized estimator should possess,
and introduced the smoothly clipped absolute deviation (SCAD) penalty that satisfies these
properties (See Fan and Li (2001) for details). In addition, a number of researchers proposed
various penalty functions for different application problems, for example, hard-thresholding

in Antoniadis (1996), minimax concave penalty (MCP) in Zhang (2009), Dantzig selector in



(Candes and Tao (2007)), among others (See Fan and Lv (2010) as an excellent review). In
the econometrics literature, Andrews and Lu (2001) used an Ly penalty (penalizes the degree
of overidentification) to select the true combination of moment conditions and parameter
components. Caner and Zhang (2009) developed penalized GMM method when the param-
eter is identified by a set of unconditional moment conditions. More recent work is found in
Huang, Horowitz and Wei (2010) for selecting the nonparametric additive components, and
in Belloni et al (2010) for selecting the instrumental variables using Lasso and Post-Lasso
to estimate the optimal instruments, and Belloni and Chernozhukov (2011) for the Lasso
quantile regression. Other related works in ultra high dimensional models are done by Fan
and Song (2010) and Fan and Lv (2011). It is also worth to mention that, the penaliza-
tion technique has been aware of for a long history in the Bayesian literature, as the prior
distribution plays a natural role of the penalty attached to the log-likelihood.

The remainder of this paper is as follows: Section 2 defines a general class of penalty
functions that to be used in this paper, and give model-robust sufficient and necessary
conditions for a general penalized optimization procedure to achieve the oracle property.
Section 3 and 4 show respectively how penalized GMM and penalized EL are constructed to
select the important covariates when there are ultra-high many unimportant ones, potentially
endogenous. We also show that in this case, the penalized OLS is inconsistent in variable
selection. Section 5 extends the previous results to the generalized sparsity condition, in
which the coefficients of the unimportant covariates are not zero but small. It also allows
the conditional moment restrictions are subject to local perturbations. Section 6 studies
the case when the important covariates are also endogenous, with the help of instrumental
variables. We also demonstrate how sparse models can be used to estimate the optimal
instruments in nonlinear models. Numerical implementations and simulation results are

demonstrated in Sections 7 and 8. Finally, Section 9 concludes.

Throughout the paper, we denote by ||A| = +/tr(AAT) as the Frobenius norm of a
matrix A, ||a|| = vVal«a as the Euclidean norm of a vector a.. For two sequences a,, b, # 0,

write a, < b, (equivalently, b, > a,) if a, = o(b,). |Blo denotes the number of nonzero
components of vector 5. For fs € R let B(fBs,1,) = {f € R* : || — Bs| < rn}. In
addition, P/ (t) and P/(t) denote the first and second derivatives of a penalty function P, (t).

Finally, we write w.p.1. as brevity for “with probability one”.



2 Penalized Optimization

2.1 Penalty function

The penalized optimization takes the general form:

N

B = argmin L,(§) + Pen(f),

in which L, is the objective function (or loss function) such as negative log-likelihood, least
square, GMM, and EL, and Pen(f3) serves as the penalty term. It is usually assumed that
the true structural parameter [y is identified through: L, (5y) < L.(8) + 0,(1) for any
B € Rdm(B0) /13,1 with probability approaching 1. Minimizing L,, directly may not yield a
consistent estimator in Ly norm in high dimensional models. For example, if each component
of the L, minimizer 3 is root-n consistent, the overall L, distance is |3 — B, = 0,(v/p/n),
which does not converge when p > n. Therefore, a penalization is necessary.

Over the past decades, many penalty functions have been introduced in high dimensional
variable selection problems to serve as the regularization. Some of the most popular penalty
functions are: the adaptive Lasso (Zou 2006), elastic net (Zou and Hastie 2005), SCAD (Fan
and Li 2001, Fan and Lv 2011), Dantzig selector (Candes and Tao 2007, Fan and Lv 2008),
and the weighted [;- penalty (Bradic, Fan and Wang 2010). Recently, Fan and Lv (2011)
proposed a class of penalty functions that satisfy a set of general regularity conditions for the
variable selection consistency. In this paper, we consider a similar class of penalty functions:

For any 8 = (B4, ..., 3s)" € R®, and |B;| # 0,5 =1, ..., s, define

_ B(ta) — Pi(t)

n(5) = lim sup max sup , (2.1)
es0t+ JSs t1<t2 t2 - tl
(t1,t2)€(|B)|—6|Bj|+e)
which is max;<; —P)/(|5;|) if the second derivative of P, is continuous.
Let .
dn - §m1n{’ﬁ0]| : BO]’ 7é 07] = 17 7p}
Assumption 2.1. d,, = s/+v/n, and d,, is bounded away from infinity.
Let Pen(B) = >_"_, Pu(|8;]), where P,(t) is a prespecified penalty function. We now

define a class of penalty functions to be used throughout the paper:

Assumption 2.2. The penalty function P,(t) : [0,00) — R satisfies:
(i) £u(0) =0
(ii) P,(t) is concave, increasing on [0,00), and has a continuous derivative P.(t) whent > 0.



(#i) im inf, o+ P/ (t) = sv/(log s)/n.
(iv) P, (dy) = o(s™"/?)
(v) There ezists ¢ > 0 such that Supgep(s,g.can) M(B) = o(1).

Note that the concavity of P, implies that n(5) > 0 for all 5 € R®. These conditions
are needed for establishing the oracle properties of the penalized optimization. They are
standard and are satisfied by many commonly used penalty functions. We check these

conditions for some popular penalties in the following examples.

Example 2.1 (Lasso (Tibshirani (1986))). Consider
P.(t) = Ant.

We have P/(t) = A\, and P/(t) = 0. Condition (i)(ii) are satisfied naturally. Condition
(iii) (iv) hold as long as s/y/n < A, < s~'/2. Finally, for all 3 € R®, n(8) = 0. Therefore
3

Lasso satisfies Assumption 2.2 if s/y/n < A, < s~'/2, which also requires s* = o(n).

Example 2.2 ([, Penalty for ¢ < 1). For ¢ € (0,1], and some A, > 0, consider
Py(t) = Aut?, t > 0.

Note that when ¢ = 1, P, corresponds to Lasso. When ¢ < 1, P/ (t) = \,qt? ! and P’(t) =
Anq(q—1)t972. Condition (i)(ii) are satisfied naturally. For each fixed n, liminf, o+ P (t) =
oo, which implies (iii) as long as A, > 0 for all n. In addition, P (d,) = \,qd?™! = o(s7/2)
if \, = o(d}~%s71/2). Finally, n(Bos) = Anq(1 — Q)W

There exists a neighborhood of Bys, such that supgep, 7(8) < Ang(1 — q)dn/2 = o(1)
as A, — 0, which implies (v). Hence when ¢ < 1, [, penalty satisfies Assumption 2.2 if

0 < A\, < min{d.9s7/2 d*>-9}.

Example 2.3 (SCAD (Fan and Li 2001)). For some a > 2, and A, > 0, consider

(aAn = t>+[(t > )|

PAt) = da |1t < M)+ -2

with P,(0) = 0, ¢t > 0. We have P/(t) = 0 when ¢t > a\,. All the conditions can be easily
verified as long as s/v/n = o(\,) and A, — 0.

Example 2.4 (MCP (Zhang 2009)). For a > 1 and A, > 0, consider

(ahn — )+

a

9



with P,(0) = 0. We have P”(t) = 0 when ¢ > a\,. All the conditions are satisfied as long as
s/yv/n = o(A\,) and A, — 0. In particular, when a = 1, this is the hard-thresholding penalty
introduced by Antoniadis (1996).

2.2 Ultra high dimensional variable selection consistency

In this subsection, we give general consistency results for the ultra high dimensional
variable selection and estimation. The following theorems summarize the variable selection
consistency theorems in the literature, which provide sufficient conditions for the penalized
optimization (GMM, MLE, LS, etc) to have oracle properties in ultra high dimension.

Define Ag = {j € {1,...,p} : Bo;j # 0}, and B={f € R? : §; = 0if j ¢ As}. The
variable selection aims to recover Ag with high probability. Our first theorem restricts
the penalized optimization onto the s-dimensional subspace B. In what follows, denoted

by Amin(A), Amax(A) as the smallest and largest eigenvalues of a square matrix A. For any
B =(BE,0)T € B, write L,(8s,0) = L,(8).

Theorem 2.1 (Oracle Consistency). Suppose L, (Bs,0) is twice differentiable with respect to
Bs in a neighborhood of Pys restricted on the subspace B, and there exist a positive sequence
{an}2, such that an/d, — 0, and a constant ¢ > 0 such that:

(Z) “aﬁsLn(BO&O)H = Op(an)7

(1) agsLn(ﬁg,O) = X(Bs) + M(Bs), where Apin(X(Bos)) > ¢, and |M(Bos)|| < § with
probability approaching 1, and 3(.), M(.) are element-wise continuous on a neighborhood of
Bos-

In addition, suppose Assumption 2.1, 2.2 are satisfied. Then there exists a strictly local
minimizer (6L,0)T of Qn(Bs,0) = Ln(Bs,0) + > jens PullB]) subject to (85,0)" € B such
that

185 = Bosll = Oplan + v/5P,(dn)).

In penalized optimization estimator, normally the rate of convergence depends on both
1084 Ln(Bos, 0)|| and the penalty P,. Condition (i) requires that the score function should be
asymptotically unbiased, whose rate is usually the leading term of the rate of convergence
of the estimator. Condition (ii) ensures that asymptotically the Hessian matrix of L, (8s,0)
is positive definite at fyg, and also in a neighborhood of fBys because of the continuity of
¥(.) and M(.). Both conditions are satisfied by the likelihood-type loss function considered
in Fan and Lv (2011) and Bradic, Fan and Wang (2009). It is shown in their papers that
in both GLM (generalized linear model) with penalized likelihood and simple linear model
with composite quasi-likelihood, a, = \/s/_n It will be shown in the subsequent sections
that both PGMM and PEL can achieve the near-oracle rate O,(1/(slog s)/n).

10



The previous theorem assumes that the true support Ag were known, which is not ac-
tually. We therefore need to derive the conditions under which Ag can be recovered from
the data with probability approaching one. This can be done by demonstrate that the local
minimizer of ), restricted on B is also a local minimizer on R?. The following theorem es-
tablishes the sparsity recovery (variable selection consistency) of the penalized optimization
estimator, defined as the local solution to a penalized optimization problem on RP. For any

[ € RP, define the projection function

T = (B By S € B, =0 DIEAS
0, ifjé¢ As

Theorem 2.2 (Sparsity recovery). Suppose L, : RP — R satisfies the conditions in The-
orem 2.1, and Assumptions 2.1 and 2.2 hold. In addition, for Bs as in Theorem 2.1,
an + /SP.(dy) = o(1), and suppose there exists a neighborhood N C RP of (6%,0)T, such
that for all vy € N,

p

Lo(T7) = Lu(7) < Y Pall]) = D Pal|(T);)- (2.2)

J=1 J=1

Then with probability approaching 1, (Bg, 0)T is a strict local minimizer of Q,(8) = L,(8) +
b PalB) on RP.
In particular, if L, is continuously differentiable in a neighborhood of By, then (2.2) holds
with probability approaching one, if for all l ¢ Ag,

aLn(ﬂO) _ /
2l om0,

Condition (2.2) ensures that the constrained minimizer of (), on B is also a local min-
imizer on RP. This condition is satisfied by the log-likelihood in Fan and Lv (2011) and
Bradic, Fan and Wang (2009), and also by GMM and EL criterion functions.

These sufficient conditions for the variable selection and parameter estimation are general
enough and do not restrict on any specific model. We will see in the subsequent sections
that, with mild regularity conditions on the moments, all the conditions in both Theorem 2.1
and 2.2 are satisfied by PGMM and PEL in conditional moment restricted model. Therefore,
while imposing weaker distributional assumptions on the data generating process than other
competing methods (such as penalized OLS and penalized likelihood), PGMM and PEL

estimators can achieve the oracle property at the oracle convergence rate.

11



2.3 Necessary condition

While the current literature has been focusing on the sufficient conditions for the pe-
nalized estimator to achieve the oracle properties, there is relatively much less attention on
the necessary condition for the sparsity recovery in high dimensional problems. Zhao and
Yu (2006) derived an almost necessary condition for the sign consistency, e.g., the signs of
the penalized estimator and the true parameter are equal with probability approaching one.
Zou (2006) provided a necessary condition for the variable selection consistency of the OLS
estimator with Lasso penalty for slowly-growing p. To the authors’ best knowledge, so far
there is no necessary condition for the selection consistency of general penalized optimization
in the ultra high dimensional framework. Such a necessary condition is important, because it
provides us a way to justify whether a typical loss function can result to a consistent variable

selection. We try to answer this question by the following theorem.

Theorem 2.3 (Necessary Condition). Suppose:
(i) With probability one, for all n, L,(5) is differentiable at Bo; for all | ¢ Ag, both

liminf,,_ o 9Ln(Bo) 4 1im SUD,, 00 8L5—5(15°)

93, are continuous at Sy.
(ii) There is a local minimizer B = (Bs, Bn)T of Ln(B) + > =1 Pu(|B5]) that recovers the
sparsity of Po, i.e., By = 0 with probability approaching one, and || — Bol| = 0,(1).
(iii) The penalty satisfies: P,(.) >0, P,(0) =0, P.(t) is non-increasing when t € (0,u) for
some u > 0, and lim, limsup,_,q+ P.(t) = 0.
Then for any l ¢ Ag, with probability one,

lim inf OLn(fh) < 0 < limsup OLn(fo) (2.3)

=00 0B n—00 0B
The last inequality (2.3) requires all the score functions corresponding to the unimportant
covariates should be unbiased. Condition (iii) is satisfied by most of the commonly used
penalty functions such as the l;-penalty (Lasso), SCAD and MCP.
Theorem 2.3 will be applied in Section 3.2 to show that in the simple linear model, in the
presence of endogenous covariates, the penalized GMM can result to the variable selection

consistency, but the penalized OLS cannot.
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3 Penalized GMM

3.1 Oracle property

Our model is put under the conditional moment restriction framework:

Elg(y,x" fo)|xs] = 0, (3.1)

where y stands for the dependent variable, for some k-dimensional known function g : R x
R — R* with fixed k. Here ¢ can be thought of as a residual function. The conditional
moment restricted model was extensively studied by a number of authors: Newey (1993),
Donald, Imbens and Newey (2003), Kitamura, Tripathi and Ahn (2004), etc. Since this
model covers most of the popular statistical models as special cases, such as generalized
linear model and many nonlinear models, it has many important applications in economics,
finance, and many other fields. In the simplest case, g(y,x* 3y) = y—xT 3y as in the examples
above, equation (3.1) therefore represents an exogeneity condition on the residual term, i.e.,
the regression residual is uncorrelated with the important regressors.

Recently, Caner (2009) considered Lasso-type GMM with the dimension of the struc-
tural parameter p fixed, which was later extended to the elastic-net-penalized (Zou and
Hastie (2005)) GMM by Caner and Zhang (2009), allowing p to grow with n but p/n — 0.
Technically, the oracle property with ultra-high dimension is completely different, because
the dimension of xy and the number of candidate moment conditions is much larger than
the sample size, whose norm, as a result, cannot be bounded even if the support of each
component is compact. We will follow a similar technique as in Fan and Lv (2011) and
Bradic, Fan and Wang (2009), by first restricting the penalized GMM problem onto the
s-dimensional subspace B, and then extend to the entire parameter space.

The conditional moment restriction (3.1) implies that

Elg(y,x"fo) ® xs] = 0, (3.2)

where A® B denotes the Kronecker product of two matrices. However, this moment condition
cannot be used directly to construct the GMM criterion function since the true identities
of xg is unknown to us, and p, the number of candidate moment conditions formed by
Elg(y,xT3y) ® x], is much larger than n in the ultra high dimensional setting.

Before formally defining the penalized GMM, let us introduce some additional nota-
tion. For any 8 € RP/{0}, and ¢« = 1,...,n, define a |B|y dimensional vector X;(5) =
(Xiays ey Xig, )T € R0 where (B, ..., Bi) are the nonzero components of 3 with r = |]o.
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The GMM weight matrix is specified as following: Let {o;}7_; be a bounded positive se-
quence that min;<, 0; > ¢ > 0 for some ¢ > 0. The weight matrix is given by a diagonal
matrix W(5) = [,® diag{oy,, ..., 0, }, where I}, denotes the k x k identity matrix.

Our GMM criterion function is defined as

Lowni(8) = %Zg(yi,Xfﬂ)®Xi(ﬁ)] W) [%Zg@i,xm SX(9)| . (63)

We consider the penalized GMM criterion function:

P

Qrann(B8) = Lanm(B8) + Y Pal|B)))- (3.4)

j=1

Observe that Lgaps is not continuous, due to the definition of X(4), and hence to study
the large sample property of the PGMM estimator, Taylor’s expansion cannot be applied
directly. However, the penalized minimization of ) pgyras can be first constrained on B =
(B eR B3 =0ifj ¢ As}, and consider Lanar(Bs) = Lana(Bs,0) instead, which
is assumed to be twice differentiable. We can then show that if BS is a local solution to
ming, Laarar(Bs) + > -1 Pu(1B)]), and that 18s — Bos|| = 0p(1), then (8L, 0)T is also a local
solution to mingegrr Qpaaras(B)-

In the following assumptions, let X; = (X, X7\,)” be the partition of X;, where X,y
and X;g respectively denote the subvector of X; formed by the indices in Ag and AS.

Assumption 3.1. (i) The true By is identified by E(g(y,x* o)|xs) = 0.
(i) (y1, X1), -, (Yn, Xp) are independent and identically distributed.

The identification condition (i) ensures that the important covariates are linearly inde-
pendent with the unimportant covariates. It has the same spirit of the Strong Irrepresentable
Condition in Zhao and Yu (2006), which rules out not only the existence of the same com-
ponents in xg and xy, but also the possibility that the components of xg can be linearly
represented by components of xy. The i.i.d. assumption can be easily relaxed to stationary

ergodic data series with strong mixing structures.

Assumption 3.2. There exist by, by > 0 and ry,ro > 0 such that for any t > 0,

(i) Vi <k, P(lg;(y,x" Bo)| > t) < exp(—(t/b1)"™),
(ii) VI € Ay, P(|lzy] > t) < exp(—(t/by)"™).

This assumption requires that both the regression residuals and the important covariates

should have exponential tails, which enables us to apply the large deviation theory to show
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n= 2370 g(yi, x7 o) ® xis|| = O,(y/slogs/n). The simplest example that satisfies this
assumption is that g;(y,x”5y) is Gaussian and the support of each component in xg is

bounded.

Assumption 3.3. (i) Ex} < oo for each component of x.
(ii) E|lg(y,xTBo)||* < oco. For each i = 1,....k, g;(t1,ts) is second order differentiable on
R x R.

(#ii) For each (x,y), %gi((y,xTﬂ) is continuous in [ in a neighborhood of B.

The continuity of % gi(y,xT3) at By combined with Assumption 3.2(iii) below will be
used to show that the Hessian matrix 6%5 L (Bs, 0) is positive definite in a neighborhood

of ﬁs.
In the following assumptions, let Xg = (Xig, ..., X,,5)7, and

Dg(t,t
m(tlatQ) = % = (ml(tl,tg), ...,mk(tl,tg))T
2
gj(t1,t2) = Foiltn,te)
i\t1, .

ot3
Assumption 3.4. (i) max;<y supy, 4, |m;(t1,t2)] < oo,

(1i) max;<p supy, 4, |q;(t1, 2)] < oo.

This assumption is satisfied by most of the interesting examples in the generalized linear

model. For instance,
e simple linear regression, g(t,t2) = t; — to;
e logit model, g(t1,t2) = t; — exp(ts)/(1 + exp(tz));
e probit model, g(t1,t2) = t; — ®(t2) where ®(.) denotes the standard normal cdf.

Assumption 3.5. There exist C; > 0 and Cy > 0 such that
(i) C1 < Amin(Exsx%) < Apax(Exsxk) < Cs.
(i1) minj<x Amin[(Em;(y, x5 Bos)xsx%)?] > C.

(i) max;<pieas Amax[(E219;(y, X5 Bos)xsxg)?] < Ca.

Condition (i) is needed for By to converge at a near oracle rate, i.e., a, = O,(y/(slogs)/n)
for a, in Theorem 2.1. Condition (ii)(iii) ensure that the Hessian matrix of Laaa(Bs,0) is

positive definite at (pg, which implies the familiar information matrix equality to approxi-

mately hold 0*L(Bos) = OL(Bos)OL(Bos)” + 0p(1). In particular, Condition (iii) makes the

3/2

oracle property be achieved when s (log s)/n — 0. If Condition (iii) is relaxed, we can
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achieve the same oracle property when 32\/W — 0. For example, if g(t1,t3) = t1 — to
as in the simple linear model, (i) is implied by (i); (iii) automatically holds because
¢;(t1,t2) = 0. Similar conditions are also assumed in Bradic, Fan and Wang (2010 Con-
dition 4), and Fan and Lv (2011, Condition 4).

Under these conditions, we can show the oracle property of the local minimizer of the
penalized GMM (3.3).

Theorem 3.1. Suppose Assumptions 2.1, 2.2, 3.1-3.4, and 3.5(i) (ii) hold. If either (a)
Assumption 3.5(i11) and s3logs = o(n), or (b) s*logs = o(n) holds, then there exists a
strictly local minimizerB = (BE, B%})T of the penalized GMM Qpana () such that:
(i)

18s = Bos|l = Op(\/(slog s) /n + v/s P, (dn)),

where BS 18 a subvector ofB formed by the components whose indices are in Ag, and

(i1) By = 0 with probability approaching one as n — oc.

If we assume P! (d,) = O(y/logs/n), then ||Bs — Bos|| = O,(y/slogs/n), which is very
close to the oracle rate O,(1/s/n).

The asymptotic normality requires an additional assumption as follows: Define

V= % > (9, XTsBos) @ Xis) (9(ui, Xsos) @ Xis)" (3.5)

=1

Assumption 3.6. (i) For some ¢ > 0, Apin(V) > ¢, with probability one.
(ii) P.(d,) = o(1/\/ns).
(111) There exists C' > 0, SUD) 5 g, 1<Cy/GTog o)/ n(B) = o((slog s)~1/?).
Conditions (ii) and (iii) are satisfied by the penalty functions SCAD, MCP and hard-

thresholding. However, they are not satisfied by [,-penalty (¢ € (0,2)), or the elastic net
(Zou and Hastie (2005)).

Theorem 3.2 (Asymptotic Normality). Suppose the conditions in Theorem 3.1 and As-
sumption 3.6 hold, then the penalized GMM estimator in Theorem 3.1 satisfies: for any unit

vector a € R®, |laf| =1,
Vil T8, (Bs — fos) ¢ N(0,1),

where T,, = 4A, W (Bo)VW (B0) AL, 3, = 24, W (By) AL, and
An = % Z?:1<ml (yla X;TBO)XzSXZSH ceey My (yw XZTBO)XzSXZg) .
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Remark 3.1. 1. The instrument X;(5) in the definition of PGMM can be replaced with
a cp-dimensional function vector of f(X;, §) for any fixed integer ¢ > 1, e.g., f(X;, 8) =
(Xi(B)T, X2(B))T for ¢ = 2. For each fixed 3 with |3|y = r nonzero components, there
are cr instruments in f(X, ) associated, and hence cr(> r) moment conditions are
used to construct the GMM criterion function. In most of the cases, this guarantees
that the parameter is over-identified. Roughly speaking, minimizing the GMM criterion
function on R” x {0}P~" always identifies a unique solution for any r < p, and due to
the over-identification, the minimum would not be close to zero unless is minimized
on the exact subspace R* x {0}P~° where (3, lies. Similar results as in Theorem 3.1
can be still obtained. In this case,the true 3y is the global minimizer of E[g(y,x’3) ®
F(x,B*W(B)Elg(y,x'B) @ f(x,8)] on RP due to the over-identification outside of

any small neighborhood of zero.

2. As the GMM criterion function is constructed based on the moment condition
E(g(y,xTBy)|xs) = 0, it requires all the important covariates are exogenous. In many
econometric applications, the endogeneity also arises from the important covariates.
We will show in Section 6 that with valid instrumental variables, the PGMM still
achieves the oracle property when both the important and unimportant covariates are

possibly endogenous.

3.2 Simple linear model: an example

As an interesting example of application, consider the simple linear model:
y=x"Fy+e
where F(e|xg) = 0, which implies the moment condition
E(y — x" folxs) = 0.

For example, in a wage equation, y is the logarithm of an individual’s wage, and the objects
of interest in applications include the coefficients of xg such as the years of education, years
of labor-force experience, marital status and labor union membership. On the other hand,
widely available data sets from CPS can contain hundreds or even thousands of variables
that may be correlated to wages but are unimportant. These variables are very likelihood
to be endogenous.

Consider, for example, a true linear regression model y = x5 (s + €, where x5 is exoge-

nous. Suppose some components of € are observable, denoted by x. The regression error
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term can then be represented as € = f(xy,u) for some unknown function f, where u rep-
resents the unobservable noise component. Then the regression model can be equivalently
written as

y=x"B+e

where x = (xg,Xy), and 5y = (Bos,0). Apparently, xy is correlated with e.

If there exists some component | ¢ Ag such that |E(ex;)| is bounded away from zero, the
penalized OLS does not achieve the variable selection consistency. The inconsistency is not
due to the choice of the penalty (none of the penalty functions in Examples 2.1-2.4 leads
to the consistency), but the limitation of the least square loss function. The penalized OLS

objective function is defined as:
- 1 P
Qu(B) == (i = X[B+ > PalIBy]).
: ‘=
It can be shown that the necessary condition in Theorem 2.3 does not hold for the OLS loss

function.

Theorem 3.3 (Inconsistency of penalized OLS). Suppose xy has an endogenous component
xy, i.e., |E(xn€)| > ¢ for some ¢ > 0. Assume that Ex} < oo, Ee* < 0o, and P,(t) satisfies
the conditions in Theorem 2.3. If B = (Bg, Bﬁ)T 1s a local minimizer of Qn(ﬁ) corresponding

to the coefficients of (xg,xy), then either ||Bs — Bog|| = 0, or

lim sup P(By = 0) < 1.

n—oo

The inconsistency of penalized OLS is due to the fact that the moment condition E[(y —
xT By)x;] = 0 is misspecified when z; is endogenous. We can use the penalized GMM instead.

The penalized GMM crierion function is defined as:

QPGMM(ﬁ) = <% Z Xz‘(ﬁ)(yz‘ - X?ﬁ)) (% Z Xz‘(ﬂ)(yi - X?ﬂ)) + Z PA(WJ‘Da (3~6)

where we use an identity weight matrix for simplicity. We can apply the theorem in the pre-
vious section to immediately obtain the oracle property of the local minimizer of Qpgrrar(5),

which is stated in the following corolary:

Corollary 3.1. Consider the simple linear model:
y=x"fo+e,
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where By = (B, 0)T, x = (x5, x%)T, and E(e|xs) = 0. Suppose the penalty satisfies As-
sumption 2.2, and s3logs = o(n). In addition, suppose Ex} < oo, for all i = 1,...,p,
Ee* < 0o, and there exist ¢1,co > 0 such that ¢; < Apin(Ex5Xs) < Amax(Ex5%Xs) < ca. Then

there exists a strict local minimizer 3 = (Bg, BA}\;)T of (3.6), satisfying:

1. BN = 0 with probability approaching one, and

2. [1Bs — Bosll = Op(v/(slog) /n + /5P, (dy)).

Note that we only require xg to be uncorrelated with the error term, in other words, if
some of the components in x, are endogenous, i.e., correlated with the error term, the GMM
loss function combined with the penalty function that satisfies Assumption 2.2, (SCAD,
Lasso, MCP, Hard-thresholding, etc) can achieve the variable selection consistency. This is
because it is well known that we can select the correct moment conditions using methods
based on GMM (Andrews (1999) and Liao (2010)).

4 Penalized empirical likelihood

4.1 Definition

This section studies the oracle property of the penalized empirical likelihood (PEL), as
an alternative to the penalized GMM. The Empirical likelihood in the conditional moment
restricted model was studied by Kitamura, et al. (2004), Donald, et al. (2003), and Otsu
(2007). In particular, Kitamura, et al. (2004) and Otsu (2007) used a localized empirical
likelihood by imposing a Nadaraya-Watson kernel weight to incorporate the conditional
moment restrictions. However, when the dimension of xg is large, the localization method,
because of the curse of dimensionality, is practically difficulty to handel. To just focus on
the oracle property of PEL (sparsity recovery and the oracle rate of the estimator), we
employ the regular unconditional empirical likelihood, as used in Qin and Lawless (1994).
Otsu (2007) added a penalty term to the empirical likelihood to penalize the roughness the
estimator when the parameter contains a nonparametric component.

Similar to PGMM, we impose a penalty function that belongs to the same penalty class
as before to obtain the PEL. To achieve the oracle property of PEL in the conditional
moment restricted model, there is no need to carry out a kernel weighting for localization as
in Kitamura et al. (2004) and Otsu (2007), nor do we need to introduce the basis functions
of xg as in Donald, et al. (2003). Our PEL objective function is defined as:

QpreL(B) = LeL(B) + Z Po(1851), (4.1)
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where
n

Len(8) = max 3 log{1+ Alg(ys, X8) @ X:(8)]}. (42)

AeRFIBlo M 4
=1

and P, (t) satisfies Assumption 2.2.

Similar to PGMM, Lg, is not continuous on RP. However, we can first constrain the
minimization problem of ming Qpg(8) on B and apply Talyor’s expansion to Ler(Bs) =
Lgr(Bs,0). It will be then shown that a local minimization solution constrained on B is also

a local solution on RP.

4.2 Oracle property of PEL

We impose the following assumptions in this section. Assumption 4.1 imposes regularity
conditions on the moments. We need the eighth moment of g;(y,x” 3y)xs to be finite to
ensure that the score function of Lgy(8ys) is unbiased. In addition, E||d,m(y,x" 5o)||® < oo

is needed for the remaining term of L. (Bys) to converge to zero in Frobenius norm.

Assumption 4.1. (i) E||xs||® = O(s*), and Ex} < oo for alll ¢ Ag.
(ii) There exists B > 0, such that E[g;(y,x" Bo)xi]® < B, for allj =1,...,k, | € Ag.

The next assumption requires some additional notation: For any subset R = {r1,...,7,} C
S, let Xir = (Xipys s Xi,), @ = 1,...,n, which is a subvector of X;g. Define

~

Vr = %Z[Q(yu X7 Bo)g(yi, X Bo)"] @ [XinX[R]
=1

i=1

In particular, write V= Vs.

Assumption 4.2. (i) For any subset R C S, there exists ¢ > 0, such that Amin(Ve) > ¢,
w.p. 1.
(i) There ezists co > 0, )\maX(XgXS) < con, w.p.1.

Theorem 4.1. Suppose s* = O(n). Under the assumptions of Theorem 3.1 and Assumptions
4.1, and 4.2, there exists a strictly local minimizer ofB = (Bg, B%)T of the penalized empirical
likelihood Qprr(B) such that:

(1)

slog s

1Bs — Bs|| = Oy + V5P, (dy)),

n
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where BS 1s a subvector ofﬁA formed by the components whose indices are in S, and

(1) By = 0 with probability approaching one as n — 0o.
For the asymptotic normality, define

n n

% (Bos) = (% > m(y, Xshs)” @ (XiSXiS)> v (% D Imlyi, Xishos)” @ (XiSXiS>]T> :

i=1 i=1
Assumption 4.3. There exists ¢ > 0, such that Ayin(X(5os)) > ¢ w.p.1.

A sufficient condition for this assumption is that all the eigenvalues of V are
bounded by a fixed constant which does not depend on s,p,n, and the eigenvalues
of (370 m(y;, X/sB0s)" ® (XisXis)) (230 Im(y;, X/sB0s)! ® (X;sX;s)]") are bounded
away from zero. For the simple linear model as an example, this is satisfied for all large
enough n if the eigenvalues of Exgx% are bounded away from both zero and infinity,
Ee% < 00, and € and xg are independent.

Under the above assumptions, we can show the asymptotic normality of the PEL esti-

mator:

Theorem 4.2. Under the assumptions of Theorem 4.1, and Assumptions 4.3, the penalized

empirical likelihood estimator in Theorem 4.1 satisfies: for any unit vector o € R®, ||| = 1,

Vol (A, VA2 (Bs — Bs) = N(0,1).

5 Generalized Sparsity and Local Perturbation

So far we have made the assumptions that the important covariates are exogenous, i.e.,
uncorrelated with the error term, and that the coefficients of the unimportant covariates are
exactly zero. These conditions can be relaxed to allow for local perturbations. We allow the

conditional moment restrictions to have local perturbations:
Elg(y, x" Bo)|zs] = Op(n~®), for some a > 0. (5.1)

In the linear regression model, this means the important covariates can be weakly dependent
on the error term. In addition, Suppose 3, can be partitioned as: Sy = (g, 8iy)", where Sog
and Py correspond to the “large” and “small” coefficient components in some sense to be
defined later. Let Ag C {1,...,p} be a subset containing the indices of the large coefficients,
and let Ay C {1,...,p} contain the indices of the small coefficients, Ay N Ay = (. Hence Sys

and [yy correspond to the components of 5y in Ag and Ay. Instead of Syy = 0 as in the
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previous sections, the generalized sparsity condition assumes that (Zhang and Huang (2008)
and Horowitz and Huang (2010)):

| Bonl1 < 1,

for some 7, — 0 under /; norm ||.||;.
Under the generalized sparse condition, the endogenous unimportant covariates arise

naturally in the simple linear regression.

Example 5.1. Consider linear regression

y = xgB0s + XxPon + €

where x5 and xy are uncorrelated with €. Suppose a component of xy, denoted by z;, has
a small but nonzero coefficient |3;| = a,, a, decays to zero fast, and Ex; = 0. In addition,
there is another component of xy, denoted by =z, correlated with x;. We can put z; into

the error term, by defining € = x;6; + ¢, and writing

y =x560s + (x5 ) Bon " + ki + €, (5.2)

-k . . . . . .
where x ;7" is the vector of unimportant covariates excluding z; and z;. Since xy is cor-

related with z;, xj is endogenous in model (5.2). But the correlation is weak: Féx, =

BiExizy = Op(ay), assuming |Ex;xy| is bounded away from infinity. [

In the linear regression model g(y,x% ;) = y — x 3y, under the assumption that all
the components in z are uncorrelated of y — x* 3y, Zhang and Huang (2008) gave conditions
under which the Lasso selects exactly the set of nonzero regression coefficients, provided that
these coefficients are bounded away from zero at a certain rate. More recently, Horowitz and
Huang (2010) showed that the adaptive Lasso distinguishes correctly between large and small
coefficients with probability approaching one.

All these results concerning about the generalized sparsity in the literature allow for only
the weak endogeneity, i.e., the correlations between the components of xny and e decay to
zero. Essentially, the unimportant covariates considered are still exogenous for large enough
n. This section extends the results in the literature to the case when these correlations
are bounded away from zero. It also extends the results in the previous sections to models
with local perturbation (5.1), which then also allows the important covariates to be weakly
correlated with the regression error, without introducing instrumental variables.

Let |B1y] < ... < |B)| be the ordered components of 3, in absolute value. Fix a decaying
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sequence 7, and let
k
t = max{k : Z 1By < nn}-
j=1
Define
Av ={j €{L,....p} : B0

As before, define

L. :
d, = §m1n{|507j| 1j € Ag}, s =#As.

We aim to estimate the small coefficients of 3y to be exactly zero with high probability,
under the assumption that g(y,x” ) is weakly correlated with xg, but allow for endogenous
unimportant covariates whose correlation with g(y,x” ) can be bounded away from zero.
Theorem 2.3 and Theorem 3.3 can be extended to the generalized sparsity case, which show
that in the presence of endogenous unimportant covariates, the penalized OLS is generally
not consistent for variable selection. However, we can still apply either PGMM or PEL. For
simplicity and brevity, we consider the case when dim(g) = 1, and show the oracle property
of PGMM only. Consistency results of PEL like those in Theorem 4.1 can be naturally
obtained as well.

As in Section 3, the objective function of PGMM is given by:

p

Q) =[5 > 9 XIBXBI W) D o0 XEDXA)] + 3 Pall]).

j=1

In addition to the assumptions in Sections 2 and 3, we impose the following conditions

on the generalized sparsity, local perturbation, as well as the penalty function:

Assumption 5.1. (i) s*(n2 + n72%) = o(1).
(ii) \/s(nn +n~%) = o(lim inf; o+ P.(1)).

For Lasso, SCAD and MCP, liminf, ,o+ P/(t) = O()\,). Hence Condition (ii) puts a
restriction of the tuning parameter of the penalty function to depend on the unknown degree

®. Such a condition (that the tuning parameter depends on

of local perturbations n, + n~
the unknown model parameters) is not uncommon in the literature, which is often used in
sensitivity studies and the regularization literature, as in Hall and Horowitz (2005), Chen
and Pouzo (2011).

The effect of the local perturbation and the generalized sparsity condition on the rate of

convergence is demonstrated in the following theorem.
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Theorem 5.1. Under Assumption 5.1 and the assumptions of Theorem 3.1, there exists a
strictly local minimizer 3 = (BE, BA;"\})T of Q(B) such that

185 — sl = O,y 21282 + 2 4 o, 4 V3R(A,)),

and
lim P(fy =0) = 1.

n—o0

6 Endogenous Important Covariates and Selection of

Optimal Instruments

6.1 Selection of covariates

In many empirical applications, the important covariates are also endogenous. In this
case the moment condition (3.2) is misspecified. However, suppose econometricians observe

a set of instrumental variables w such that

E(g(y,XTﬁo)|W) = 07 (61)

With the help of the moment condition (6.1), we can also achieve the oracle property of the
estimator, allowing the important covariates to be endogenous.

In the presence of possibly endogenous important covariates, recently Caner and Zhang
(2009) proposed a penalized GMM procedure for variable selection when p diverges but
p = o(n), based on the elastic net of Zou and Zhang (2009). This section extends their
results to the ultra high dimensional case with general penalty functions. The extension is
not trivial because we allow p = O(exp(an)) for some a € (0, 1).

Let v = (vi,...,vp)" = (fi(w), ..., f(w))?, which can be either a subset of w if a large
set of instrumental variables in w is available, or a p-dimensional vector of instruments
transformed from w by the basis functions (fi,..., f,), the moment condition (6.1) then
implies

E(g(y,x" o) ® v) = 0. (6.2)

For any g € R?/{0}, let v(8) = (v, ..., vir) € R” be a subset of v such that (5, ..., Bi) are

the nonzero components of § with r = |f|o. In particular, we denote by v = v(fps). The

GMM weight matrix W (f) is a diagonal matrix defined similarly as in Section 3.1.
Suppose we have (y;, X;, V)", as n i.i.d. observations of (y,x,v). The penalized GMM

objective function is constructed based on (6.2) as follows: for a penalty function P,(.) that
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belongs to the family described in Section 2,

n p

Qv(B) = (-3 9l XIB) @ ViE)TWA G Y00 XIB) @ V() + Y Pl

i=1 j=1

Technically, the oracle property of the PGMM procedure is attained by an application of
Theorem 2.1.

For simplicity, in this section we still assume [y = (8lg,0)7, where dim(fys) = s =
o(n). The results can be also extended to the generalized sparsity condition using the same

techniques in Section 5. We impose the following assumptions.

Assumption 6.1. (i)3, is identified by E(g(y,x* 3y)|v) = 0.
(ii) max;<, Ev? < 0o, and there exist b > 0 and r > 0 such that for any t > 0,

max P(Jvi] > ¢) < exp(—(t/b)").

Let
V = E(g(y,x5) @ v)(g(y,xBo) @ v)".

Assumption 6.2. There exists C' > 0 such that,

(i) Amin(V) > C,

(ii) Amax((ExsvT)(ExsvT)T) = O(1).

(idi) minj<g Amin (E(m; (y, X" Bo)xsv§) E(my(y, x" Bo)xsvi)") > C,

(1) max;<kieas Amax((Ex1q;(y, X" Bo)xsvE ) (Ex1g;(y, X" Bo)xsvE)") = o(n/(s*log s)).

These conditions are parallel to those in Assumption 3.5 when v is used as the instru-
mental variables. Note that in the linear regression model, (iv) is naturally satisfied as

Assumption 6.3. (i) For some C > 0, SUP| 5_ gyl <c/GToga)/n n(8) = o((slog s)~1/?).
(i1) liminf, o+ P! (t) = sv/(logs)/n.
In the assumption () is defined in (2.2). This assumption is satisfied for Lasso as long as

An = $y/log s/n. For SCAD and MCP, P/(t) = 0 when ¢t > a),, and hence the assumption
is satisfied if d,, = A\, > sy/log s/n, where d,, denotes the minimal signal min{fy; : j € As}.

Theorem 6.1. Under Assumptions 2.1, 3.2(i), 3.3, 3.4, 6.1-6.2, and 6.3(ii), there exists a
strictly local minimizer B = (BE, B%)T of Qrv () such that

slog s

1Bs — Bosll = Op(

+ V5P, (dy)),

n
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and

~

lim P(By =0) = 1.
n—oo

In addition, if Assumptions 6.3(i) and 3.6(i1) are satisfied, for any o € R?, ||| = 1,

Vna T Y258, (Bs — Bos) =2 N(0, 1),

where T, = 4AnWS‘7WSA5, 3, = QAnstlf, and

A, =

1 Z?Zl (m1 (yi, Xfﬁo)Xiszs, ey My (yi, XiTﬁo)XisVZg) .

n

Remark 6.1. 1. The instrumental variable v can be made of ¢p-dimensional for any fixed

integer ¢ > 1, when a larger set of transformed instruments are included. Then for each
fixed 8 with |5|o = r nonzero components, there are c¢r instruments in v(/3) associated.
In most of the cases, this guarantees that the parameter is over-identified. Roughly
speaking, minimizing the GMM criterion function on R” x {0}?~" always identifies a
unique solution for any r < p, and due to the over-identification, the minimum would
not be close to zero unless is minimized on the exact subspace R* x {0}?~* where [,

lies. Similar results as in Theorem 6.1 can be still obtained.

An alternative GMM criterion function is constructed using all the candidate instru-
ments (see, e.g., Liao (2011), and Caner and Zhang (2009)). In order for the GMM
criterion function to identify a unique minimizer, we need the number of used instru-
ments to be at least as many as the dimension of the parameter. When p grows much
faster than n as in the ultra high dimensional variable selection problem, however, this
will lead to the inconsistency of GMM. In contrast, our approach uses only a subset
v(() that depends on the support of each fixed argument, which avoids the inconsis-
tency introduced by using too many moment conditions, and at the same time, always

guarantees the identification of the solution on each subspace R" x {0}77".

We can also conduct the variable selection using penalized empirical likelihood as in

Section 4, where the EL objective function is given by

n

Len(8) = max — log{1+ M [g(y: X78) @ Vi(B)]}

MERkIBlo M <
=1

Similar conditions as those in Section 4 can be derived to achieve the oracle properties
of the PEL procedure.

26



6.2 Selection of the optimal instruments

When fys is of fixed dimension, we can obtain the semiparametric efficient estimator
of Bps in two steps. In the first step, apply the PGMM procedure as described above to
select the important covariates xg, and obtain a consistent initial estimator BS. In the
second step, apply GMM with the estimated optimal weight matrix and instrument using
B 5. In the linear regression model when Lasso is chosen as the penalty function, the two-step
procedure described above is called post-Lasso in Belloni et al (2010).

After the important covariates are selected in step one, by Theorem 6.1, with probability

approaching one, we identify the following model

where p(Z, Bos) = g(y, x5 Bos), and obtain a consistent estimator Bs. Since we have identified
the support of important covariates Ag with high probability, we treat it as a known set.
Hence in the following, we do not distinguish the notation [ < s from [ € Ag.

Suppose p(Z,.) is continuously differentiable in §. It is well known that the optimal
instrument that leads to the semiparametric efficient estimation of fyg is given by A(w) =
D(w)TQ(w)™! (see, e.g., Chamberlain (1987), Newey (1993)), where

Dw) = B ). 0w) = B2 bu5)o(2. fos) ).
Our goal is to estimate D(w) and Q(w) nonparametrically in the presence of many instru-
mental variables.

For simplicity, we consider only the single moment condition case dim(p) = 1, and restrict
ourselves to the homoskedastic case where (w) =  is a constant matrix independent of

w, which can be consistently estimated by
A 1 & AT A AT A
= E Z g(yi7 Xz‘SﬁS)g(yia Xisﬁs)T.
i=1

Here X,g is the vector of covariates selected by the penalized GMM described previously.
Suppose there is a very large list of technical instruments v = (vy,...,v,,)7. To avoid
introducing redundant notation, we set p; = p, and v can be thought of as the instruments
used to select the important covariates in Section 6.1. In this subsection, we aim to provide
a consistent instrumental selection procedure to estimate D(w) in the presence of many

instruments, which can be even ultra high dimensional. Recently Belloni et al (2010) and
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Belloni et al (2011) proposed a Lasso procedure to estimate D(w) in linear models, and de-
rived an asymptotic theory for the resulting IV estimators. However, to our best knowledge,
there has not been a formal study of the ultra high dimensional instrument selection problem
for the possibly nonlinear models as well as the effect of using more general (and possibly
more design-adaptive) penalty functions. Some of the alternative penalties allowed are more
design-adaptive than Lasso, as illustrated in Fan and Li (2001), and Antoniadis and Fan
(2001). In addition, the effect of the generalized sparsity condition under which the opti-
mal instruments are allowed to weakly depend on many unimportant technical instrumental
variables is still unclear yet.

Our method is based on a key assumption on the generalized sparse model of instrumental

variables
Assumption 6.4. (i)There exists an s X p matriz Oy = (0y1, ..., 005)T, a vector function
a(w), and a nonnegative sequence ¢, — 0 such that

D(w) = ©gv+a(w),  max(— Z a(W;)?) = 0,(c2). (6.4)

(it) There exist oy € (3,

{1,...,p} =T,NTF with

oo] and ag € (0,3) such that, for each | < s, we have partition

max E |Ooril <n™,  min |0y = hy, > n"%2,
I<s 1<s,i€T;
i¢Ty

1];1<ax#{i ci e} =51 =o(n). (6.5)

When v is a vector of functions of w, it can be taken as a large number of series terms
with respect to w such as B-splines, dummies, polynomials, and various interactions. Then
Condition (i) is simply the nonparametric sieve approximation assumption as in Newey
(1990) and Belloni et al (2011). Condition (ii) states that for each p-dimensional sieve
coefficient Ay, only a few number of its components are “big”, whose indices are collected
in the important set 7;. The rest components are comparatively much smaller, and satisfy

a1

the generalized [y sparsity condition },.. [fo;| < n™*'. Roughly speaking, it allows the
sieve approximation of each component of D(w) to be a function of only a few important
instruments and many unimportant instruments, and lets the identities of the important
instruments (whose indices support is 7;) be unknown. Hence we substantially generalize
the classical parametric model of optimal instruments.

For each [, let 0y 5 = (Oor; = j € T1), and Oy n = (Oor; = J ¢ 1), corresponding to the

subvectors of large and small coefficients in 6. The sieve coefficient is then partitioned into
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Oy = (9&75705’]\,)? Accordingly, define v;g = (v; : @ € T}) as the subvector of v consisting
of the instruments that are important to D;(w). Our goal is to identify 6y, ¢ from 6y, y with
high probability, and consistently estimate D;(w) using only the important instruments for
each [.

Consider the penalized least square criterion function:

Qo) = S (ZL g2 Y p ) (66)

j=1

The penalized least square estimator of O as well as the optimal instrument D(w) is defined

as:

0, = arg m@in Qi(0),

We impose the following conditions:

Assumption 6.5. (i) ||Bs — fos|| = O,(1/(slog s)/n).
(ii) There exists M > 0 such that for any 51, B2 € R® and each z,

ap(zvﬁl) ap(zvﬁ2)
I T

| < M||B1 — Ba|.

Condition (i) requires the initial estimator of Sy be consistent, and this is guaranteed by
Theorem 6.1 in the last subsection. In addition, if O(P!(d,,)) is dominated by O(/log s/n),
the rate of convergence then simplifies to O,(+/(slogs)/n). We only consider the case when

the model structural function is differentiable, whose derivative is Lipschitz continuous.

Assumption 6.6. (i) C) < min<, Apin(Evisvig) < maxic, Apax(Evisvig) < Ca, and
max;<, Ev? < Cy for some Cy > 0, Cy > 0.

(i) max{en, /g P/} = o PL(OV)).

(i11) For each l, let e, = Op,p(Z, Bos) — Di(W). Then max;<s P(|e;| > t) < exp(—(t/b)") for
some b >0 and r > 0.

Condition (i) states that Ev;sv]y should be well-behaved. While it is a standard assump-
tion in the sieve approximation literature that the population Gram matrix of the fourier
basis functions has eigenvalues bounded from above and below (e.g., Newey (1997)), our con-
dition here requires only a small proportion of the transformed IV’s satisfy this assumption.
Sufficient conditions for (i) can be found, for example, in Belloni et al (2010). Condition (ii)
places the regularity condition on the penalty function as before, and Condition (iii) requires
an exponential tail for dg p(Z, Bos) — Di(W).
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Let él = (élg,éls) be the partition corresponding to the positions of 6y ¢ and Oy n.
Therefore, 0,5 = {élj :j € T}, and Oy = {élj :j € TF}. The following theorem derives the

asymptotic properties of the penalized least square estimation procedure.

Theorem 6.2. Under the assumptions of Theorem 6.1 and Assumptions 6.4-6.6, for each

I, Qi(0,) has a strictly local minimizer 0, = (éls, élg), such that

- slog s s1log s
s — fusll = Oyl 2282 4 [Ny oo o e, i)

lim P(fy = 0) = 1.

n—oo

In addition,

si1slog s s?log s
15 1og 1+ 1108 1—|—S%n_2a1+S%Ci+82pl(hn)2>-

1+ n

1~ n
- D N—D V]2 —
2 D) = DW= 02 .

With the estimate D(w) and €, it is straightforward to construct the optimal GMM and
obtain the semiparametric efficient estimator of [yg.

7 Implementation

In this section we discuss the implementation for numerically minimizing the penalized
objective function in PGMM and PEL.

7.1 Smoothed PGMM and smoothed PEL

The GMM objective function (3.3) is given by

T

Lemm(8) = [% Zg@m X!8) @ X/
=1

W (8) [% S gy XT8) @ X
=1

p

= ij [% Zg(yi,xzrﬁ)%j](ﬁj # 0)] [% Zg(?/z‘7$¢Tﬁ)$ijI(ﬁj # 0)]

j=1

where I(/3; # 0) is the indicator function. Note that for each fixed subset S C {1, ..., p}, this
objective function is continuous in 5 on {f € RP: §; = 0 if j € S}, but is not continuous in
B globally on RP. As there are 2P subsets like S, minimizing Qg (8) = Lo (8)+Penalty
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is generally NP-hard, i.e., there are no polynomial time algorithms to solve the problem?!.
The same discontinuity problem also applies to the PEL objective function.

We overcome this discontinuity problem by applying the “smoothing” technique as in
Horowitz (1992), which approximates the indicator function by a continuous smooth function
K :[0,00) — R such that:

(i) 0 < K(t) < M for some finite M and all ¢t > 0.
(ii) K(0) =0 and limy_, K(t) = 1.
(iii) limy_o K’(t)t = 0, and limsup,_, ., K" (t)t* < oo.

We can set K(t) = %, where F'(t) is a continuous cumulative distribution function.
For a pre-determined small number h,,, Lgaar is approximated by a continuous function in

G-
p n 52
-3 [ES sttt ] [2 S st
j=1

The objective function of PEL can be approximated in a similar manner. Note that
Le() = max Y log(1+ X7 (gl XT8) & X,(5)
FEL X n — (3] 7 1

= max Zlog (14 Z )‘T 9(Yi, XTﬁ)fﬂw (8; #0)),

N ERF j=1,...p N £

which can be replaced with

2
Li(f) = max leoguzv o0 XDy K(0)

)\jGRk,jZI

The smoothed version of the objective function based on the instrumental variables in Section

6.1 is straightforward.

Remark 7.1. If h,, = o(min{fy; : j € As}), it can be shown that minimizing either the
smoothed PGMM or the smoothed PEL also leads to the oracle property, and the results
in Theorems 3.1, 3.1, 4.1, 4.2 and 6.1 still hold. This can be done by directly checking the
sufficient conditions derived in Section 2. The detailed proof is omitted here, and is available

from the authors.

In a special case when g(y,x? 3) = y — xT 3, and xg is independent of Xy, the problem can be solved
in polynomial time. It can be shown that, with the identification condition: Ve > 0,36 > 0 such that
inf| g, s >e,8=(87,8T)7 20 Lamm (Bs, Bn) > 0, minimizing Leya + SCAD can be carried out by a back-
ward elimination procedure.
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7.2 Second order approximation

As remarked in Section 3 and Section 6, the instrument in the definition of PGMM can be
replaced with a ¢p-dimensional function vector of f(X;, ) (or f(V;, 8) if the IV is available).
In most of the cases, this guarantees that the parameter is over-identified. Roughly speaking,
minimizing the GMM criterion function on R" x {0}?~" always identifies a unique solution
for any » < p, and due to the over-identification, the minimum would not be close to zero
unless is minimized on the exact subspace R® x {0}P~° where [, lies. In this case,the true
By is the global minimizer of E[g(y,x3) @ f(x, 8)|"W(B)E|[g(y,x* B3) ® f(x,3)] on R? due
to the over-identification outside of any small neighborhood of zero.

We employ the iterative coordinate algorithm (Fan and Lv (2011)): minimize one coordi-
nate of 3 at a time with fixed other coordinates obtained from previous steps and successive
replacements. The penalty function is approximated by local linear approximation as in
Zou and Li (2008). Specifically, suppose we have obtained %) at step I. For k € {1, ..., p},
denote by ﬂng) as a (p — 1)-dimensional vector consisting of all the components of 3% but
B,(cl). Write (Bél_)k),t) as the p-dimensional vector that replaces the kth component of S
with ¢. Optimization (7.1) is a univariate minimization problem, which can be carried out
by golden section search. To speed up the convergence, we can also use the second order
approximation of LK(/B((Q,C), t) along the kth component:
dLk(BY)

OB

0Ly (BW
(1 5 + 5 )

Lic(B.t) = Lic(BY,. 1) = L (8Y) + 2 0B

We solve for

Y = argmin L (8, 6) + Po(BY DI, (7.1)

For the remaining component at this step, let 6(@_21)) = Bél_) k- We accept B,(CZH) as the updated

kth component of SU*1) only if LK(ﬁ((l_f)),t) + P8I )|t strictly decreases.  Update
k—=k+1,1—1+1.

When the second order approximation is combined with SCAD, the local linear approx-
imation of SCAD is not needed. As demonstrated in the appendix of Fan and Lv (2011),
when P,(t) is defined using SCAD, the penalized optimization of the following form

min 2 (= — 67 + AP (16

has an analytical solution.
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8 Monte Carlo Experiments

8.1 Design 1

To test our proposed method for variable selection, we simulate a simple linear model:
y=x"By+e e~ N(01).

(6017 60275037/8047 605) - (57 _47 77 _17 15)7 ﬂO] = Oa for 6 S .] S -

For simplicity, the distribution of the error term is set to be homoskedastic. The p-

dimensional vector of covariates z is generated from the following process:
2= (21,.02)T ~ NL(0,8), (%) = 0.5,

z is independent of e,
(1, .0y 5) = (21, ..., 25), xj = (2 +5)(e+1), for 6 <j <p.

The unimportant covariates are correlated with both important covariates and the error
term.

The data contains n = 200 i.i.d. copies of (y,z). Penalized OLS and PGMM are
carried out separately for comparison. The simulation results in Fan and Lv (2011) favored
SCAD over Lasso in high dimensional variable selection when all the candidate covariates are
exogenous. Hence in our simulation we use SCAD with pre-determined tuning parameters of
A as the penalty function, and look at its behavior when endogenous covariates are present.

We use the logistic cumulative distribution function with A = 0.1 for smoothing;:

F(t) = %, K (%) —9F (%) 1

After the minimization procedure, a coefficient 3 is selected if |3;| > 107*. There are 100
replications per experiment. Three performance measures are used to compare the methods.
The first measure is the mean squared error (MSE) of the important covariates, determined
by the average of HBS — Bosl|, where Ag = {1,...,5}. The second measure is the number of
correctly selected non-zero coefficients, i.e., the true positive (TP), and the third measure is
the number of incorrectly selected coefficients, i,e., the false positive (FP). In addition, the
standard error over the 100 replications of each measure is also reported. In each simulation,
we initiate 3 = (0, ...,0)”, and run a penalized OLS for A = 0.01 to obtain the initial value

for the penalized GMM procedure. The results of the simulation are summarized in Table
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1-3, which compare the performance measures of penalized OLS and PGMM for three values

of p.
Table 1: Performance Measures of POLS and PGMM when p = 15
POLS PGMM
A=005 A=01 A=05 Ax=1 A=005 A=01 A=02 X=04
MSE-Mean  0.147 0.138 0.626 1.452 0.193 0.177 0.203 0.953
(0.055)  (0.052) (0.306) (0.320) (0.066)  (0.067) (0.061) (0.241)
TP-Mean 5 5 4.85 3.57 5 5 5 4.55
Median 5) 5) 5) 4 5) 5 ) 5)
(0) (0) (0.357)  (0.497) (0) (0) (0) (0.5)
FP-Mean 9.356 8.84 2.7 1.34 0.099 0.090 0.02 0.04
Median 10 9 3 1 0 0 0 0

(0.769)  (0.987) (1.127) (0.553)  (0.412) (0.288) (0.218) (0.197)

POLS has non-negligible false positives (FP). The average FP decreases as the magnitude
of the penalty parameter increases, however, with an increasing average MSE as well since
larger penalties also incorrectly miss the important covariates. For A, = 1, the median of
the number of selected nonzero parameters is only 4. In contrast, PGMM performs quite
well in selecting the important covariates, and in correctly eliminating the unimportant
covariates. Note that the average MSE of PGMM is only slightly larger than that of POLS
when A = 0.05 and 0.1. However, it has error-free selection of the important covariates, and
almost no false positives. Note that A = 0.4 is a large tuning parameter that results to some

incorrectly eliminated important covariates, and a larger MSE.

Table 2: Performance Measures of POLS and PGMM when p = 50

POLS PGMM
A=005 A=01 A=05 X=1 A=005 A=01 A=02 AX=04
MSE-Mean 0.145 0.133 0.629 1.417 0.261 0.176 0.204 0.979
(0.053)  (0.043) (0.301) (0.329) (0.094)  (0.069) (0.069) (0.245)
TP-Mean 5 5 4.82 3.63 5 5 5 4.5
Median 5 5 5 4 5 5 5 4.5
(0) (0) (0.385) (0.504) (0) (0) (0) (0.503)
FP-Mean 37.68 35.36 8.84 2.58 0.08 0.03 0.02 0.14
Median 38 35 8 2 0 0 0 0

(2.902)  (3.045) (3.334) (1.557)  (0.337) (0.171) (0.141) (0.569)
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Table 3: Performance Measures of POLS and PGMM when p = 300

POLS PGMM

A=005 A=01 A=05 X=1 A=0.00 A=01 A=02 A=04

MSE-Mean  0.186  0.159  0.650  1.430 0274  0.187  0.187  1.009
(0.073)  (0.054) (0.304) (0.310)  (0.086) (0.102) (0.068) (0.276)

TP-Mean 5 5 4.82 3.62 5 5 5 4.45
Median 5 5 5 4 5 5 5 4
(0) (0) (0.384)  (0.487) (0) (0) (0) (0.557)
FP-Mean 22796  210.47 42.78 7.94 0.11 0 0 0.05
Median 227 211 42 7 0 0 0 0
(10.767) (11.38) (11.773) (5.635) (0.37) (0) (0) (0.330)

8.2 Design 2

Counsider the model

y = x'Bo+e,

X = v-+u,

where (So1, oz, Bos, Boas Pos) = (5, —4,7,—1,1.5),8p; = 0, for 6 < j < p. Here x isa p x 1
vector of covariates, and v is a px 1 vector of instrumental variables, generated independently
from N(0, 1), also independently of €. The error terms (€, u) are generated from N,1(0, %),
where ¥ = (0.95"'*j|)(p+1)x(p+1). All the components in x are endogenous.

The simulations are carried out for p = 10,50 and 300 three levels. One hundred repli-
cations are conducted for each p, with n = 200 observations generated each time. We still
use SCAD as the penalty function. In each simulation, we initiate 3 = (0,...,0)”, and
run a penalized OLS for A = 0.01 to obtain the initial value for the penalized GMM proce-
dure. The results are summarized in the following table for different choices of the tuning
parameters of SCAD in the PGMM step.

The performance of the estimators is quite consistent for the three levels of p. The
magnitude of the penalty A = 0.01 is relatively small so that there are a small number of
false positives. However, the penalty A = 1 is a bit too much which results to a nonzero
coefficient to be falsely eliminated. Also, the minimal nonzero signal |84] = 1 turns out
to be large enough so that the penalized GMM can do a perfect job in identifying all the
nonzero and zero coefficients under some appropriate penalty level, i.e.;, A = 0.1 for p = 10
and A = 0.5 for p = 50 and 300.
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Table 4: Performance Measures of Penalized GMM

p=10 p=>50 p =300
A=001 A=01 X=1 | A=001 A=03 A=1 | A=001 A=03 X=1
MSE-Mean 0.111 0.290 0.896 0.104 0.113 0.825 0.111 0.156 0.873
(0.039)  (0.117) (0.244) | (0.037)  (0.039) (0.205) | (0.040) (0.116) (0.219)
TP-Mean 5 5 4.82 5 5 4.88 5 5 4.77
Median 5 5 5 5 5 5 ) ) )
(0) (0) (0.412) (0) (0) (0.356) (0) (0) (0.423)
FP-Mean 0.43 0 0 1.150 0 0 1.663 0 0
Median 0 0 0 1 0 0 1 0 0
(0.624) (0) (0) (1.067) (0) (0) (2.081) (0) (0)

To study the sensitivity of our procedure to the minimal nonzero signals, we run another
set of simulations in which we change 84 = —0.5 and keep all the remaining parameters the
same as before. The minimal nonzero signal becomes |34] = 0.5, and we run for p = 20.
Table 5 indicates that the minimal signal is too small so that it is not as easily distinguishable

from the zero coefficients as before.

Table 5: Performance Measures of Penalized GMM when p = 20, 84 = —0.5

A 0.001 0.005 0.01 0.05 0.1 0.5
MSE-Mean 0.112 0.136 0.137 0.156 0.142 0.433
(0.090) (0.117) (0.102) (0.117) (0.083) (0.158)
TP-Mean 4.96 4.92 4.94 4.910 4.960 4.250
Median 5 5 5 5 5 4
(0.197) (0.273) (0.239) (0.288) (0.197) (0.435)
FP-Mean 11.28 3.88 1.135 0.020 0 0
Median 11 3 1 1 0 0
(1.545) (2.447) (2.139) (0.141) (0) (0)

9 Conclusion

We consider the ultra high dimensional variable selection problem in which the number of
regressors grows exponentially fast with the sample size. The true parameter is assumed to be
sparse in the sense that many components are exactly zero. We give sufficient and necessary

conditions for a general penalized optimization to achieve the consistency for both variable
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selection and estimation, and apply these results to the conditional moment restricted model,
which covers a board range of statistical models in application.

An interesting finding is that, when there exists an endogenous variable whose true
regression coefficient is zero, the penalized OLS does not satisfy the necessary condition of
variable selection regardless of the penalty selected from a large family of penalty functions.
We then propose two alternative solutions to the above inconsistency problem, by either
penalized GMM or penalized EL. It is shown that both of the procedures possess the oracle
property asymptotically.

The oracle property can be also achieved when the important covariates are also poten-
tially endogenous, with the help of instrumental variables. In addition, in the presence of
many instruments (possibly ultra-high dimensional), the optimal instrument is estimated by
a sparse model, where the only a few instruments are important. We allow for the general-
ized sparsity condition on the nonparametric sieve approximation to the optimal instrument,

and derive the oracle properties.
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A Proofs for Section 2

Throughout the Appendix, C' will denote a generic positive constant that may be different in different

uses, and |a| will denote the “absolute value” of a vector a taken coordinately.

A.1 Proof of Theorem 2.1

Lemma A.1. Under Assumptions 2.1 and 2.2, if § € R® and |8 — Bos|| = o(1), then for all large n,
1> Pal1851) = PallBos.s DI < 118 = Bos||Vs Py (dn)
j=1

Proof. By Taylor’s expansion, there exists 8* lies on the line segment joining 8 and Syg, Z;Zl(Pn(\/BjD —
Pu(lBos,s1) = (PABED, - PLUBID)B — fos) < 16 — Bos|lv/Emax;<s PL(BI1). I |8 — fos]| = o(1), then
max;<s |35 — Bos,j| = o(1). Hence for all large n, min{|5}|: j < s} > d,. Since P, is non-increasing (as
is concave), P,(|87|) < P, (dy) for all j < s. Therefore ijl(Pn(\ﬂjD — P.(|Bos,;1) < 118 — Bosllv/sP}(dy).
Q.E.D.

Proof of Theorem 2.1

The proof is a generalization of the proof of Theorem 3 in Fan and Lv (2011). Let k,, = a,, + v/sP,,(dy),
and write Q1 (8s) = Qn(Bs,0), and L1 (8s) = Ln(Bs,0). Then 8/ Ly(Bs) = &} Ln(Bs,0), for j = 1,2. Define
No ={B € R :||B = Bos| < kna} for some a > & > 0 where c is such that Amin(X(B0s)) > ¢. Let ON,
denotes the boundary of Ng. If Q1(Bos) < minggean, Q1(Bs), then by the continuity of @1, there exists a
local minimizer of @ inside N,. Equivalently, there exists a local minimizer of @, restricted on B inside
{B=(BL,0)T : Bs € N,}. Hence it suffices to show that P(Q1(Bos) < minggean, @1(Bs)) —P 1, and that
the local minimizer is strict.

For any s € ON,, there exists 8* lying on the segment joining Bs and Sps such that by the Taylor’s

expansion on L:

S

Q1(Bs) — Q1(Bos) = (Bs — Bos)" OL1(Bos) + %(ﬁs — Bos) "0 L1(B%)(Bs — Bos) + Y _[Pu(|Bs;i]) = PullBos.

Jj=1

)]

By Condition (i), (8s — Bos)?0L1(Bos) > —||Bs — Bos||an w.p.a.1. In addition, Condition (ii) yields (85 —
Bos)TE(Bos)(Bs — Bos) > ¢llBs — Bos||?, and |(Bs — Bos)T M (Bos)(Bs — Bos)| < ||Bs — Bos||*S. Hence by
the continuity of ¥ and M, and that ||3s — Bos|| — 0, (Bs — Bos)T0*L1(8*)(Bs — Bos) > 5N1Bs — Bos]|?. By
Lemma A1, 0_, [Pa(18s5D) — Pa(lB0s3)] = —/5P,(da)l18s — fos|l. Hence w.p.a.1,

Jmin Qu(8) ~ Qu(Bos) > kna(Thna — an — V3P, (dn)) > kna(2ky — a, — 3P} (dy)) > 0

It remains to show that the local minimizer in N, (denoted by Ss) is strict. For each h € R/{0}, define

_ Pt =P (ty) By the concavity of P,, 7 > 0. For 85 € N,, we

7(h) = limsup,_, g+ sup < —

t
(t1,t2)€((hl—e,|hl+e) X
know that L; is twice differentiable. Let A(Bs) = 8%L1(Bs) — diag{T(Bs1), ..., 7(Bss)}. Since ||Bs — Bos| =

op(1), by Condition (ii), for any nonzero o € R?,

T A(Bs)a > gozTa —aola max 7(Bs;)
1SS
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By Assumption 2.2, max;< T(st) < supgen, 1(B) = op(1). Therefore A(Bs) is positive definite w.p.a.1.
Q.E.D.

A.2 Proof of Theorem 2.2

By Theorem 2.1, there exists a neighborhood Ny C N, such that, for any v € N, we can write Ty =
(vL,0). Note that Q,,(Tv) > Qn(B), where 8 = (35,0)T. Thus it suffices to show that Q,(Tv) < Qn(y). In
fact, Qu(Ty) = Qu(7) = Lu(T) = Lu(y) = (Z2_, Pu(;) = X3y Pa(l(T9),1)) < 0, by Condition (2.2).

If L, is continuously differentiable in a neighborhood of 3, by the mean value theorem, there exists
A > 0 such that for h = Ay + (1 — \) T,

Q) - Q) = 3 22y S Pl < (‘aL”(h" —P;<|hl|>) ol

1¢As OB I1¢Ag I¢As OB
It thus suffices to show ‘%ﬁ| < P! (|l]) for each | ¢ Ag. By assumption, |M57[§l5°)\ = 0,(P;(0)), and
Bon = 0. Therefore, there exists § > 0 such that if |5 — Bol| < 0, |8L8"ﬂ(lﬁ)| < P! (|61]). We know that w.p.a.1,

1Bs — Bos|| < 8/2, thus as long as |y — (6L, 0)7|| < 6/2 almost surely, the triangular inequality then implies
[lh — Boll < ¢ w.p.a.1, which gives the desired result.
QE.D.

A.3 Proof of Theorem 2.3

Proof. Write P/, (07) = limsup,_,o+ P, (t). Suppose the necessary condition does not hold, then there exists
l ¢ Ag, such that either one of the two cases holds with probability bounded away from zero:
(i) liminf,, Mﬁé’fo) > P’(0), or
(ii) imsup,,_, o &glﬁo) < —P'(0).
We show that both cases lead to contradiction:

Case (i): By the continuity of liminf dg, L, (.), there exists a convex neighborhood U of §y such that
for all t € U, liminf, o 2520 > P'(0). Let r = —c for some ¢ > 0. Define 8 = (3%, 87)7, where
B2 = (0,...,0,7,0,..0)T, with 7 on the Ith position of 3. Since B = (Bg,O)T is a local minimizer, there
exists a neighborhood A of 3, such that when ¢ > 0 is small enough, 8 € N, and Qn(B) < @Qn(B), which
is L,(8) = Ln(B) < Pu(|r]). As || — Boll = 0p(1), N can be made small enough such that both 3 and j3
are inside U (B converges to be inside the interior of U). Applying the mean value theorem to both sides of
Ln(B) = Ln(B) < Pa(Ir]) yields

c0p, L (h) = =10p,Ln(h) < Py (lu])|r| < P, (0%)e

for some |u| < |r|, and h lying on the segment joining B and . The last inequality follows from the fact
that P/ is nonincreasing.
By the convexity of U, h € U. These arguments imply that the following event occurs with probability

bounded away from zero:

P'(0) < lim inf aLnﬁ(h) <lim P, (0%)

n— oo 0 1 n

which is a contradiction.
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Case (ii): Let = ¢ > 0. Define the same § as in case (i). For small enough ¢, L, (8) — L, (5) < Pp(|r|)-
ALy, (t)

In addition, — limsup,, ., =55~ > P’(0) for all ¢ in some convex neighborhood U of 5y. On the other hand,
by mean value theorem and the fact that P} is decreasing, —rdg, L, (h) < P, (0")c, which is —cdg, Ly, (h) <
P! (0%)c, for some h described as before. Hence with probability bounded away from zero,

OLy(h)

— lim sup 5 <lim P, (0%)

n— 00 i

By the same argument, i can be made inside U, which implies a contradiction. Q.E.D.

B Proofs for Section 3

B.1 Proof of Theorem 3.1

Lemma B.1. Suppose (A1, ..., Ai), (Wh,..., W) are 2k a x a matrices. Let \y = max{|\;;|:i=1,....k,j =
L.,a}, and Ay = max{|\};| : i = 1,..,k,j = 1,...,a}, where [\;|, |\j;| denote the jth eigenvalues of
A; and W;. Let By, By be matrices so that the products in the follows are defined, A = (A4, ..., Ag)and
W = diag{W1, ..., Wi}. Then

(i) |AB,||* < kAT || B1)?,

(1) [WBs||* < A3 Ball>.

Proof. (i) Write By = (M{, ..., M{')T, then AB; = Zle A;M;. By Cauchy-Schwarz inequality, ||AB1| <
Sy M < ] S 1Ml < VRS, [M]2)Y2 = (A [VE| By .
(if) Write By = (HT, ..., HD)T, then |[WBa|2 = S0 [[WiH: |2 < A28, || Hi|l2 = A2||Be||?. QE.D.
Theorem 3.1: Consistency
For any 3 = RP, we can write T3 = (8%,0)7. Define

T

- 1 —

Levmm(Bs) = [n > 9(yi XlsBs) ® Xis
i=1

W (o) Lll > gy, XlsBs) ® Xis

i=1

Then iGMM(BS) = Lo (Bs,0). We proceed by verifying the conditions in Theorem 2.1.
Condition (i): dLani(Fos) = 24n(Bos)W (Bo) [ £ Sy 9(uis Xlsfos) @ Xis |, where

An(B)

1 n
=3l XTB)" @ (XisXE)
. iil
= - > (ma i, XT B)XisXg, oo mu (i, X B) X5 Xs). (B.1)
i=1
By Assumptions 3.4 and 3.5(i), the absolute values of the eigenvalues of

{2y, mj(yi,X?B)XiSX%}le are uniformly bounded across j = 1,...,k by a constant C > 0 with
probability approaching one. In addition, the elements in W(j3;) are bounded. Hence by Lemma B.1,

- 1 <
10Learn (Bos)ll < Op(L)II— > 9, XTsBos) @ Xis||-

i=1
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Using the Bernstein inequality with Assumption 3.2, it can be shown that

log s
leAs ]<k nZQJ Yis zsﬁos)xm = O, = ).

Hence ||0Laarar(Bos)|| = Op(y/(slogs)/n).
Condition (ii) Straightforward but tedious calculation yields 0?Laarar(Bos) = 2(Bos) + M (Bos),

where X(80s) = 24,(Bos)W (Bos)An(Bos)”, and M (Bos) = QZL B;(Bos)H;(Bos), with (suppose X;s =

(@itys oo ar,) ")

Hj(BOS)ﬁxs = BOS Zgj Yi, 13505) 181

1 n
Bj(Bos) = ﬁZ($i11Qj(yi>X?50)XiSXg;'»m»xiZSQj(yiaX?ﬁO)XiSX%)o
i=1

It is not hard to obtain || M (Bos)|| = O,(s*\/(log s)/n). Given Assumption 3.5(iii), we can achieve a sharper
bound of ||M(Bos)|| as following: By Lemma B.1 and Assumption 3.5 (iii),

s3log s

1B; (Bos) Hi (Bos)|I* < Op(s)[1H; (Bos)II* < C3sllH; (Bos)|I* = Oy )-

Thus | M (Bos)]| < 25:1 | B;(Bos)H;(Bos)|| = Op(y/s3log s/n'/?). By Theorem 2.1, we have

185 = Bosll = Op(V/(slog s)/n + /5P (dn))

Theorem 3.1: Sparsity: To show the sparsity, we check (2.2) in Theorem 2.2.
For some neighborhood N of (Bg:?())T, and Vy € N, write v = (v&,74)7, Ty = (v£,0)T. For all § € R?,
define . . .
F(0) = % > 9w, XT0) @ Xms)] W(vs) [ib > a(yi, X['0) @ X, (vs)
i=1 i=1

Hence Laaya (T(y)) = F(Tw). One can then check that Laasar(y) = F(7y) + &2(), where

S|

k
:Z(

and W = diag{o; : | € Ax}. Hence Laym (Tvy) — Lamm (y) < F(Tv) — F(y).
Note that Ty—+ = (0, —v%)T. By the mean value theorem, there exists A € (0,1), for h = (v&, —\y%)7,

n 1 n
D05 (e XT)Xa o ) W (3 50 XT ) Xalw) 20,
i=1 i=1

T
1 n a 1 n
F(Ty)-F() = - Y, nzaﬂg(yuxfh)ééxi(“ys)] W(ys) [nzg(yi,xfh)ébxi(w)
¢ As 0 i=1 P i=1
= Z yniai(h).
I¢As,m#0
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By the mean value theorem, there exists Ay € (0, 1),
P
Z () = PallTD = > Il Praelnl)-
J=1 I¢As,m#0

Hence it suffices to show that for each [ ¢ Ag, and 7; # 0,
Imai(h)| < [l By, (Xzlml)- (B.2)

Since E(g(y,x” Bo)|xs) = 0, by Assumptions 2.1, 3.3, |a;(Bo)| < Cv/s\/(slogs)/n = O,(slogs/y/n) <
liminf; ,o+ P, (t). By the continuity of a;, |al(BT, 0)] < liminf; ,o+ P/ (t) with probability approaching 1.
Note that h € . For small enough N, again by continuity, |a;(h)] < %hm inf;_,o+ P/ (t) w.p.a.1l. Hence
lay(h)| < 3P (X2||), which yields (D.1). Q.E.D.

B.2 Proof of Theorem 3.2

Let P,(|8s]) = (P.(IB8s1]), .., P.(IBss]))T. The asymptotic normality builds on the following lemma.

Lemma B.2. Let Q1(f1), L1(B81) and Bs satisfy the conditions in Theorem 2.1. Suppose there exists an
s X s matriz Q,,, such that:

(i) For any unit vector « € R®, |la| =1,
T d
(0% QnaLl(ﬁOS) — N(O, 1)

(ii) [l P}(1Bs]) © sgn(Bs)]| = 0p(1).

Then for any unit vector a € R?,

aTQnZn(BOS)(BS - ﬁOS) _>d N(O7 1)

Proof. The KKT condition of BS is given by

P (1Bs]) o sgn(Bs) = OL1(Bs)

where o denotes the Hadamard product of two vectors. By the mean value theorem, there exists §* lying
on the segment joining By and Bg such that dL;(8s) = OL1(Bos) + (2(8*) + M(B*))(Bs — Bos). Since
HBS — Bosll = 0p(1), ||8+ — Bos|l = 0p(1). By the continuity of 3(.) and M(.), we have X(8*) + M(5*) =
Y(Bos) + M(Bos) = X(Bos) + 0p(1). Therefore,

((Bos) + 0p(1))(Bs — Bos) = =Py (IBs) o sgn(Bs) — L1 (Bos)- (B.3)

For any unit vector a € R*, by Condition (ii), [|oTQ,[P.(|8s]) o sgn(Bs)]|| = 0,(1). Hence the result follows
immediately from B.3 and Condition (i). Q.E.D.

Lemma B.3. Under Assumption 2.1, 2.2, for an,BS defined in Theorem 2.1,

1P, (18s1) 0 sgn(Bs) | = Op(max n(B)an + V5F, (dn)),

BEN1
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where N1 = {B € R* : |8 — Bos|| < C+/(slogs)/n}, for C >0 in Assumption 3.6.

Proof. Write P.(|Bs]) o sgn(Bs) = (vi,..,vs)T, with v; = P.(|Bsi])sgn(Bsi). |vi| < |PL(|Bsi|) —
Pr(BsiD)l + Pr(|Bsi]) < maxgen, n(B)|Bsi — Bsil + Py (dn). By Minkowski’s inequality, [P (|8s]) o
sgn(Bs)| < \/Zle maxy, 7(8)2|Bsi — Bsil? + V5Py(dn) = maxsen n(8)|1Bs — Posll + V5P (dn) =
Op(maxsens n(8)(an + V5P, (dn)) + V5P,(dn)). QED.

Lemma B.4. Let Q, = \/EI‘;I/Q. Then for any unit vector a € R?,

o’ 0L (Bos) —* N(0,1)

Proof. dLayn(Bos) = 24, WHsB,, where B, = +377 g(yi,X[s60s) @ Xis. Var(ynB,) =
Var(g(ys, Xsfos) @ Xis) = Vi Let H = —2\/nEA,WFs B, then

Var(H) = 4AEA,WPsVywhs EAT = ¢

By CLT, a”G~'2H —? N(0,0?), where 02> = a”G~Y/2GG~"?a = 1. Note that A, —? FEA, and
V =P Vp, hence T, =P G. By Slutsky’s theorem, o v/nT'n */20Lcarar (Bos) =2 N(0, 1).

Proof of Theorem 3.2: It remains to check that for Q, = \/ﬁfﬁl/Q, Condition (ii) in Lemma B.2
holds.

For M = P.(|8s]) o sgn(Bs), by Assumption 3.5 and Lemma B.3, /nAmin(T'n)” /2| M|
Ven(maxn(B)y/slog s/n + /5P, (dy)) = Op(v/smaxn(B) + v/nsP,(dn)) = oy(1). Hence [, M|
VI Amin (Tn) "2 || M| = 0,(1). Q.E.D.

[VANVAN

B.3 Proof of Corollary 3.1

The theorem is proved by straightforward checking Assumptions 3.1-3.4, and applying Theorem 3.1.

B.4 Proof of Theorem 3.3

Proof. Let {x;}" ; be the i.i.d. data of xy;. Under the theorem assumptions, by the strong law of large
number L 37 ;2 — E(xy€) # 0 with probability one. Note that in penalized OLS, L, (8) = 2 3" | (y;—
X7 B)2. Hence 0p,Ln(Bo) = —2 30 zaly; — X[ Bo) = =237 wy€;. Thus s, Ln(Bo) — —2E(zie)
almost surely. Therefore, with probability one, either limsup,, dg,L,(8o) = liminf, d3,L,(8o) > 0, or
lim sup,, 95, L (Bo) = liminf,, 9s,L,,(By) < 0. This contradicts with the necessary condition of Theorem 2.3.

Q.E.D.

C Proofs for Section 4

C.1 Preliminary results

Write ¥(2;,8) = 9y, X! 8) ©@ X! = (¥1,.¢)”.  Then ¥(z;,6) = gy, X! Bo) ® Xys, and
05V (zi, Bo) = (m1(yi, X[sBs) Xis Xl oy mui(yi, X1gBs)Xis X (). Let
1085021, Bo)| = (Ima (i, XisBs)|XisXis, oy [mu(yi, XisBs)| XisXjs). For any matrix A = (¢;(yi,%] fo))
other than ds,v(z;, Bo), write |A| = (lg;(yi, %! Bo)|). Finally, let V= %22;1 ¥(2i, Bo)(2i, Bo) T
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Lemma C.1. For some a > 0, and a random matriz X, if E||X||* < oo, then max;<;<, |Xi| = o(n'/®)

almost surely.

Proof. Note that || X]|| = |lvec(X)]||. The result then follows immeidately from Lemma D.2 in Kitamura, et
al. (2004).

Lemma C.2. If there exists B > 0 such that for some p > 1, Ez[)j(z,ﬁo)Q” < B forall j =1,...,sk, then

max; <, ||¢(2, Bo)|| = o(n'/?Ps/2) almost surely.

Proof. Applying Holder inequality, we have E|[1)(z, 50)||?? = E(Zfil V;i(z, Bo)?)P

< (ks)P/a Efil Evi(2,80)% < (sk)P/9t1B, where 1/p + 1/q = 1. Therefore, E|Z||*’ < oo, where Z =
¥(z,B80)/(sk)*/?. By Lemma C.1, max;<, | Z] = o(n'/?") almost surely, which is max;<, [|[v'(z, B0)| =
o(s*/2n'/?P) w.p.1.

In this section, we assume s* = O(n), and p = 4. Hence max;<, ||[9'(z, Bo)|| = o(n'/2s'/?)

Lemma C.3. Under Assumptions 4.1(ii), 4.2(i), |A(Bo)|| = Op(y/slogs/n).

Proof. Write A(8) = pf, where p = [[A(Bo)]|, and [|f]| = 1. Since A(By) = argmax -, log(1+AT4(2;, Bo)),

the first order condition implies = > % 0, hence

o
Il

w(ziaﬁo) T1 - w(ZHBO)
0 _
191> ZHA(ﬂ o 2 e TG e A
rl rl ¥(2i, Bo)MBo) T (24, Bo)
f ZW“BO Y Z T+ ABo) Tz, fo)
Tl (2, Bo)(2i, Bo)T A (Bo) 1
Z T+ /30 Ti/)(z“ﬁo) Bk *Zw(z“ﬁo)

1 (2l iy

Y

Y

Note that 0 < 1 + ABo)T¥(z:,80) < 1 + pmaxi<y, |[¥(z:,Bo)l|- By Assumption 4.2(i),
mln( Z ¢(szﬁ(])w(2“50) ) = mln(v) 2 c, and ||% Z?:l 7/2(22,50)” = Op(\/ SIOgS/TL), hence

p slogs
> + O
14 pmax;<q ||¢¥(z, Bo)ll »l n

which implies p = Op(y/slogs/n/(1 — +/slogs/nmax; ||¥(z;, Bo)|)) = Op(y/slogs/n), by Lemma C.2. In

addition,

)

A0l mas gz, 50) © Xis | = op(sn /%) = O(s77) (1)
1+ M(80) T (a1, o) @ Kas] 2 1= JAB0)| max lg(zr, o) © Xisl] > 5. (€2)

Lemma C.4. Under Assumptions 3.5(i), 4.1(ii), 4.2(1),

1 = 95526, Bo)A(Bo) ¥ (2, Bo) ™ — % 5
L 2 = T 3G o e, oz = (V)
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. n 9pg¥(2i,80)A(Bo)¥(zi,80)" n 19s59(i,80)1A(Bo)¥(zi,80) T
Proof. Write a = & S21_, S5 G sy then by (C.2), [la]l < |13 Zi:l sty |

< Ol X271 198520, Bo)IN(Bo) (24, Bo) . Since 1 377 |0(2i, Bo)| = 3 (X5 |A1[Xs, ..., XG[Ak|Xs), b
Assumption3.2(i) and Lemma B.1, ||a|| < C||A(Bo)|| max;<n |[¢(z:, Bo)|l = 0p(1/+/s), where the last equality
is due to (C.1).

Lemma C.5. Under Assumptions 3.5(i), 4.1(ii), 4.2(i),

¥ l - aw Z’L?/BO) o
Vo L TG e A - Y

Proof. Since V1 is positive definite,

n 9 ., 1 n 9 . T

Y 2 TGy < o) T A(Bo) T (i, o)

T
< Chin(V) 1”5 > 10s50(zi, Bo)|" || = C||E(X§|A1|X5a o XE A X )| = Oy (V).

i=1

Lemma C.6. Under Assumptions 4.1(ii), 4.2(i),

HV—ll Z (0 qu?)\ ﬂfog¢%izé?0)] H = Op(l/\/ﬁ)

Proof. Let A= L1%" % One can check that A = L 3" A(Bo)" (2, B0). Hence the left-

hand-side < C'maxi<p, [[v(2:, Bo) 1]l < 0, (1/v/5)ll5; 2272, 111(2@,50)\\ = op(1/v/n)
Lemma C.7. Under Assumptions 4.1(i), 4.2(i),

1 - 8¢(Zz;50 1 " 21,60 /60>¢(21750)T o |
OX(fBy) = — V7 (14 o0,(1
(o) ( Z L+ A(Bo) (20, o) n ; (1 + A(Bo)T4(zi, Bo))? ( p(1)
Proof. Since + El 1 % 0, for all 8 € RP, taking derivative with respect to 5, and plugging-in
P (2i,80)9(2i,50)" 0v(zi,80)" W (2i,80)A(Bo) " Bp 59 (%i,60) "
Bo, we have 1 ZZ 1 I+ Boo)Tw(»% EO))z 6/\(/80) Zz 1 WM N % ?:1 (lj]r)\(ﬁoo)T11’([325«;ﬁo))2 }

Since ¢; < /\mm(V) < )\mux(V) < ¢g, and )\(,80) w(zz,ﬁo) —P 0 uniformly in ¢ < n, we have

1T~ (2, 80)¢ (21, 80)" o et
<n zz:; (1+ A(BO)T¢(Z¢7ﬁ0))2> =V (1+0,(1)

Lemma C.8. Under Assumptions 8.5(i), 4.1(ii), 4.2(3), |OX(Bo)|l = Op(V/s).

Proof. By Lemma C.7, ||OA(Bo)|| = A4+ B+o0,(A+ B), where A = ||[V—11 ) D %H 0,(V/s),

Zi, 0, 2i,80)7 _
by Lemma C.5, and B = |[V-11 3" | L (fi,\((ézo))w,(ﬁz ﬁ(o))BO) | = 0,(s~%/?), by Lemma C.4. Q.E.D.

Lemma C.9. For any vector function f(z,03), differentiable w.r.t. B, let F(8) = > 7"  log{l +

MB)T (2,8)}, where N(B) is such that 37 | s &l — = 0, then 95F(8) = (A1 + Ag + Ag)(B),
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where:

L'g
=
I

(fl Zaﬁf<zi7ﬁ>>
i=1
B

I s f(2i,B)
Aq(B) = 721+)\(5)T (i, B)

=1

—1
NS e ar) LS LG BB G AP
(nZ UCTENCIE) ) nz 1+ XB)T f(z;,B)

) =1 =1
~1
_ —05f (2. AANB) f(2:.8) (1 < )\ <
As(B) = —Z AT D) g;f(zuﬁ)f(zz,ﬁ) ) ggf(zuﬁ)
Proof. Tt is not hard to verify that Ay + Az = 0F(B8) — A, where A = 15" %[A(ﬁ) -

(230 f(z:,8) f(zi, 8 )T)d%Z?:l f(z;,8)]. Hence it remains to Tshow QAQ = A. Note that 0 =
IS i = L f AL — f(zB)TAB) + RO which implies A(8) —

—1 n n -1 n Z; 2
(A0, £ ) B)T) T AT ) = (20 (e B)F (i, B)T) T 4 S, LenlIAB) T DI
QED.

C.2 Proof of Theorem 4.1

As in the proof of Theorem 3.1, we check the conditions in Theorem 2.1. For any S € RP, let TS =
(8%,0)T. Define Lgr(Bs) = Lrr(Bs,0) = Ler(TB).

Lemma C.10. Under Assumptions 3.5(i), 4.1(i), 4.2(i),
OLpL(Bos) = Z(Bos)(1 + 0p(1))

where E(Bos) = 2 30 (21, Bos)V 1L 00 (24, Bos)-

Proof. Lgp(Bs) = max, LS e log(1 + ATo(2, Bs)), where (z;, Bs) = 9(yi, XJsB1) ® X;s, which is dif-
ferentiable w.r.t. 3s. Hence by Lemma C.9, dLgy(Bos) = 2?21 A;(Bos), with f(z;, Bos) = ¥(z, Bos), and
A1(Pos) = E(Pos). The result follows from equations (C.3)-(C.5) below.

Lemma C.11. Under Assumptions 3.5(i), 4.1(ii), 4.2(i), |0LzL(Bos)| = Op(\/slog s/n)

Proof. From the proof of Lemma C.9, 0L g, (Bos)

= Z(Bos) + A2(Bos) + As(Bos), with f(z, 3) replaced with
¥(z, Bos). By Assumption 3.2(i) and Lemma B.1(i),

_ 1 T
IZ2(Bos)|| < ||E(XiS|A1|X3:9a o Xy | AR X))V 1|5 Zw(zi,ﬁos)\ll = Op(y/slogs/n). (C.3)
i=1

By Lemma C.6, and the fact that 2 3", 0s,%(2:, Bos)| = 2(Xis|A1[XTs, ..., Xis|Ak|XT5),

R s (2i, Bos) _1 (24, Bos) M Bos) T (zi, Bos)|?
122080l =I5 ZHW STz, Bos) Z 1+ A\(50s) "0z, Bos) |

» Bos)[A(Bos) w(zuﬁos)]gm
1+ XBos)T4(2i, Bos)

0p(1/3/). (C.4)

IN

- (2
Cll=(Xis|A X%, .., Xas | AR X5 |V
||n( slA1[X g s1Ak|X5s)] Z
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Finally,

1As(Bo)ll - = CliA(Bos)l max [l1(zi, fos) ||||*Z\3ﬁs (2i, Bos) IV~ i Z¢ zi Bos )|

=1 21

= op(1/v/n). (C.5)
Lemma C.12. 0*LpL(Bos) = X(Bos) + M(B), where | M (Bos)| = op(1).

Proof. Straightforward but tedious calculation yields 2L gy, (Bos) = E?:l T;, where

_ o\ 50 aw Zwﬁo)
o= Z 1+ MBo) T (24 Bo)
T, — _= Z s (23, Bo)A(Bo) A (50>Taﬁsw(zi7ﬁ0)T
2 n & [1 4+ A(Bo)Tep(zi, Bo)]?
Ty = —l i 8)‘(50)1#(% BO)/\(ﬁO)Taﬂsw(Zia BO)T
3 n & (14 X(Bo)T4p(zi, o))

n

1 1 ks )
s = n ; 1+ A(Bo)" (i, Bo) ; Vi ¥i(zi; Bo)Aj (Bo)-

The result follows from Lemma C.13-C.16 below. Q.E.D.

Lemma C.13. Under Assumptions 3.5(1), 4.1(%), 4.2(i), Ty = £(Bos) + T11, where || T11]| = 0p(1).

Proof. By Lemma C.7,

(1 n O (zi, Bo) 1 n W (2i, Bo)A(Bo)(zi, Bo)T \ ~ 1
T = ( Z 1+ /\(ﬂO)T’l/) Zz ﬂo n Z 1 + )\ /BO T@Z’(Zuﬂo)) ) \%4 (1 —|—op(1))

- 55 (zi, Bo) T
=A+B+ R,
Z 1+ A(Bo) (2, Bo)

where || R, || = 0,(1), and

i aﬁs zuﬁﬂ) —11 = aﬂs’(/)(ziaﬁO)T
Z 1+ A(Bo)™4 Zuﬂo)v n ZZ; 1+ A(Bo)" ¥ (i, Bo)

L& 09z, Bo)ABo) (21, Bo) T 1~ s t(2i, o)
b= n Z (1 + A(Bo)T9(zi, Bo))? v n ; L+ A(Bo) (2, Bo)

By Lemma C.4, C.5, | B|| = 0,(s7/2\/s) = 0,(1). In addition, A = %(Bys) + A1 + Aa, where %(Bos) =
% E?:l 8ﬁs¢(zz7 ﬁO)V_I% Z?:l aﬂsw(zia 50)T7

n

_ aﬁsw(zl’ﬁo) ] -1 3ﬁs¢(2¢,ﬂo)T
T ||Z(1+ et 50) 3/3s1//(zz,50))v LY el

1 0 ¢(zivﬂ0)
ClI\ iy - 1) ! -
I (50)||max||1/1(2' Bo)ll ;5'55 2, Bo) [V ™ 21+)\(50)T1/)(21,ﬂ0)

0,(s71/2\/5) = 0,(1) (by Lemma C.5, B.1 and Assumption 3.2(1)).

IN
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Likewise,

. N dps (2, Bo)T CanT )
Il = 5 D onswGo V0 S (T3 g — e ) = ent)

Q.ED.

Lemma C.14. Under Assumptions 4.1(1)(iii), ||T2|| = o,(1)

Proof. By Lemma C.3, and Cauchy-Schwarz’s inequality,

1 n
T2l < CH)\(»BO)HQHEZ3ﬂs¢(2i»50)56s1/)(zi750)T\|

=1
1 n
= Op(SlogS/”)H*Z(XiSXi )2[lm(yi, X{sBos)|I* || wherem(t1,ta) = Op,g(t1,t2)
1, 1
< Op(slogs/n)— ZH |- [lm(yi, X5 Bos) I

IA

Op( legS/n\l leXsX 14— ZHm yi» XisBos)||*

= Op(slogs/n\/E|xsxL||*) = Oy(s*/n) = 0,(1). (C.6)

Lemma C.15. ||T3|| = 0,(1)

Proof. By Lemma C.4, C.8, ||T3]| = O,(v/5)0,(s7/2) = 0,(1).

Lemma C.16. Under Assumptions 4.1(ii)(iv), 4.2(i)(ii), | T4|| = op(1)

Proof. 325 V24;(zi, Bo)Aj (Bo) = XisXTsA(Bo) T [0r,m (s, X] Bo) ® X;s]. Hence by (C.1), and Lemma C.3,

1Tl < C||*ZX15X sA(B0) " [0, m(yi, X7 Bo) ® Xis]|

< C)‘maX(XSXS /”I&%§||atzm(yivxfﬁ0) ®XiS||Op(\/m>
= Op(V/slogs/n) max||dy,m(yi, X o) ® Xis.

Note that [|0,m(yi, X} o) @ Xisl|> = 0,m(ys, X} Bo)||?|Xis||?, and by Cauchy-Schwarz inequality,
Bl m(y, <" Bo) zs)* < v/ElOm(y, xT B FElws]F. By Assumption 4.1, E|dy,m(y, X" o) |® <
oo, and +/Efzs||® = O(s?).  Therefore, E|d;,m(y,x"By) ® zs/\/s|* < oo, which implies
max;<, |0, m(yi, X7 Bo) ® Xis| = o(s'/2n'/*) with probability one. Hence ||T4|| = o,(sn~'/*) = 0,(1),
as st = O(n).

Proof of Theorem 4.1

It remains to verify (2.2) in Theorem 2.2. For any v = (v%,~v%)” in a neighborhood N of B = (Bg, 0)7,
T(vy) = (v4,0)T. For 6 € R?, define

— l - T . xT s
F(0) = m/\axn;bg{l—kx\ l9(yi, X7 0) ® X7°]}
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13 log{1 4+ A(6) g, XT0) @ X7°]). (1)
=1

Then Lpr(Ty) = F(Ty). By Lemma C.17 below, F(Ty) — F(y) < 32_ Pu(lv]) — X25—) Pa(|(T7);]). In
addition, as g(y;, X7 0) ® X]° is a subvector of g(y;, X} 0) ® X7, it follows that

1 n
F(y) = max—3 log{l+\[g(y:, X{) @ X7°]}
i=1

1
= max — log{1+ AT I,XT ® X}
s 2 S l9(yi. X77) @ X1}

log{1 + A [g(y;, XT X} =L
Ag}émknzog{ﬂL l9(yi, Xi7) © X]1} = L1 (7).

IN

Therefore, Lpr(Tv) — Lpr(v) < F(Ty) = F(y) < 38, Pa(lv]) — 252, Pa(l(Ty);]). QED.

Lemma C.17. There exists a neighborhood N of 3 = (Bg, 0)T, such that for all y € N, F(Ty) — F(y) <
25— Pullsl) = 22520 Pu(l(T);1)

Proof. Let A(0) = argmaxy 2 37" log{1+ AT [g(y;, X7 0) ® X75]}. The implicit function theorem applying
on the first order condition of A implies that A(#) is continuous on RP. We then have, by Taylor’s expansion,
F(Ty) = F(7) = Xigag,yx,20 IN1a1(h), where, by Lemma C.9, a;(h) = Z§:1 A (h), and h lies on the
segment joining T+ and ~. Here A;; are given by:

All(h) = (i Z aﬁlf(zia > < Z f Z’u Z“ ) ) (i Z f(zia h))
R TN T Fn NG (21, )
Ag(h) = Z 1+ Ak Tf (zi, b ( Zf (zi, h) f(2i, h) ) n ; 1+ AR)T f(z;,h)
Zg T Zq ! "
Au(h) = ;Z ol A ))T(fgzlf = ( Zf zz,mT) =D SYIENY

where f(z;,h) = g(y;, Xl-Th)®X;YS, and 9, f(zi, h) = (m1(y;, XTh), o mp(ys, XFh))X;X7*. By Assumption
4.2(i), 4.1(i) (iii), and Lemma B.1, and the fact that L 3. f(z;, Bo) = Op(y/slog s/n), |A1(Bo)|| = Op(s/v/n).

Note that the first order condition of X\ implies Y ", % = 0, hence 37" | f‘_&f)fi% =
LS A(M)T f(zi,h). In addition, using a similar proof of Lemma C.3, |[A(Bo)|| maxi<, || f(z,B80)| =
0p(1/+/s). Hence ||Agi(Bo)|| = op(y/slogs/n). Finally, ||Asi(Bo)|| = op(y/slogs/n). Therefore, ||a;(Bo)l]
Oy (s/v/).

By the continuity of P/, a;(.), the facts that O,(s//n) < liminf,_,q+ P.(t), and that || — ol = 0,(1),
similar to the proof of sparsity in Theorem 3.1 Condition (ii), for small enough N, we have |a;(h)] <

P! (b]yni|) for any b € (0,1). Q.E.D.

C.3 Proof of Theorem 4.2

Lemma C.18. Let I, = A,V 'A,, and Q, = \/ﬁfﬁl/z, then for any wunit vector a € R,
a’Q,0Lpr(Bos) = N(0,1).
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Proof. By Lemma C.10, dLgr(fos) = A,V !B, + 0,(1), where B, = LS 9(yi, XJsBos) ® X;s. Then
Var(y/nB,) = Var(g(yi, Xisfos) ® Xis) = Vo. Let H = \/nEA,Vy ' B, then Var(H) = EA,V; 'EAL =
G. By CLT, oTG~Y2H — N(0,1). Note that V =P Vy and A,, —P FEA,, and thus I',, = AnIA/_lAZ —P G
pointwisely. Hence by Slutsky’s theorem, aTQ,0L L (Bos) =< N(0,1).

Proof of Theorem 4.2 By Lemma B.3 and Assumption 4.3, Condition (ii) in Lemma B.2 holds for
Q, = Vn(A,V"1A,)"/2. Then the asymptotic normality follows immediately from Lemma C.18 and
Lemma B.2. Q.E.D.

D Proofs for Section 5

Note that the results of Theorems 2.1 and 2.2 still hold under the generalized sparsity condition and
the presence of local perturbation, since the objective function L,(.) defined in these two theorems are not

model-specific. As before, we proceed by verifying the conditions therein.

D.1 Consistency

For any 3 = RP, we can write T3 = (8%,0)7. Define

T
. 1 « 1 «
L = |- i X1 Bs)X, w - 1 XisBs)X;
amm(Bs) - ;g(y , XisBs) ,s] (Bo) ln ;g(y/, isBs)Xis
Condition (i): The same arguments in the proof of Theorem 3.1 implies

- 1 <
10Lenn (Bos)ll - < Op(1)]—~ > 9(yi, XisBos) Xis|
=1

IN

1 n
Op(D1= D 9y, Xisfos)Xis — 9(us, X{ o) Xss|

i=1

1 n
+Op(1)||g Zg(ym X7 Bo)Xis — Eg(y, x" Bo)xsl| + Op(1)[| Eg(y, x" Bo)xs|
=1

= 0,(1)(A+B+0C).

Using the Bernstein inequality with Assumption 3.2, it can be shown that B = O,(y/slog s/n). In addition,
given that Ex} < oo for | € Ag, (5.1) implies ||Eg(y,x” Bo)xs| = n=*y/s. In addition, by the mean value

theorem, for some r,

1 1
A = 0y Z82) 4 1 Blg(y, xE Bos) — 9ly, X7 Bo)xsll = Op(y) 2% + [ Em(y, r)xsxh fox |

slog s slog s
Op( i) + \/EHEm(?/vT)XSXJQCI||oo||5ON||1 = Op( g + \/§\|50N||1),

n n

where we used the fact that if H = (h;;) is an s x p matrix, then ||HS|| < v/s||H oo ||8]l1 = /s max;; |hij]||B]]1.
The last equality is due to sup,, ;, [m(t1,t2)| < K for some K > 0, and

HEm(y,1"))(5)(%”0o = iGAI?,?)éAN |[Em(y, r)zz;| < KieAr?,?)e(AN E|z;z;| < oo.
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It then follows that

10Learar (Bos)|l = Op(V/(s1og 8)/n + n~/s + || Bon [1v/5)-

Condition (ii) The decomposition of 82£GMM(505) = % (Bos) + M (Bos) is as before, where X(Sps) =
245, (Bos)W (Bos)An(Bos)™, and M (Bos) = 2B(Bos)H (bos),

1 n
H(Bos)s2xs = Is® [W(Bos) EZ: Yi, X1 Bos) Xis |

(i, ¢(yir X}5808) XisXig, oo Tit, 0(Yis , XigBos) XisXlg).-
1

B(fos) = %

n
1=

In the presence of local perturbation and generalized sparsity condition, we have

1H (Bos)l

IN

Op(\/E)H% Z(g(yi, ngﬁos) -9y, Xgﬁo))XiSH

=1
FO(VA - S ol XE0)Xas — Bgly,x" Bo)xs| + 0 (v/5) gy, X Bo s |
=1

= OB} + 22

+n72a)).
Hence |M(Bos)|| = 0p(1) as long as s3(||Bon |3 + 10% +n72%) = 0(1). By Theorem 2.1, we have

185 = Bos|l = Op(v/(slog s)/n + /s + | Bon |l V/s + V5P (dn))-

D.2 Sparsity Recovery

For some neighborhood A of (8Z,0)7, and Vv € N, write v = (72, 7%)T, Ty = (4%, 0)7. For all 6 € R?,
define

n T n
izg(yi,Xﬂ)Xi(’ys)} W (ys) [; Zg(yi,XiT@)Xi(vs)]
i=1 =1

Hence Loy (T(y)) = F(Tv). The same argument of the proof of Theorem 3.1 implies L (Ty) —

Levm(y) < F(Tv) — F(7).
Note that Ty—~ = (0, —v%)T. By the mean value theorem, there exists A € (0,1), for h = (v&, —=\y%)7,

T
1~ 0 1<
F(Ty)—-F(y) = - > 7w lnzaﬂg(yi,X?h)Xi(%)] W(vs) [” Zg(yi,XiTh)Xi(VS)]
I¢As,m#0 i=1 7 i=1
= Z ’YNlal(h).
I¢gAs,m#0
There exists A2 € (0,1), 3251 (Pa([75]) = Pa((T9))]) = 21¢ 4 70 1| Pr(A2|w]). Hence it suffices to show
that for each | ¢ Ag, and 'yl ;é 0,
mar(h)] < |nlPy(Azlnl)- (D.1)
Note that |a;(fos, 0)] = Op(v/5)|In ™" 327, 9(yi, XisBos)Xi(vs)ll = Op(V5(y/slog s/n+ || Bx |1 +n~%)).

By assumption, |a;(Bos,0)| = op(liminf; .o+ P),(¢)). By the continuity of ar, lay (BT, 0)| < liminf, o+ P.(t)
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with probability approaching 1. Note that h € A. For small enough N, again by continuity, |a;(h)| <
L liminf, o+ P (t) w.p.a.1. Hence |a;(h)| < P,(X2|v]), which yields (D.1). Q.E.D.

E Proofs for Section 6

E.1 Proof of Theorem 6.1

We can verify the conditions in Theorems 2.1,2.2 and Lemma B.2.

Conditions in Theorem 2.1

Define Lrv(8s) = (2 Y0, 9(yi, X1sBs) @ Vis)TW(E S0 9(yi, X15Bs) ® Vis). For Condition (i), we
have OL1v (Bos) = ZAH(BOS)W[% S 9(yi, X Bos) @ Vis], where

1 n
fz mi (Yi, X1sB808)Xis Vigy o mi (vi, XisBos) Xis Vig)-

3

Since m;(.) is bounded, we have Apax(AnAL) = Op(Amax ((ExsvE)(Exsv:)T)) = O,(1). Hence

slog s

10L1v (Bos)|l = Op( ).

n

For Condition (ii), straightforward calculation yields 9% Ly (Bos) = 24, W AT 42 > i<k B;Hj, where (X5 =

(:I:Zl17 ~~~7mzls))

N 1 &
Hj=1I,® [WE > 9i (i, XTsBos) Vis),
i=1

- 1 <
Bj=_ Z(xulqj(yi,xfﬁo)xisV?s, o it 45 (i, X[ Bo)Xis Vi)
i=1
Assumption 6.2 and Lemma B.1 imply that || B;H;|| = O,(\y/s2logs/n) = 0,(1), where

A= max )\max((Eleq](me 5O)XSV )(Exil(Ij(yiaXTﬁO)XSVT)T)~
l€eAs,j<k
Hence all the eigenvalues of the Hessian matrix are bounded away from zero.
Conditions in Theorem 2.2 This condition can be checked using a similar argument as in the proof

of Theorem 3.1. Hence we omit the details but simply check: for any [ ¢ Ag,

oL
| Iavﬁlﬁo = \*szz (9, X7 Bo) © Vis)" Zg Yi, X] o) @ Vis)|
=1

— 0(s log s

).

n

Hence Condition (2.2) is satisfied as P/ (0") = sy/log s/n by Assumption 6.3.
Asymptotic Normality
Condition (i) of Lemma B.2 can be verified by the same arguments as those in Lemma B.4. For Condition

(ii), note that )\min( n) is bounded away from zero by Assumption 6.2, hence by Lemma B.3, it suffices to
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verify that, there exists ¢ > 0, for N = {8 € R* : || — Bos|| < cy/slogs/n},

Vil ()Y 2 4 V5P, (da)) = o(1).

This holds given Assumption 6.3. Q.E.D.

E.2 Proof of Theorem 6.2

Again, we prove this theorem by checking the conditions in Theorem 2.1 and 2.2. For each [, let L;(6,5) =
LS (0ip(Zi, Bs) — Vis 61s)?. In addition, let @; = dip(Z;, Bs) — Vis00,s, wi = 9ip(Z;, Bos) — Vg0,
and e; = 9;p(Z;, Pos) — Di(w;). By definition, F(e;|W;) =0, and u; = ngﬂﬂoz,]v + a;(W;) + e;. Then we
have

||8913Ll(601,s)||

2 o .
1= @iVis,l|
ni:l
n

2 o . 2 — 2
||ﬁ Z;(Uz‘ — ;) Vil + H; ; ei Visill + ||ﬁ Z;(VzTNﬁoz,N +a;(W3)) Vil
A+B+C.

IN

By the Lipschitz continuity of 9;p(z,.), and Theorem 6.1, A = O,(||Bos — Bsl) = Op(+y/slogs/n). It follows
from E(e;|W;) = 0 that B = Op(+/s1logs1/n). In addition,

ZV1N1901NVISZI<O Z|90U|— (v/3Tn ).

J€T

Finally, by Cauchy Schwarz inequality, |2 37" | a;(W;)Vis;|| = O,(y/S1¢,). Thus,

slog s

n

s1logs
06,5 L1 (Oo1,5) || = Op(\/ + \/ L ng L EnT A+ Eren).

The positive definiteness of the Hessian matrix is easy to verify since 9, L;(0o1,s) = 250 VZSJ-V%’Z‘.
For the condition in Theorem 2.2, let L}(6;) = 2 3" | (8ip(Z;, Bs) — VI6,)%. Note that L; is differentiable,

and Vj ¢ T}, |% Yo eivij| = Op(y/logp/n).

0L} (601)

|—— o0, | = |* ;(@P(Zi,és) — VI 00)vij| = Op(cn + /slog s/n+ \/logp/n) = 0,(P}(0)).
Finally,
LS~ hy(w) - Dwo)? < giw?vi VRS (W)
n 1=1 =1
< Nous — o2 Z IVis.ll + = Z (00, Vin.i)? Zaz
i=1
= Op(slslnﬂ + sl(log—1 + n*zm + 2 + Pl (hn)?)).

Q.E.D.
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