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ABSTRACT. This document contains the estimation algorithm for the multivari-
ate case, additional simulations and all technical proofs.
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APPENDIX A. ESTIMATION ALGORITHM FOR THE MULTIVARIATE CASE

Consider
R
Yie = int,reit,r—i_a;gt—i_uita L= 17'~'7N7 t= 17"'7T'

r=1
/
Qit,r = /\z‘?rft,'r-

where (21, ...,%4,r)" is an R-dimensional vector of covariate. Each coefficient
0, admits a factor structure with \;, and f;, as the “loadings” and “factors”;
the factors and loadings are 6, specific, but are allowed to have overlap. Here
(R,dim(\; 1), ...,dim(); g)) are all assumed fixed.

Suppose Tji, = i, + €it,. For instance, pi;, = lgmwm also admits a factor

structure. Then after partialing out 1, the model can also be written as:

R R
Yit = Z €it,r>\;,7»ft,r + Qg + Wi, Uit = Yir — Z Lt Oit
r=1 r=1
As such, it is straightforward to extend the estimation algorithm to the multi-
variate case. Let X, be the N x T matrix of x;,, Let ©, be the N x T matrix
of 0;;,. We first estimate these low rank matrices using penalized nuclear-norm
regression. We then apply sample splitting, and employ steps 2-4 to iteratively

estimate (f;,, ;). The formal algorithm is stated as follows.
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Algorithm A.1. Estimate 60;;, as follows.

Step 1. Estimate the number of factors. Run nuclear-norm penalized regression:

(M,6,) = arg min [[Y' — M — ZX © 0, ||F+Vo||M||n+ZVrll9||n

r=1 r=1

Estimate K, = dim(\;,), Ky = dim(o;) by
K, = Z H{ei(0,) > (16,03}, Ko =Y 1{uu(M) > (]| M)/}

Step 2. Estimate the structure T, = [ty + €itr-

In the factor model, use the PC estimator to obtain (l Wiy €itp) for all @ =
1,.,N,t=1,..,Tandr=1,...,R.

Step 3: Sample splitting. Randomly split the sample into {1, ..., T} /{t} = TUI",
so that |I]p = [(T"—1)/2]. Denote by Y;, X1, as the N x |I|, matrices of (y;s, Tis)
for observations at s € I. Estimate the low-rank matrices © and M as in step 1,
with (Y, X, ) replaced with (Y7, X;,), and obtain (MI, él,r)~

Let K” = (ler, ...,XN,T)’ be the N x IA(T matrix, whose columns are defined
as VN times the first IA(T eigenvectors of é”@)’”. Let A; = (aq,...,an)" be the
N x I?o matrix, whose columns are defined as v/N times the first I?o eigenvectors
of M;M [

Step 4. FEstimate the “partial-out” components.

Substitute in (ai,X,-,r), and define

N

(fsrags) = arg mlnzyzs_ a,g szsr fsr , SGICU{t}.

s,rm39s =

and

Airy (i) = arg min is — 0L, Tiso N for)? i=1,..,N.
(Ai éi) = arg min SG;W} y Z o)
Step 5. Estimate (f;,, \ir) for inferences.
For all s € I°U{t}, let
N R
(FroarsGrs) = arg min 3 (G = Glige = Y EiarXipfur)

srgs =1 —1
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Fixi: < N,
R
(/):I,i,ra al,i) = arg )\Iznr{gl Z (:/y\zs - a;/g\l,s - é\is,r)‘;rﬁ,s,r)?
' selcu{t} r=1
where U;s = ;s — l@)\gmﬂ,r, Cisy = Tisy — l +Ws,r in the factor model.
Step 6. Estimate 0;,. Repeat steps 3-5 Wlth I and I¢ exchanged, and obtain
(/):Icm,j/’\[c,s?r :s € TU{t},i < N,r <R). Define

~ 1~

eit,r = 2[ I'erl,t,r + )\lczrfl ,t,’l”:l

The asymptotic variance can be estimated by v, + ¥y, where

—~ 1 =5 _ c
U)\,T‘ = ﬁ< I,r_gv)\l V){QV)\ )\IT'g +)\/(‘7.gvl 1V VI 1)\]0’7»79)
- 1
vy = 2T|g’ (f[tr Iffl,t,r+flctr‘/fc7fflctT>
VS,f - Z Z QSJJ‘fS s TfS s TQS% T’ezs ra?s
‘g o ‘ e
V)\S:l - N Z )\S,’f',j ZST,]A‘?t T
V)f2 = A7 Z )‘S ey fS'r,]A?t r/?t
1 T
)\S,r,g = ZAST‘Za QSZ’I‘ = Zszrszr (_Zé\?s,r)_l
|g|0 1€G SES s=1

It is also straightforward to extend the univariate asymptotic analysis to the
multivariate case, and establish the asymptotic normality for 6;,,. The proof
techniques are the same, subjected to more complicated notation. Therefore our

proofs below focus on the univariate case.

APPENDIX B. ADDITIONAL SIMULATIONS

B.1. Policy relevant tests. We run simulations for testing the group homoge-
neous effect:
H& . e_ght = ... = e_gJ,t

for a given time t. We generate outcomes as

/
Yit = 0 + Tig 105 + Tiz 2 Bi + Wit
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where 0 = A | fi1 and By = A, fi 2, and G_g].’t denotes the average of 6;; in group
G;. The DGP is generated similar to that of the simulation section of the main
text, except that we impose the within-group homogeneity assumption. That is,

let ng, 7 =1,...,J be predetermined values, we set
)\i,l = j\gj, for all 7 € Qj
These predetermined values are set as

_ 1 under the null )

)\g, = y jZl,...,J

1+ Z;N™* under the alternative

where Z; € N(0,1). The parameter a > 0 measures the deviation from the null
under local alternatives. We set J = 10 and each group contains N/.J elements.

The second test we conducted is the test of joint significance:
HZ : 0,4, =0,Vi.

As discussed, the test is equivalent to testing f;,1 = 0 at a given ¢y, and in this
simulation, to = 1. The DGP is still similar as before, except that we impose null

and local alternatives on f, 1:

0 under the null

fto,l == . .
N~% under the alternative

We use the chi-square tests as presented in Theorem 3.2. Table B.1 reports

the frequencies of rejection out of 1000 simulations with nominal level 0.05. The

results show desired size and reasonable power for both tests.

B.2. Simulations for Dynamic Model. We now consider an example with a
lagged dependent variable to allow for dynamics. Specifically, we consider the

model

Yit = Qge + TN 1 fen + Vi1 Ao fr2 + i, (B.1)

where x;; = ljw; + e;;. Our asymptotic theory does not allow the lagged variable
yi1—1 because the presence of this variable is incompatible with an exact represen-
tation within a static factor model structure. Nevertheless, as this dynamic model
is interesting, we investigate the finite sample performance of our method in this

case with the understanding that it is not covered by our formal theory.
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TABLE B.1. Frequencies of Rejection in Policy Tests

N T Null and local alternatives

Test of Group Homogeneity

null N34 N—1/2 N4
100 100 | 0.047 0.230 0.990 1.000
200 200 {0.039 0.790 1.000 1.000
Test of Joint Significance
null N2 N4 1
100 100 | 0.054 0.144 0.874 1.000
200 200 {0.057 0.214 0.940 1.000

Note: This table reports the rejection frequencies out of 1000
simulations for the two policy tests. For the group homogeneity

test, the local alternatives are Ag, = 1+ A(0, N~2%) with a €

%7 i %} For the join significance test, the local alternatives

are fy = N~% with a € {4, 1,0}

We calibrate the parameters of the data generating process for this simulation
by estimating (B.1) using the data from Acemoglu et al. (2008). Here y;; is the
democracy score of country ¢ in period t, and z;; is the GDP per capita over the
same period. From the data, we estimate that all low-rank matrices have two
factors with the exception of a/g;, which is estimated to have one factor. We then
generate all factors and loadings from normal distributions with means and covari-
ances matching with the sample means and covariances of the estimated factors
and loadings obtained from the actual democracy-income data. We generate ini-
tial conditions y;; independently from 0.3N(0,1) + 0.497, whose parameters are
calibrated from the real data at time t = 1. wu;; is generated independently from a
N(0,0?%) with o = 0.1287 calibrated from the real data. Finally, y;; is generated
iteratively according to the model using the draws of initial conditions.

Let z; := yi4—1. Figure B.2 plots the first twenty eigenvalues of the N x N
sample covariance of z; when N = T = 100, averaged over 100 repetitions. The
plot reveals one very spiked eigenvalue. Therefore, we estimate a one-factor model

for z; in our estimation procedure.
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FIGURE B.1. Sorted eigenvalues of the sample covariance of the lagged de-
pendent variable, averaged over 100 repetitions.

In this design, we only report results from applying the full multi-step procedure
including sample-splitting and partialing-out. We report results for standardized
estimates using the estimated standard error for ¢t = ¢ = 1 and r € {1,2} for
Ot = )\QJ ftr and U, + U, a corresponding estimate of the asymptotic variance.
All results are based on 1000 simulation replications.

Table B.2 reports the sample means and standard deviations of the t-statistics as
well as coverage probabilities of feasible 95% confidence intervals, and we report the
histograms of the standardized estimates in Figure B.2. Looking at the histograms,
we can see that the bias in the estimated effects of x;; is relatively small while there
is a noticeable downward bias in the estimated effect of ;1. We also see from
the numeric results that the standard deviation of the standardized effect of x;
appears to be systematically too large, i.e. the estimated standard errors used for
standardization are too small, which translates into some distortions in coverage
probability. Coverage of the effect of lagged y seems reasonably accurate despite
the large estimated bias. Importantly, we see that performance improves on all

dimensions as N = T becomes larger.

APPENDIX C. PROOF OF PROPOSITION 2.1: THE ALGORITHM CONVERGENCE
Proof. Recall that ©p1 = S;,, /2(©r — TAy), where

A, =X 0 (X 00, —Y + M).
By Lemma C.2, set © = ©and M =M , and replace k with subscript m,

P 1 ~ ~
F(8,M) = FOni1, Mns1) > = (110011 = O] = [0, = B
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TABLE B.2. Estimation and inference results in dynamic model simulation

N=T mean standard deviation | coverage probability
Tit Yit—1 Tt Yit—1 Tit Yit—1
50 0.019 -0.345 | 1.342 1.140 0.856 0.919
100 |-0.096 -0.267|1.178 1.015 0.920 0.932
150 |-0.017 -0.276 | 1.117 0.942 0.926 0.944

Note: This table reports the simulation mean, standard deviation, and coverage
probability of 95% confidence intervals for the estimated effect of ;1 and y; ;—1
for 4 = t = 1. Simulation mean and standard deviation are for estimates
centered around the true parameter values and normalized in each replication
by the estimated standard error. Thus, ideally, the entries in the mean panel
would be 0 and the entries in the standard deviation panel would be 1. Results
are based on 1000 simulation replications.

T=50, N=50, x, T=50,N=50,y, |

T=100, N=100, x,, T=100, N=100, y,  ,

-5 0 5 -4 -3 -2 -1 0 1 2

©
IS

T=150, N=150, x,, T=150, N=150,, ,

FIGURE B.2. Histograms of standardized estimates in dynamic models ([9\11 —
011 divided by the estimated asymptotic standard deviation). The left three
plots are the effect of ;+; the right three plots are for the effect of y; +—1. The
standard normal density function is superimposed on the histograms.
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Let m =1, ..., k, and sum these inequalities up, since F (0,11, Myy1) > F(Opy1, Myy1)
by Lemma C.1,

k
kF (6, M) — kF(Os1, My1) > kF(©,M) = Y F (01, M)
m=1

1 ~ ~ 1 Y
> = (I0ks1 — Bll3 — 61 - BI1F) = ——||©1 - B 2.

The above proof depends on the following lemmas.
Lemma C.1. We have: (i)
Opn = argminp(©, Ok, M) + 11(|O]|,,
p(©,0r, M) = 7710 — 0|7 = 2tr () — ©)'A).
(ii) For any T € (0,1/ max?,),
F(©, My) < p(©, O, My) + v1[|O]ln + ol Mlln + Y — My — X © O[3
(11i) F(Oki1, Mi11) < F(Opy1, My) < F(O, My,).

Proof. (i) We have ||y — A, — 0|3 = [|©r — O|% + 72|| Ak ||% — 2tr[(Of — ©) AL T
So
arg m@in 10 — TA, — O|F + 71110
= arg m@in 10k — O3 — 2tr[(0r — O) Ai]T + 11|,
= argm@inT -p(0, O, My) + 711||O|| .
On the other hand, it is well known that O, = S;,, /2(©r — TA}) is the solution

to the first problem in the above equalities (Ma et al., 2011). This proves (i).
(ii) Note that for O = (fy) and © = (0;), and any 7~ > max;, %, we have

IX© 0k = O[3 =D i (O — 0)° < 7|64 — O[3
it
So

F(O,M,) = ||Y — My — X ®©O|F + vo|| My, + 10|l
= Y = My = X ©Ollp + | X © (0 — ©) [ — 2tr[A(0k — ©)]
o] Myl + 0[Ol
< Y = My = X @65 + 770k — OlfF — 2tr[A} (6 — )]
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+vol| Ml[n + 1O,
= p(@, @k, Mk;) + ”Y — Mk — X ® GkH% + l/()HMan + V1||@||n.

(iii) By definition, p(©g, O, M) = 0. So

F(Ori1, Mys1) = Y =X ©Opp1 — Myial|7 + 1Ok lln + vol| Misa |l
<@ Y = X © Okt — Mz + v l|Oksalln + vol| Myl
=  F(Opy1, My)
<® p(Ok11, O, My) + 11]|Okpalln + voll Ml + Y — My — X © Ok %
<©  p(O, O, My.) + v1||Okl|n + vo|| Milln + ||Y — M — X © O4|%

= F(O, My).

(a) is due to the definition of My 1; (b) is due to (ii); (¢) is due to (i).

Lemma C.2. For any 7 € (0,1/ maxz?), any (0, M) and any k > 1,

1
F(©,M) = F(Ok41, Myt1) = = (I€k1 —OlI% — [0 — Oll7) -

Proof. The proof is similar to that of Lemma 2.3 of Beck and Teboulle (2009),
with the extension that Mj; is updated after ©r,,. The key difference here is

that, while an update to M., is added to the iteration, we show that the lower

bound does not depend on M., or M. Therefore, the convergence property of

the algorithm depends mainly on the step of updating ©.

Let 0||Al|,, be an element that belongs to the subgradient of || A]|,. Note that
O|| Al is convex in A. Also, ||V — X ®© — M||% is convex in (0, M), so for any
O, M, we have the following three inequalities:

Y - X060 -M|; >

vi[|©]ln
vol| M,

(A\VARAYS

In addition,

—F(Op41, Mi11)

1Y — X ©0p — M7

—2tr[(©@ — 0) (X & (Y — X ©® Oy, — My))]
—2tr[(M — M) (Y — X © Oy — My)]
V1[Ok41lln + 1tr[(© — Op11) 01Ok 1]

Vo || M| + votr[(M — My)'O|| My||]-

> —F(Opq1, My)
> —p(Okr1, O, My) — 11]|Opslln — ol M|l — |V — My — X © O3
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where the two inequalities are due to Lemma C.1. Sum up the above inequalities,

F(©,M) — F(Opy1, M11) > (A)
(A) = —2tr[(O—0,)(X O (Y — X ©Op — My))] — 2tr[(M — M) (Y — X © Oy — My)]
+1tr[(© — 1) 0|[Oka l|n] + votr[(M — Myp)' 0| Mi|ln] — p(Or1, O, My).

We now simplify (A). Since k& > 1, both M} and O, should satisfy the KKT
condition. By Lemma C.1, they are:

0 = 110Oksilln — 7 '2(Ok — Opy1) + 24,
0 = VOaHMan - 2<Y - X ® @k - Mk)
Plug in, we have
(4) = 71*12”[(@ — 0511)' (O = O1)] = 7Ok = Opaa [
=~ (I8k+1 = Ol — 165 = Ol%) -

APPENDIX D. NUCLEAR-NORM MATRIX ESTIMATORS

Recall that MS and ég respectively are the estimated low-rank matrices ob-
tained by the nuclear-norm penalized estimations on sample S € {I, ¢ {1,...,T}}.
Given the above assumptions, we have consistency in the Frobenius norm for the

estimated low-rank matrices.
Proposition D.1. Suppose 2| X 0O U|| < (1 —c)vy, 2||U|| < (1 —c¢)vp and vy < vy.
Then under Assumption 3.1, for S € {I,1°,{1,...,T}} (i)

2 2

(i) Additionally with Assumption 3.3, there are square matrices Hgy, Hgo, so that

1 —
WHMS — Ms||% = Op(

2 2
vy + v

NT

2 2
vy + i

NT )

1, ~ 1 ~
s — AHs [ = 0p(P). 7 l18s — AHsal[p = O

(#ii) Furthermore,
P(}?l:Kl, I?QIKQ)%l

Proposition D.1 extends the usual low-rank results to the multi-dimensional
case. Convergence using the entire sample is sufficient for consistently selecting

the rank, as shown in result (iii), while convergence using the subsamples serves
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for post-SV'T inference after sample-splitting. The proof is divided in the following

subsections.

D.1. Level of the Score.

Lemma D.1. In the presence of serial correlations in x; (Assumption 3.4), || X ®
Ul = Op(VN+T) = |U||. In addition, the chosen vy,vy in Section 2.4 are
Op(VN +T).

Proof. The assumption that {2y contains independent sub-Gaussian columns en-

sures that, by the eigenvalue-concentration inequality for sub-Gaussian random
vectors (Theorem 5.39 of Vershynin (2010)):

128U r — EQnrQypl| = Op(VNT + N).

In addition, let w; be the T x 1 vector of {x;uy; : t < T}. We have, for each
(’l:’ j? t? 8)7

2,2 ;i
Exjiuy, 1=Jt=s

!
E(wiw})ss = BExirxjsuiujs =

0, otherwise
due to the conditional cross-sectional and serial independence in u;;. Then for the
(’l,j)’th entry of EQNTQINT,

(EQnrQyr)i; = (EX @ U)E(X 0U)),
> (Sp uEadud, 0=
0, B
Hence [|[EQnrQr|| < O(T'). This implies || QnrQyr|| < O(T' + N). Hence | X ©

Ull < 197 IIZY?]] < Op(max{v/N,v/T}). The rate for |U|| follows from the
same argument. The second claim that vy, v, satisfy the same rate constraint

= Ew Y 'w; = tr(S; Ewjw)) =

follows from the same argument, by replacing U with Z, and Assumption 3.4 is
still satisfied by Z and X ® Z.
O

D.2. Useful Claims. The proof of Proposition D.1 uses some claims that are
proved in the following lemma. Let us first recall the notations. Define Uy DoV =
© and U1 D1V/ = M as the singular value decompositions of the true values © and

M. Further decompose, for j = 1,2,
Uj = Ujr Uje), Vi=Vir: Vie)
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Here (U,,,V;,) corresponds to the nonzero singular values, while (Uj.,V;.) cor-
responds to the zero singular values. In addition, for any N x 7'/2 matrix A,
let

M;(A) = A —=P;(A).

Here U; U} . and V; V] . respectively are the projection matrices onto the columns
of U;. and Vj.. Therefore, M;(-) and My(-) can be considered as the projection

matrices onto the “low-rank” spaces of © and M respectively, and P;(-) and Pa(-)

Pi(A) = U, U; AV VS

]70’

ar projections onto their orthogonal spaces.

Lemma D.2 (claims). Same results below also apply to Py O, and samples on I°.
For any matriz A,

(1) 1PLA) + Ml = [[PL(A)[ln + 1M ]

(ii) |Al7 = [Mu(D)IF + [IPL(A)F

(111) rank(M(A)) < 2K;, where Ky = rank(M).

(iv) |All% = 32,07 and A7 < [[Alrank(A), with o; as the singular values
of A.

(v) For any Ay, Ay, [tr(A1A0)| < ||A1]la]|Az2]|, Here ||.|| denotes the operator

norm.

Proof. (i) Note that M = U, ,D,,V], where D, are the subdiagonal matrix of
nonzero singular values. The claim follows from Lemma 2.3 of Recht et al. (2010).
(i) Write

A B A B
UAV, = = + 0 0 := Hy + H;.
C ULCA‘/LC C 0 0 U{,CA‘/LC

Then Py (A) = Uy HiV{ and My (A) = Uy Ho VY. So
[P = tr(Uy HWVViH UY) = te(H HY) = || Hy ||
Similarly, [|M:(A)|[E = [|H2]|F- So
|7 + | Hill7 = 10T AV = [|A]7

(iii) This is Lemma 1 of Negahban and Wainwright (2011).
(iv) The first is a basic equality, and the second follows from the Cauchy-Schwarz

inequality.
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(v) Let UDV’" = Ay be the singuar value decomposition of Ay, then
[tr(A189)] = [ Y Dit(V' AU )ii] < max [(V'AsU)is| Y Dt < [[Asln]| Azl
(2 (2

D.3. The RSC condition. We now provide primitive conditions for the RSC
condition: Assumption 3.1. Recall

Cler, ) = {(AhAz) CIPLAD [+ [1P2(A2)[[n < cMi(A1)[ln + e[ M2(A2)]]n,

1 1 Co
— 1A% 4+ —=|As]]A >
ol + gpllaali > 221
We shall consider the general structure of x;:
Tit = it T €it

where p;; is the mean part of x;, and it can be either deterministic or random.
We shall denote the conditional expectation E,(-) = E(:|ps : t < T,7 < N) when
i is random. Correspondingly, denote by P,(-) as the conditional probability.

Lemma D.3. For any ¢; > 0, there are k.,co, B > 0, uniformly for (A, Ay) €
C(Cl,Cg),
1A+ A0 © X7 > kel Adllf + kel Aol — (N +T)B

provided that the following two conditions hold:
(i) variations in X : for alli < N,t <T, all eigenvalues of ¥y are bounded from

below by a nonrandom constant co > 0 almost surely, where
1 E,za 1 Hit
Xy = 2 | — 2 2
E.zie Eux pit i + Eped
(ii) concentration inequality: define

1 1
B(z) := {(A1,Az) € C(cy, ¢2), W!Ml”% + WHA2H% <}

For any Cy > 0, x > 0 and sufficiently large constant B > 0, there are constants
C’, ¢ > 0 that only depend on Cy, almost surely for {u;},

1
P sup — Z,(A)y —E Z(A))| >
ﬂ<(A17A2)EB(x) NT;Z( (D)t wZ(A)i)

where Z,(A)y = (xuyloi + A i)?.

N+T
NT

B+ Coa:) < " exp(—d NTx?)
(D.1)
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Condition (ii) of Lemma D.3 requires a concentration inequality over B(z), which
is an intersection of the low-rank set with
C2

1 1
{anan: 2o < A + grldlb <o) @2

This condition is often verifiable using more primitive conditions on restricted

strong convexity sets, e.g., Lemma 14 of Klopp (2014) and result (32) of Negahban
and Wainwright (2012). Below, we provide one set of primitive conditions to verify

€2

it. Apparently when = < Nk B(x) is an empty set so (D.1) is trivially satisfied.

c2
Thus we focus on z > ik

Lemma D.4. Suppose:

(1°) for all (i,t) |Ar | + [Agu| < C when (A1, Ag) € B(x) and |z4] < C ;

(ii’) xy is independent across (i,t), conditioning on {p; 11 < N, t < T}.

Then the concentration inequality (D.1) and thus condition (ii) of Lemma D.3
holds.

Remark D.1. The primitive condition (i’) requires the estimation errors A; and
Ay have bounded entrywise [|.||-norm. We can always restrict the parameter
space so that the regularization problem is optimized on sufficiently large compact
sets to satisfy this condition. Additionally, for the iid Bernoulli regressors z;
as in the matrix completion problem, it is shown that the estimation error of the
nuclear-norm penalized regression satisfies this condition (Theorem 1 of Chen et al.
(2019)).

One may also add an additional ||.||.-norm constraint to the nuclear-norm pe-
nalized regression, such as [[M|, < C and ||O| < C. Note that C' may be
arbitrarily large and independent of (N, T), so neither C' is an additional tuning
parameter nor the ||.||.- constraint is an additional regularization in the usual
sense. The ||.||w-constraint is simply a formalization to require that elements the

estimator do not diverge.

Proof. Proof of Lemma D.3

We use the standard peeling argument. For notational simplicity, write

A= (ADA?)’ X(A) = ||A1+A2®X||%‘
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Let Co = minit wmin(zit>~ Then
EMX(A) = Z(Al,m A2,it)2it(A1,ita AQ,it)/ > CoHAlH% + COHAZH%-
it

Define event, for sufficiently large B > 0,
1
Enr(A) :={|X(A) - E, X (A)] > §EMX(A) + (N +T1)B}.

We aim to show P(3A € C(c1,¢2),Enr(A)) — 0. Once this is achieved, then
P(VA € C(cy, ), Enr(A)) — 1. On the event Exr(A)¢, the RSC condition holds

for k. = ¢p/2, because:
1
X(8) > LEX(8) - (V4 T)B = m|A + sl Aally — (N + T)B.
To prove P(3A € C(cy, ), EnT(A)) — 0, let

Fl = {A € C(Cl,Cz) 2 UNT < WE X(A) S 21+1UNT}

where vy = ﬁ’ and [ € N. We let ¢; = 2¢;'B in the definition of C(cy, c2).
Then for A € C(cy, ) we have

1
WHA1|’% — 1A% > 2¢5 Moy

NT
Then +E,X(A) > F=col|A1]|F 4+ w70l Qa3 > 2uy7. Hence there is [ € N so
that A € I'; as long as A € C(cy,¢2). Thus C(ey, ¢0) C UR T

In addition, if A € T, then Eyr(A) implies

1 1 1
[X(2) ~ B X(A)| = (N +T)B > JE,X(A) > o NT2'vyy = - NT2 oy

and

1 1
Al + 7Rk < ]\2TE X(A) < cgt2 oy,

This also implies I'; C B(x;) with z; := ¢; 2" 'uyr. Hence for ¢ that only depends

on ¢g (but not on B), (D.1) yields
(HA - C(Cl, CQ) gNT(A)) = EP#(HA c C(Cl,Cg),gNT<A))

1
< EZP ASEF)\X( ) —E.X(A)] >ZNT2”1UNT+(N+T)B)
1= 1 eb(@

= EZP ( sup

A€eB(x)

1
7 2 Zu( D) — B Z(D)a)| >+

it

o  (N+ T)B)
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exp(—16¢ B?)
1 — exp(—16¢ B?)

< E Z C’ exp(—d41 B?) <
=1
for any arbitrarily small € > 0, where the last inequality holds for sufficiently large
B.
Proof of Lemma D.4

Let
1 L
7 = sup — (Z,(AN)yy —EZ(A)y)
(A1,A2)eB(x) NT ;; H m

where we recall Z,(A); = (240 + Avit)?.
We first bound E,Z, then bound the tail probability of Z > E,Z.
As for E, Z, for any A € B(x) C C(c1,¢2),

[ALlln + A2l = [[PL(A1) + Mi(A1)[ln + [[P2(A2) + Ma(As)|ln
(1 + c) [IMa(AD)[n + (14 c1)[[Ma(Az)|ln

(14 c1)/rank(M)||M1(A)||F + (1 + ¢1)v/rank(©) || Mo (A2) || #
Cl[Adllr + [ Azllr) < C\/_V NTuz,

IAINA A

where the first and third inequalities follow from the definition of B(x) and C(¢y, ¢3)

while the second inequality follows from Lemma D.2. Thus
[A[n + 1A2]ln < C*VNTx. (D.3)

where C* only depends ¢; and the ranks of the low rank matrices M and ©
taking their true values. Next, let ¢; be an iid Rademacher sequence. Let G; =
(€it)nxr and Gy = (€324)nxT, both are N x T matrices. Then by the expected
operator norm for subGaussian matrices, (e.g., Exercise 4.4.6 of Vershynin (2018)),

E.||G1]l + EL||Gs|| £ C(VN +T) where C' is nonrandom. Then

E.Z <@ 2E, sup Zu(A)iea
! (A1,A2)€B(x) ;;
| NI
<0 CE, sup €itTitNait| + CE sup - €it A1t
(A1,A2)€B() ;; " (ar.a0)eB@) | NT ;;
1 1
= CE sup —tr(G1A}) |+ CE sup —tr(GzA’)
" (ara0)eB() NT " (ar2)eB() NT

IN

CE, sup —HGlllHAlHnJrCE sup = [|Gall | Azl|n
" (aran)es@ NT (A1,A2)€B(z) NT
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VN+T VN+T
< CT sup ”AIHn + CW sup HA2HH
(A1,A5)eB(z) (A1,02)€B(2)
<) X 17 /NTxr =20 —r< B : D4
= NT o VAT,V 25="s TP N7 (D-4)

Inequality (i) follows from the standard symmetrization argument; Inequality (ii)
uses the contraction inequality (e.g., (2.3) of Koltchinskii (2011)), which requires
|A;] < Cand |z;| < C for all (i, t); inequality (iii) follows from (D.3) for A € B(z);
the last inequality holds for B > %;

We now bound the tail probability of Z > E,Z. The condition |A;| < C' and

|z;1| < C implies there is C;, > 0
(iAot + Al,it)2 < Cy.

Also, conditionally on {u;}, i are independent across (i,t). So we can apply
Massart inequality (e.g., Theorem 14.2 of Biillhmann and van der Geer (2011)), to

reach P,(Z > E,Z +1) < exp(—%f;) for any ¢ > 0. Now set ¢ = 702,

N+T
P,LL <Z> + B+CO$> SP# <Z>E#Z—%+Cox) :P,u (Z>EuZ+7080x>

NT
NT# 49C3§

The first inequality follows from (D.4). Note that C, does not depend on B.
O

D.4. Proof of Proposition D.1: convergence of és, Ms. In the proof below,
we set S = I. That is, we consider estimation using only the data with ¢t € I. We
set To = |I]p. The proof carries over to S = [° or S = I U I°. We suppress the
subscript S for notational simplicity. Let A; = M — M and Ay = O — O. Then

1Y — M-X0 Ol = |A1+ X © Aof|7 + [[U1} — 2tr[U" (A1 + X © Ay)].
Note that tr(U'(X ® Ag)) = tr(AL(X ® U)). Thus by claim (v),

2tr[U" (A1 + X © Ag)]| < 2T Arlln + 21X © UlH| Al

<
< (1=l Avlln + (1 = )| Ag|ln
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Thus |[Y — M — X0 0O|% < |Y = M — X © 6|2 (evalued at the true parameters)

implies

181+ X © Aolff + ol Ml + 18]l < (1= vl Adlln + (1 = e[| sl
+ 10| M| + 21O

Now

M ][

A1+ M|l = |M + Pr(Ar) + Mi(A1)]|n
> [|M 4 Pr(A)]|n = [[M1(A1)]|n
| M| + |PL(A) [ln = [Mi(A1)]]n,

where the last equality follows from claim (i). Similar lower bound applies to ||©]|,..

Therefore,
1A 4+ X © Ao||F + e Pr(A) [l + || Pa(A2)
< (2= wlMi(A)]n + (2 = )i || M2(Az) |- (D.5)

In the case U is Gaussian, ||U]| and | X ® U]l < max{+v/N,v/T}, while in the
more general case, set vy < v, < max{V/N,VT}. Inequality (D.5) implies there is
c >0,

[P1(AD)[ln + 1P2(A2) [ < e[ Ma(A1)]ln + c1]| Ma(As) |-

We now apply Assumption 3.1: Recall the set

Cler, e0) = {(Ah As)  [[PrADln + [Pa(B2)]ln < er[Ma(Ad)[[n + 1| M2(As)ln,

1AL2 + A2 > 02\/_NT}.

Consider two cases. Case 1: [|Aq||% + [|Az]|2 < oV NT. Then ||A]|% + || A% <
Op(VE + 7).
Case 2: ||A1]|%+]|As]|2 > oV NT. Then (A1, As) € C(cy, ¢2), so by Assumption
3.1, for some constants x,n > 0, with large probability
181+ A0 © X5 = Kl A7 + sl Aol = (N + T,
Then (D.5) and the proved claims show that for a generic C' > 0,

A7 + |As]l7 < Crol[ M1 (Ay)||n + Cri||[Mo(A2) ||l + Op(N +T)
<claim (V) Oy | M1 (A)]| py/rank(Ma(Ar))
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+C0 | Ma(Ag) || v/ rank(Ma(As)) + Op(N +T)
<claim () O | My (A1) ]| /27 + Cvi [ Ma(s) || /2K + Op(N + T)
<claim (i) Cpl|Ay||p + Cn||As||r + Op(N +T)
< Cmax{un, 1AL E + 1A% + Op(N +T).

Thus [|Aq||% + [|A2]|% < Op(13 + V7).

D.5. Proof of Proposition D.1: convergence of KS, gg. We proceed the proof
in the following steps.

step 1: bound the eigenvalues

Replace 12 + v# with Op(N + T'), then

|85 — Osl|2 = Op(N +1T).

Let Sy = 75 Yyer fufts B = 7 Xy fuf and Sy = FNA. Let 67, > .. > 47 i, be
the K, nonzero eigenvalues of NLTOQI@’I = ~ASA Let ¢f > .. > 9%, be the first
K5 nonzero singular values of ﬁ@ 10, Also, let 1#]2 be the j th largest eigenvalue
of +AYX A", Note that ¢7..1)% are the same as the eigenvalues of 2}/251\2}/2.

Hence by Assumption 3.3, there are constants cy, ..., cgx, > 0, so that

J

Then by Weyl’s theorem, for j = 1,...,min{7,, N}, with the assumption that
1Sy =24l = Op(z), W7, =451 < FIAS; —Ep)N[| < O[Sy =]l = Op()-
This also implies ||O; = ¢;1v/NTy = /(c1 + 0p(1)) Ty N.

Still by Weyl’s theorem, for j = 1,...,min{7Ty, N},

X 1 Ay /
W?_w%ﬂ < N_TOHQIGI_@I@IH

) ~ 1 .~ 1 1
< —6/16; =61l + —=6; — O4]> = Op(—= + —=).
— NTOH I|||| I I|| NTOH I [|| P(\/N \/T)
implying
~, 1 1
22 = Op(—— 4 —).
|¥5 — ¢ Pt 77

Then for all 7 < K7, with probability approaching one,

[ = = i = = = ] 2 (e — )2
07 =03l = W = wial = 19 =l = (g — ci)/2 (D.6)

with 1/1%(1 41 = Ci+1 = 0 because © 10} has at most K nonzero eigenvalues.
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step 2: characterize the eigenvectors
Next, we show that there is a K; x K7 matrix Hy, so that the columns of \/LNAHI

are the first K, eigenvectors of AX A", Let L = S}\/QZfS}\/Z. Let R be a K1 x K3
matrix whose columns are the eigenvectors of L. Then D = R'LR is a diagonal

matrix of the eigenvalues of L that are distinct nonzeros according to Assumption
3.3. Let H; = S;"/>R. Then

1 _ .
FASNAH, = AS28V?5 9V 25\ P Hy = ASy*RR'LR

Now +(AH,)YAH, = H{SyH, = R'R = I. So the columns of AH;/V/N are the
eigenvectors of AX;A’, corresponding to the eigenvalues in D.

Importantly, the rotation matrix H;, by definition, depends only on Si, Xy,
which is time-invariant, and does not depend on the splitted sample.

step 3: prove the convergence

We first assume K; = K;. The proof of the consistency is given in step 4 below.
Once this is true, then the following argument can be carried out conditional on
the event K; = K. Apply Davis-Kahan sin-theta inequality, and by (D.6),

LIATN — 26,64
||\/_ \/—AH1||F < — : 2 T2 (2
1 min; <, m1n{|@/)j_1 — 3 B Wj ]+1|}
< op(1)ﬁ||AzfA'—Fo®z®}ll

1 o o 11
< OP(l)NHA(Ef — Sp)N|| + N—TOH@I@J - 0,07 = OP(ﬁ + Ny

).

step 4: prove P(K1 Kl) =1.

Note that wj( ) = wj\/ T. By step 1, for all j < K, %2 >c¢j—op(l) >¢j/2
with probability approaching one. Also, ¢% ., < Op(T~Y/? + N='/2), implying
that

min 1/1J( ) > e, VNT/2, max%(é) < Op(T~V* + N~V4V/NT.

J<K i>K
In addition, V1/2 UOM2e < (/N + T)H2<(/NT) Y2+ for some small € € (0, 1),

1/2—e 1/2+e 1/2—€|1 3 |1/2+e€
min 0,(8) > 1/ IS/, max5(8) < op(L)py* O]+,

This proves the consistency of K 1.
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Finally, the proof of the convergence for A; and the consistency of IA(Q follows

from the same argument. Q.E.D.

APPENDIX E. PROOF OF THEOREM 3.1

In the factor model
it = ljwy + e,
we write €;; = T — @, it = lfw\t and p;; = llw,. The proof in this section works
for both models.
Let
Cnr = min{V'N,VT}.

First recall that (]?S, )\l) are computed as the preliminary estimators in step 3.
The main technical requirement of these estimators is that their estimation effects
are negligible, specifically, there is a rotation matrix H; that is independent of the
sample splitting, for each fixed ¢ ¢ I,

L )
IINZ(AJ-—HMj)ethIQ = Op(Cy7),
1

1 J
mzufzfs(fs_Hflfs)'uiseisHQ _ op(Ch),

i€G s¢l

These are given in Lemmas G.5 and G.6 for the factor model.

E.1. Behavior of fAt Recall that for each t ¢ I,

N
(JrooGne) 1= axgmin 3 (G — Qg — EXife)*
i=1

For notational simplicity, we simply write ﬁ = th and g; = gr., but keep in
mind that & and \ are estimated through the low rank estimations on data I. Note
that Xl consistently estimates \; up to a rotation matrix Hj, so ﬁ is consistent
for H;'f,. However, as we shall explain below, it is difficult to establish the
asymptotic normality for ﬁ centered at H, ' f,. Instead, we obtain a new centering

quantity, and obtain an expansion for
VN(fe — Hyft)

with a new rotation matrix Hy that is also independent of ¢. For the purpose of

inference for 6;;, this is sufficient.
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Let w;; = ()\ ‘Cit, a)', and Bt v LS, W), Define wy = (Ney, o), and

~

N Z Wit (it N fr — //Zzt)‘;ﬁ + i)

We have
7 ~ 1 R J
= B, — it (Yit — [t
<§t t N;wt(yt it th)
H1 ~ o~ (H!
S A e R ) (B.1)
Hy gy H2 gt
where

B Z )\ ezt )\ Hlezt X/e\zt) X»/e\it(o/Hg — &/)
B a;(NHyey — Y i) a;(aiHy —at) |

Note that the “upper block” of Bt_ St is not first-order negligible. Essentially

this is due to the fact that the moment condition

0
(9)\ —E\; ezt<yzt €zt)\ ft) 7é O

so is not “Neyman orthogonal” with respect to A;. On the other hand, we can
get around such difficulty. In Lemma G.7 below, we show that Et and §t both
converge in probability to block diagonal matrices that are independent of ¢. So
g: and f; are “orthogonal”, and

(A o
B;'S, = +op(N7?).
715, ( . H) (v
Define Hy := H; ' + H3H;'. Then (E.1) implies that

ﬁ = Hy f; +upper block of §’1@t.

Therefore ft converges to f; up to a new rotation matrix Hs, which equals H;'up
to an op(1) term HzH; . While the effect of Hj is not negligible, it is “absorbed”

into the new rotation matrix. As such, we are able to establish the asymptotic

normality for v N (ﬁ — H¢fy).

Proposition E.1. For each fized t ¢ I, we have

. 1 1
fo—Hypfo = Hy(5 > )\i)\gEeft)‘IN > Neiuy + Op(Cy7).
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Proof. Define

N - 0 HoolHy N - 0 a;(aHy — &)

Both B, S are independent of ¢ due to the stationarity of e%. But S depends on
the sample splitting through (Xz, a;).
From (E.1),

ﬁ _1 H1_1 t -1 1 Hi)\ieit

6
+ Z Agi, where
d=1

Xz/\z _H/)\z i P
it ! 46 t) (,uit)\;ft - [/Jit/\;ft)

-~ 1 H’)\iez- / ~ T
A5t = (Bt_l - B_l)_z ( ' t) (HitAift - Nit)\ift)

N [’IéO./Z
1 H’/\iei —~ T
Age = B_lﬁ Z ( I;’a t) (aNife — HaNifo)- (E.2)
i 2t

Note that B~1S is a block-diagonal matrix, with the upper block being
— 4 1 1 ~
Hy = Hi' (- Z MNEeR) T Z N(NHy — N)E€2.
Define
Hy:= (Hs+1)H;'.

Fixed t ¢ I, in the factor model, in Lemma G.9 we show that 2322 Ay =
OP(C](,?T), the “upper block” of Ag, %ZZ i€ (LN, fy — lgwt}\;ft) = OP(C;[%)
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and the upper block of Ay, is Op(C'_2 ). Therefore,
fo=Hif,+ H;' Z MNEE?) Z Nieittis + Op(CF2).

Given that H; = Op(C’;]T) we have H;! = Hy + OP(C;,%F). By NZi Ni€Cirllip =
OP(N_1/2)7

. 1 | _
fo=Hpfo+ Hy( > NiXEer) 1N > Neaui + Op(Cyi). (E.3)

O
E.2. Behavior of \;. Recall that fix i < N,

()\I 79 051 'L) - argmlnz Yis — Oé gIs ezs)\ fI s) .

Zaz

For notational simplicity, we simply write )\Z» -\ 1 and @; = @y, but keep in mind

that & and \ are estimated through the low rank estimations on data /. Write

To — ‘[Cyo.

-1
(B'S +1) H, 0_1 —(Hr 0
0 H, 0 H,

S f.fe2 f.g.é 1 Hyf, f.HEe? 0
D; = — {Aéiw fiqf . Di==> hsdelyEes /
TO S¢I gsfseis gsgs TO s(ﬁ[ O H
(E.4)
Proposition E.2. Fived a group G C {1,..,N}. WriteQ; := (2 3.1, f,fiEe?)™"
1 ~ / / 1
> (- HWN) = H! DY Qfseisuis + Op(Cy7).
1Glo i€G 1GloTo i€G s¢l
Proof. By definition and (E.2),

/):i AN fsezs ~ I T
<A> - D E ( ~ ) (yis - Nis/\;fs>
a; gs
sé]
HS- 1 H;fge; 0
= f Dy E ( /i ZS) Ujs + E Rgi,  where,
( g > TO s¢l Hggs d=1
Hffsezs
1 % )TO Z ( Hggs )

s¢l

99s9.H,

)
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~ 1 Hyfs(€is — eis)u;
. 1 fJs\Cis is)Wis
Ry = D' ( . )

s¢l
~ _ 1 fs/éis ~ \I'7
Ry = (D b D; 1)T Z ( ~ ) (/MsA;fs - /“S)‘;fs)
0 s¢l Ys
1 sé\is ~ 1y
Ry = Dﬁf Z fA ) (HisAifs — HisAifs)
0 s¢l Ys
Rei — 571LZ el 0 fs — Hpfs w
" To e\ 0 | 95 = Hygs
=~ 1 stis — AZSI 0 /;_H s
0% \ G 0 Jo 7 ol

=

Let rg4 be the upper blocks of Ry;. Lemma G.10 shows ‘g1| Zzeg HIA)i_l —
Op(Cy%). So ‘g|0 >icg lIRuill = Op(Cy7). Lemma G.2 shows
0 2oieg |7 Xsgr fs(@is = eis)uis|> = Op(Cy7), 50 g Yieg |1 Rasll = Op(CR7).
By Lemma G.12,
Z H_ Z [fs€is( Nzt/\ Js — Nzt/\/fS)HZ Op( 1?7111“)

1€G

IQI

|g| ZH ng paNifs — BN fo) |2 = Op(CRE).
1€G

So & |g| Zzeg | Rsill = Op(Ca ) |g|0 > icg lITail|- Next, by Lemma G.13, |g‘ > e il =
Op(Cy3). By Lemma G.14, |g|0 >icq lIreill = Op(Cy7). Therefore,

Z|g| > llraill = Op(CR7).

i€g

Now write Sf’[ = %Ozsgj fsf; and Sf = %Zs:l fS ;7

QI,i = TO Zfsf Ee; zs - S;}(Ee?s>_l
sgé]

Q= %Zfsf;Ee;i)*=S;1<Ee?s>*1.
s=1
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Then by the assumption Sf; = Sy + Op(T~/2). It remains to bound, for w;, =

€isUis,

HﬁZQIz— Zfs("}w“2 H‘g’ ZQ” Sf[ Sf Q_ZfstSEBZS’P

i€g i€G S¢I
< NS5 = Spl?ISy 1||||Sf1|||||g‘ Z Zfsww Ee?) % < Op(T72G[5).
1€g

This finishes the proof.
O

E.3. Proof of normality of ;. Fix ¢ ¢ I. Suppose T is odd and |I]g = |I¢]o =
(T'—1)/2. Let

— —-1/2
QI = |g|0|]|0 ZZQ fsezsuzs — OP( NT|g‘ )7

i€G s¢l
1 _ —-1/2
c = Q’L s€CisUis = Op(C : g )
QI ‘g’o‘[bezgz f P( NT’ ‘0 )
gle
Q = Q fsezsuzsa
\gy T ;;
J = Z AN, Ee’Lt Z i€ty = CN%F)
= A
’ \gro Z

i€G

Also Qr = Op( T\g| ) = Qpc follows from max; Zj |Cov(ugseis, ujsejs|F)| < C,
0

and max; [|]] < Al (F Z fsf’)(mlnZ Ee?)~! < C. By Propositions E.1 E.2,

fi— Hyfi = HyJ + Op(CR%) and a0 Dieg(Mri — H;'\) = H;'Qr + Op(Cy7).

Therefore,

1 =y =~ ) _
Glo Y Nrifre = Nife) = fiQr + XgJ + Op(Cy7).
i€g

Exchanging I with I¢, we have, for ¢ ¢ I°,

g o (eifies = Xif) = [iQue + 35 + Op(C5).
i€g

Note that the fixed t ¢ I U I€, so take the average:

1 n /Q + Q e N/ —
1G] Z(Q —0u) = t%—i_/\g‘]—i_OP(CN%“)
1€G
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1 .
ftWZ{ Z Qifseisuis+ Z Qifseisuis:| +)\gj

i€G “selcu{t} selu{t}
+0p(Cy7)
= flQ+ M;J + Op(CR2)
1 1
= + +O0p(Cy E.6
T]Q\OCNT NfNT P( ) ( )

where

- Q S~1s 1Sy
CNT \/WZZ i fs€ist

i€G s=1

Ent = by V,\ll\/—z)\ieituit

1 1
Vi = Z NNEes, Vi = Var(_ Z Ai€irtir F)
W = VAEIVMV,\?’

)y = 'V

Next, COV(&VT’CNT\F) \/WZ@»Z MgV A fiu fiE(wiwye| F) = op(1).

We can then use the same argument as the proof of Theorem 3 in Bai (2003) to

AgvaAg

claim that . ¢ ) ¢
——(n1T + =éNT
\/TIG N
lo 7 —% N(0,1).
XN

Also, when either |G|y = o(N) or N = o(T?) holds, 1/2013(6’ 7) = op(1).
Therefore, ZN;/Z';‘ Zzeg(A —0;) =4 N(0,1).

E.4. Two special cases. We now consider two special cases.
Case I. fix an ¢ < N and set G = {i}. In this case we are interested in inference

about individual 0;;. We have

- Q E Zfs €is zs 17 ENT,Z’ = ftvfzft + — )\ V)\)\

So Syt (0 — 0;) — N(0,1).
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Case II. G = {1,...,N}. Then |G|o = N. Set A = + >, \;. We have

N
o 1 ~
/ -1/2 ~ . d
VIN(N'VIA) N ;:1 (0 — 0;) = N(0,1).
E.5. Covariance estimations. Suppose Cy5 max;, e2u?, = op(1). We now con-

sider estimating >y in the general case, with the assumption that e;u; are cross

sectionally independent given F'. Then

V)\Q Z/\)‘/ ztuzt ) f T|Q| ZZQfoQ E €is zs|F)

s=1 ieg
The main goal is to consistently estimate the above two quantities. For notational
simplicity, we assume dim(f;) = dim(«;) = 1.
E.5.1. Consistency for V\. We have YA/,\Q,I = %2 X”X’Lﬁftﬁ%“? where Uy =
Yir — TNy fre — Q014
We remove the subscript “I” for notational simplicity.

Step 1. Show ||‘7,\271 — Vae|l = 0p(1) where Vi, = _1 Do AiXie wuiH L

zzt

By Lemma G.14 max;[||A; —H}’l)\iH + || @ —H;_loczH] = 0p( ). By Lemma G.17,
S = w1 €)= x| = waPOp(1) = 0p(1).
So we have
e Tl < v IRV T Zr N~ )
+= Z D€ UG+ — Z N (€ — i) (Wi — wir)”
+NZ/\?(6 ez + — Z)\f 2 (Wi — wig )y + ~— Z)\f 2 (W — uy)?

< op(1).

Step 2. Show ||[Vao — H 'VaoHy || = op(1).
It suffices to show Var(s >, A2eZuZ|F) — 0 almost surely. Almost surely in F

1
Var(ﬁz Nejuz|F) <

%

max; || ;]|
—y - maxE(eui|F) -
given that max;<y E(ef,u},|F) < C' almost surely.

The consistency for V); follows from the same argument.
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Therefore
/I,QV)\_LI]V)\Q,IV)\_LIIALQ — X&V)\j\g = 0P<]_)

E.5.2. C’onszstency ofo Write QI, = (+ Zs¢1 Iz Sfls) 15,7 foro? = 1 ZS L €3

Vf d = T0|g\0
Vﬁ 1- We remove the subscrlpt “I” for notational simplicity. Then simply write

‘/}f = f T|Q| szs 125/\225/\1 48 '

s 1€G

D sgl 2aicg szf] SfI SQ“ew is.7- We aim to show the consistency of

V; = H'S; Seua4SlH1
= S e S i

S

where o7 = Eé?,.
Step 1. Show H‘A/f — ‘7f|] = op(1). First note that

. 1 N
Sy = HySyty = 1 3 RF — Hyff{H; = On(T + N7)

We ShOW HT|g|O Z Zzeg fs s/A223A128A7, * HfT|g\0 Z Zzeg fS ; 125 %s z 4Hf||2 - OP(]->
Ignoring Hy, it is bounded by

Op(Cy7) max || o 5?53574“2 +Op(Cy7) 1o fesa
!Q\ T!Q\

s ieG

T|g|ogzu“ i) T|g| > ek @i +ui)a P + Op(1) max [

s ieg

By Lemma G.16, max, |U;s—u;s| = op(1), max; |62 —02| = op(1), Oyt max;, e2u?, =

op(1). So the above is op(1).
Step 2. Show ||[V; — H; 'V;H; || = Op(

)

It suffices to prove Var(Tlg‘ Doy Yieg foetul,o; “4F) — 0 almost surely. It is in
fact bounded by

1 “ 1
—_— F) =0
T2|g|gzs:%g:f €isU zs| maxa P(T|g|0>
given that = >, || fi||* < C almost surely. So

~ o~ o~ 1 1
fraVisfre — Vit = OP(f +

) = OP(l).

1
- -
\/Tlglo)

4|2

e

7
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APPENDIX F. PoLicY RELEVANT TESTS
F.1. Group effect dynamics of two periods. Consider testing
Hy: ég,tl = égm.

This test involves two time periods t1, 2, but we do not have to run the algorithm
twice to respectively estimate them. Instead, a simple modification of Algorithm
2.2 yields unbiased estimated 6;; at both ¢, t5. The main modification is to replace
t by the two periods when doing sample splitting. The modified algorithm is as

follows,

Algorithm F.1. Estimate 0,,,,0;,, as follows.
Step 1: Same as Algorithm 2.2

Step 2: Sample splitting. Randomly split the sample into {1,...,T}/{t;,t2} =
T'uI¢ sothat |I|g = [(T — 2)/2]. Denote respectively by Y7, X; as the N x |I|o
matrices of (y;s, x;s) for observations s € I. Obtain (K, ﬁ) on the two split sample

as in Algorithm 2.2.

Step 3-6. Same as Algorithm 2.2, with {¢;,¢2} in place of {t}. Obtain (Xu, th),
(}:Ic’i, f/}c7t) for t € {t1,t2}, and hence

1~ o~ o~
O = 5[ Tifre N fredl,  t € {t,ta},

~ 1 —~
Qg,t = = Z Qit'
Glo i€g
We shall focus on the case f;, # f;, for the two periods. If f;, = fi,, then the
problem is not just testing the equality for a particular group, but would be for
all individuals. In that case, the test statistic would be simply based on f:l — ﬁQ,

whose asymptotic null distribution is also easy to derive.

Theorem F.1. Further suppose N = o(T?), N = o(T*?|Glo) and ||f;, — fu,|l >

c > 0. Then under the null Hy : §g7t1 = 0Og.4,
Fnr(Og., = Og.,) = N(0,1)
where

1o oo o | PPN
~ -1 -1 / —1 —1
Uy = 5)\1,9‘/,\1,1‘//\2,1‘/)\1,1)‘179 + 5)‘ c,gv,\l,lcvx\llcVM,IC)‘IC,Q
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~ P P
Vg ity = §(fl,t1 — fr)' Vi (fren — fre) + §(flc,t1 — frets)' Vie t(fresy — freus)
L 1 2
ONT,S = —T|Q\ovt1’t2 + NU)"

Proof. The asymptotic analysis of @',tl and /0\7:,132 is the same as that of @t Thus the

same expansion (F.1) holds for {¢;,t5} in place of {t}. Therefore, for wy; = ejuy,

T
and X = \/ﬁ Ziég Zszl Qifswisa

N
1 1
—=X v)\l Z )‘i<wi,t1 - wi,tz) + OP(C]:[%)
=1

O, — O, = ‘X +
Gg,t1 Gta \/m(ftl ft2) \/N N ‘

= (1 +G+O0p(Cy7)

Let
- 2 - -
U]ZVTI = T|g|0 (ftl ft2>lvf(ft1 - ft2>7 a]2VT2 - N)\IQV)\)‘Q
~2

ONT — UNTl + CTNTQ

We now apply the same argument as the proof of Theorem 3 in Bai (2003)
to claim the asymptotic normality of ((; + (). We have (ER,ITJQ,E;,;’QCQ) —d
N (0, I). By the almost sure representation there exist random vectors (&;, &) =4
(UNTlCl,JNTQQQ) and (Z1, Zy) =% N(0, I,) such that (&,&) — (Z1, Z3) almost

surely. Now

G+¢ 4 ontabt +onT2e

ONT ~ 5NT~ _ _
_ ONT141 + ONT 222 n onta(&1 — Z1) + onr2(§e — Zs)
ONT ONT

=1 N(0,1) 4+ op(1) = N(0,1).
Next, [y < [(E2AGVaAg) V2 = O(VN). So 5y4Op(Cy3) = op(1) as long as
N = o(T?). This implies
UNT(QQ 1 é\g,m) —1 N(07 1)'

To prove (G375 — Oars)/Onrs = op(1), we first show ﬁA/g?VT,S = op(1)
where
A =00 — (fu = ) Vilfo = fi2),
by following the proof for the consistency of V; in Section E.5.2. But note that

here the consistency of vy, 4, is no longer sufficient, because under the null, it is
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likely fi, = fi,, in which case 0% = O(N~'). Then we need to show
N
TG0

To obtain a sharper bound for A, we refine the proof of Section E.5.2. We assume

A= Op(l).

_ 2 52 _
serial homoskedastlclty and redefine, for o2 TZS NG TES LU

~

Vi = .07 7, H'st Eul,0; °H, "
f f |g|0 = O4i0; f |g|OZ isTi

Then [V; = Vil = Or(Cyg) and [V = H Vi H | = Op( 7). Hence fi, -

fr)'Vi, f(J/c} n=T1)=(fu =) Vi(fu— fis) = Op(Cy}), implying A = Op(CR).
Hence T|g| ~N_A = op(1) holds so long as N = o(T%?|G|,).
Next, +(0y — AgVaAg)/ 0%r.s = op(1) is straightforward, where the consistency

of U is sufficient. Hence (6%.g — 0%r.5)/0%r.s = 0p(1). Therefore under the null

8]?/%“(99,151 - /e\g,tz) _>d N<07 1)‘

O
F.2. Test of group homogeneity. We now study the test of
Hy - éght =..= Qfglht.
Under the null, it is assumed that A\g, = ... = Ag,. Let é\gﬁt be the estimated

fg, +- Because J is assumed to be fixed, the expansion (F.1) also holds jointly for
{égj,t : j < J}. Therefore,

o~ — ]_ 1 3
egjv - egjz = —f/ Q’lml + _)\/ A + OP(072 )
L GeVT 2 VN o

i€G;

Putting together, jointly we have

é\gl,t —0g, 4 . 1
A — ) : ) = ﬁ[fj®ft/]M+\/—NAAt+OP(CN2T) (F.1)
Og,+ — bg,.1
where
ﬁ 2 icg, Sl ) g,
M = : A= :

1 N/
1GTo D ieg, Shimi Ag,
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N T
1 1

A = Vi l— E Ai€itlis, M = —= E fs€istis- (F.2)
VN VT s=1

We further assume that if i, j belong two groups, then e;u;; are independent
given F' and groups are mutually disjoint. Then Var(\/LT[I 7 ® flIM|F) is a block
diagonal matrix:

X o fiViafe 0
Ly ® fIM|F) = = _—D

Var( =
r 1 /
0 |gJ|Oftvf,ngt

1
VT

where Vg = %2321 Var (\/Tﬂ Ziegj Qi fs€istis F) . Additionally, let the (J —

1) x J matrix selection matrix be:

1 -1 0 o R
0 1 -1 0 - anfsVisafse 0

E — , DS —
6 1 1 0 |gi\0fé,tvf57gjfs,t

for $ = Tand I¢. Let D = %(ﬁ]+ﬁ[¢). We note that ZA = 0 and Z(0g, 4, ..., 0g, 1)’ =
0 under the null. So

1
VT(EDE)V*ZA = VT(E E’)””Eﬁ[b@f{]M
+VT(ZDZ) V220, (CRE). (F.3)

It remains to show three statements:

(i) VT(EDZ)2Z0p(Ci3) = op(1).

(it) VT(EDZ) V22 (1, @ fIM|F —* N(0,1).

(iii) [(EDE)"Y2 — (EDZ)~"2|(EDZ)Y2 = op(1).

Recalling Cy% = O(1/N + 1/T), A\uin(EZ") > ¢, and minj<; Amin(Vyg;) > ¢
Hence

1

IEDE)2) < ——— < Op(LLI7). fmax |G
|| )\min(::/>mlnjg‘](\gi\of{vf,gjft) P(H tH ) j§J| j|0

This implies (i) when both max;<;|G;lo = o(T) and T max,<;|G;lo = o(N?). In
addition, it is straightforward to check the multivariate Lindeberg-Feller condition,
so that (i) holds. As for (iii), let B = EDZ' and B = EDZ'. Both matrices are
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positive definite then

~ 1 ~es 1
B — B|| = Op(——————) max || ]V — flV, =op(————=+)-
|| || P<m1anJ |g]|0) i ||ft f,ngt ft f,ngtH P(mlnjgj |gj|0
Hence with the assumption that max; |G;|o/ min; |G;|o = O(1),
~ 1 ~
1B~ =B~ < |B~ =B~

A B) + VAL (B)
< VAu(B)|B = BI[IIBTIB7H,

so [B~Y2 — B7Y2|BY2 = op(max; |G;lo/ min; |G;|0)*/2 = op(1). This gives (iii).

(F.3) and (i)(ii) together imply T (ZDZ')~2ZA —¢ N(0,I). This, combined

with (iii), implies under the null,

VT(EDEY 22| | 29N, ).
g, .+
This leads to the desired asymptotic null distribution:
egl,t
T(Og, ¢, 00,) = (EDENTZ| = | =9x*(J - 1).
g, .+
F.3. Test of joint significance in a given time period. Consider testing:
Hy:0;, =0 for all 7.
With the factor slope structure, we assume that Hy is equivalent to
H(,) . ft = O

This becomes a more tractable low dimensional testing problem. By Proposition
E.1, for both S =1 and S = I¢,

—~ 1
fst— Hgsrfi = HS,fV)\_llﬁ Z Ai€it Uit + OP(OK/2 )-

Then the above expansion still holds with j}t and Hg ¢ replaced by %(ﬁt + ‘]/C\]c,t)
and f_[f = %Hl,f + %H1c7f.

We first derive the probability limit of H;. In the proof of Proposition E.1,
Hs = (H3+1)H;' = H; '+op(1) because Hz = op(1). In addition, the definition
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of Hj is given in step 2 of the proof of Proposition D.1, which only depends on
(A, F). Thus ||H; — H;'|| = op(1), and H; ' is nonrandom conditionally on F. We
have, under H{, conditionally on F, when N = o(T?),

V(T VA (Tt Fred) =4 N(O,T) (k.4

which then also holds unconditionally using the dominated convergence theorem.
Additionally, the consistency proof in Section E.5.1 shows ||17)\2,g —H}_lVAng_l | =
op(1) and ||‘A/M,5 — H}_lV,\le_lH = op(1) for both S = I and S = I°. Therefore
for
‘7A = %‘7,\1,11@271‘7,\1,11 + %‘7,\1,1Ic‘7>\2,IC‘7,\1,1Ic

we have ||XA/,\ — H7'WAH, Y| = op(1). Next, the eigenvalues of H;'VyH, ' are
bounded away from zero, thus (F.4) still holds with \A/A in place of Hy 1V)\Hi_1.
This yields

NE (oot TreaV U5 (Foe+ Frea) = X (@im(1).

APPENDIX G. TECHNICAL LEMMAS

G.1. The effect of ¢;; — ¢;; in the factor model. Here we present the interme-

diate results when z; admits a factor structure:
p— .
Tip = LWy + €.

Let w; be the PC estimator of w;. Thenlz = % > Tiswe, and ey —ey = U, Hy (W, —

Lemma G.1. (i) max; |e; — ei| = Op(dnT), where

- 1 -
(bNT = (CN2T(II1?X T Z 6123)1/2+bNT,4+bNT,5)(1‘1‘1%12412( HwtH)+<bNT,1+CN;bNT,2+bNT,3)~

S
So max; |€; — ey| maxy ley| = Op(1).
(i) All terms below are OP(C&%), for a fized t: % Zi(é\it—eit)‘l, % Soi(@—ein)?,
and % > (@i — eir)’es % Yo i (Ei — eir)ea, % > i@ — eqr)ue.

(iti) + 3" Nal (@i — ex) = Op(Cyy) for a fized t.

Proof. Below we first simplify the expansion of €; — e;. Let K3 = dim(l;). Let

Q be a diagonal matrix consisting of the reciprocal of the first K3 eigenvalues of
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XX'/(NT). Let

Cst = 37 E €isCit — Eezsezt E l; i€it,
2 __ E
o = N Eeit .
[

For the PC estimator, there is a rotation matrix H,, by (A.1) of Bai (2003), (which
can be simplified due to the serial independence in e;;)
2

_ o° _ o? _ 1 .
- wat = QT(wt - wat) + Q[TH:L‘ + ﬁ Zwslgeis]wt
1 ~ 1 ~ 5
+QT ; WsCst + QT ; WsWny.

Move Q"Q( — H,w;) to the left hand side (LHS); then LHS becomes
(I— Q" )(@w; — Hyw,). Note that ||Q] = Op(1) so Q; == (I — Q%)* exists whose

eigenvalues all converge to one. Then multiply Q; on both sides, we reach
Wy — szt = QlQ H + pm— Zwsllezs
+9, QT Z WsCst + Q1 QT Z Wswiny.

Next, move Q;Q[% “H, + TN > i WslieisJw, to LHS, combined with — H,w,, then
LHS becomes w; — H, 'w;, where H, ' = (I+ QlQ" VH, + QlQTN > i Wsliess, and
9, Qﬁ > Wslieis = op(1). So the eigenvalues of H ' converge to those of H,,
which are well known to be bounded away from both zero and infinity (Bai, 2003).
Finally, let Ry = ©;Q and Ry = QIQ >, Wsw,, we reach

Wy — Haz_lwt = RIT Z @sgst + R277t- (Gl)
with || ;]| + ”RQH = Op(1).
Also, I = 7 >, 2w, for Q3 = —H,(Ri75 > m.s<1 CmsWm Wy + Ry >™ nsl) =
Op(Cy7),

e —ew = UH (0, — H, 'wy) + (TZ — l;H, )W,

3 x

_ _ 1 . TN
= UH, (0, — H 'w;) + 7 Z eis (W, — wLH V)i,

7
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+—= ZewwH_l/AleH ZH Wy — W )W,y

T2

s;m<T

1 _ _
= = Z eisw, H Uiy + — Z €isCms W, Ry W; + T Z eis1s Ry,
_ 1
+i Qs + I H, Ry > @G + L Hy R (G.2)

(i) We first show that maxy<r ||@0; — H, 'w,|| = Op(1). Define

1
byti = max _Zws<€is€it_Eeiseit)H

t<T
bNT,2 == I{l<a,12( ? Z Z €is€it — Eezsezt) )1/2
bNT,3 = I}1<aTX ||— Zl ezt”

bNT,4 = HllaX H? ; eistH

1
bNT,5 = mlaJX HW le(ejseis — Eejseis)H
VE

Then
1
max H_ Z wsCall < Op(1) max H_ ZwsCstH + OP(CNT)<maX T Z Szt)1/2

t<T
s

= OP(bNT,l + CNTbNT,Q)-

Then by assumption, max,<r |0, — H, 'w,|| = Op(byr1 + C;,lTbNTg + bnrs) =
Op(1). As such max;<r ||| = Op(1) + maxi<r ||w|.
In addition,

1 _ B 1
max (| > Y et < Op(Cp)(max — 3 €)' (— Z ¢

m<T s<T s<T s, t<T
+0p(1 max Z )V (= Z HTN Z €jtejs — Eejtejs)wt||2)1/2
= OP(Cfsz) m?XT Zeis 1/2-
So max; ’/e\it - eit‘ = OP(¢NT)7 where

1
ONT = (C&ZT(m?X T > 655)1/2+bNT,4+bNT,5)(1+r§1<ajz< [wel])+(bnr1+Crpbaratbyrs).

S



ONLINE SUPPLEMENT TO “INFERENCE FOR HETEROGENEOUS EFFECTS USING LOW-RANK ESTIMATION

(i) Let a € {1,2,4}, and b € {0,1,2}, and a bounded constant sequence ¢,
consider, up to a Op(1) multiplier that is independent of (¢,7),

1 ~ ) 1 1 o
N Z cieé’t(eit —ey)t = N Z cie?t(f Z eisWs ) Wy
i 1 i 15 o
o D il D €isCnsn) ]
% s,m<T

kDo Sl + s
—1—%20&”[? Zwscst TN ZCZ alini (G-3)

Note that
1 N 1
T ; WsCst < OP(l)ﬁ ; ws(eiseir — Eejseqr)
1 1 _ _
i D25 Do (ewern — Eesea) ) 200 (i) = Op(Ci3)

1 1
2l D eaw)t = O(T ), a=24, b=0.2

1 9 vo, 1 242 1 1 212
™ Z Cins) (fzwm) WZ(TZ%)

% s;m<T m,s<T

1 1 1 212 -4\ _ —4
Sy o =0t

wor Lot
%Ziglz%cmv%zw;

_Z ; ;ew(ms Op(Cy7) = Op(CRY)
N Zﬁ 3 e?y(f ;nff = Op(C7)
izen Zels'rzs = OP(ZCNQT) S

1 1 _ _
N > 6?#3(; > wila)* + Op(Cy7) = Op(Cy7)

=
30
Ay
>
S
g
'S
IN

=~
(]
3=
AN
o
o
&
3
A

ZIH
= Nl =
o
S
—
IA

2]~
-
:‘.@
M
S
&y
IN

Op(Cy7)

1
—Zczelt Zezsws) = Op(l)(W Z Z cichwalE(eitejteisejl|W))1/2

ij<N sI<T

N
HTH
Eg .
D
VAN
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' , = Op(Cy7)
N Z Cieit(ﬁ Z eiSCms@m) S OP(O]?/%) + = Z Czezt Z Z ezsgmswm
7 s,m<T s<T m<T
< OP(CNT + Op(1 Z E(+ Z Cmswm)Q)l/2
s<T mST
OP(CK/T)'

where the last equality follows from the following:

S EG Y G = 0 4 23 S B Cov(Ga Gl 1)

s<T m<T s<T t#s

+%lelzmw@mmwm

s<T m;és t<T

_ Z Z —Ew tNQ Z E(eisejs|W)E(ewe;]W) = O(Cyr).

s<T t#s

With the above results ready, we can proceed proving (ii)(iii) as follows.

Now for a = 4,6 =0, ¢; = 1, up to a Op(1) multiplier

%Z(a’t —ey)! = %Z(% Z cistws)* N Z T2 Z CisGms )

s;m<T

—{—% Z(% zsj 61’5775) + Qg + (T Zg: wsCst) + nt

Op(Cyr).

IN

Fora=2b6=0,¢ =1,

%Z(a’t - €it)2 < %Z(% Z eisws N Z T2 Z €isCmsllm )*

s;m<T
1 1
N Z(f Z eisn,)? + QF + (T Z WsCat)? + 1
< Op(CH7).

Fora=2,b=2 ¢ =1,

% Z (@ —eu)? = %Z e?t(% Z eisWs)” + % Z eft(% Z CisCmsWm )

s,m<T
1 1 1 N
N Z egt(f Z eistly)” + Q3 + (T Z WsCat)? + 1

Op(Cy7).

IN
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Next, let a = b =1 and ¢; be any element of A\,

%Z cieir(€ir — i) = %Z Cieit(% g €isWs) + % ; Cieit(% Z CisCmsWm)

s;m<T

—l-% zl: Cieit(% ZS: eistly) + % Z cieitl; Q3
+% Z Cieitli(% ; WsCot) + % ; ci€itling

< Op(Cy7)-

Next, ignoring an Op(1) multiplier,

% Z i€ — ei)uy < % Z )\i% ; €isWsUst
+% Z )\i% Z €isComs Wn Uit + % Z )\il Z €isT)sWit

s;m<T

+o ZAZquﬁ Zuu,t Zwscst+ ZAzzmuﬁ

< OP(CNT)

(ili) Let @ = 1,b = 0 and ¢; be any element of \;o,

Y alE e = %Zci(%zeiswmizq(% S cisGnsin)

) s;m<T

1 1
+N;Ci(?28:6wns + Q3+ Zwsgst +77t
< Op(Cyy),

where the dominating term is 7, = Op(Cy1).

Lemma G.2. Assume maxy |e;|Cyt = Op(1) and Ee§, < C.

Let ¢; be a non-random bounded sequence.

(i) maxier 7 >0, (€ — €)' = Op(1 + maxier |we|[* + bygo)Ong + Op(byp +
bNT 3)-

max<r % Y@t —ea)?eq; < OP(l + max<r [Jw|* + bNT 2) Max;; |@it|2CN2T

+OP(b?VT,1 + b?VT,S) max<r N >oieh

max; |% >oicilEw — ei)eir] < Op(1 4+ maxy<r ||we|| + bnr2) maxg, |€it|C;f%p

+ max;<r ||% > cieil[FOp(bnra + bnrs).

max; | 2, (€ —eir)’| < Op(l4+maxier [|wil|* +b%7,5) Oy +Op (bry +b3r3)-
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max;<r 3 2, (€6 —€ir)” < Op(L+maxeer ||wi]]* +b%7.5) O+ Op (Vs +br3)
max; ]% Yoicilé—en)| < Op(1+max<r [Jwi|]) Crna+O0p(byra+byr3+Cxnrbars).
max; glr Zt(elt en) < OP(b T4t bNT,5 + CNT)'
(n) All terms below are Op(CN7): =z Do (€ — €)*
NT Zzt(ezt ezt) ; NT Zzt zt(ezt eit)2> % Zt |% ZZ Ci(eit - /e\it)|2mfy where
= 1t S e PO + o)
(m) All terms below are Op( ) A % > i@ — e,
:T Zt |N Zz ci(€i — eit) |2’ T Zt ’N Zz ci(€ir — eit)uitP:
ﬁ Zieg “% ngj fs(ess — 6is>uisH27 ﬁ Zieg H% Zs¢1 fseis(€is — €is))\;~sz2,
o 2ojeq 175 2overe w 2 Cifielen — €)l®

Proof. (i) First, in the proof of Lemma G.1(i), we showed max;<r ||| < Op(1 +
max;<r ||w||). By the proof of Lemma G.1(ii),
1

1 1 1 1
IgaTXN Z(eit —eu) < Z(— Z €isWs) rgag<wt + 5 Z(—2 D €isnstim) max i}

s,m<T

N Z Z €isTs) max wt + Q4 max wt + max ZwSCSt + max nt

< Op(1 + max ||wt|| + bNTQ)(CNT) + OP(b;1VT1 + bNTg)

Next,
I?g;(—g elt €ir — elt = I&&T)(NE ezt g €isWs) maxw —I—maX—E eZ“Q3maxwt

1 2 1 2 ~2
+Itn<a’TXNZG“(ﬁ Z €isCmsWim,) max @;

s,m<T
1
- 20 )2 ~2
+max Z%(T > eistl)? max
1 242 1 ~ 2 1 2712 2
+ I?Sa’j?( N Z eitli (T Z wSCSt) + rtnga’gc N Z eitli T]t

7 s 7
Op(1+ max [|we ||* + b?VT2) max |eit|20;,%

+O0p (b T1+bNT3 maX—Zezt

IN

1 N 1 1
N Z cieir(eir —ey) < 1{1<aTx N Z Ciez‘t(f Z €isWs )Wy

7
+I%l<az¥_ § C'Lezt T2 E ezsCmswm

s,m<T
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t<T

1 —~
max N Z ci(éy — eit)2

1
/ A~ A~
+ max — g ciei(= E €isMy )Wy + Max — E cieil; Qs max

t<T

1 1
+ Itn<aig< N Z Cieitl Z ws(st + maX X5 Z cieitli 1%3,22( yr

IA

Op(1 + max l|we|| + by 2) max ’ezt|CNT

1
+ max ||— Z cieitli||[ FOp(bnra + Ont3).

t<T

< N;cz Zezsws maxw +max Zwsgst +max77t

1 1 ~ \2 ~D
+Nzci<ﬁ > €isGnstln) max i

% s,m<T
1

1
+ ' ci(TZeisn;) majgcwt +maxQ3wt

7 S
Op(1+ max [Jwe]|? + bNT,2)CKrT + OP(bNT,l + b?\/T,Z&)?

IN

1 ~ 1 Z 1 Z .
I?Sa:ﬁ{ N Cz(ezt ezt) = N : Cz(T ezsws)%wt

Finally,

1 ~
hax - Z(eit —eir)?

1
t

1 1 . N
+_ Zcz<_2 Z eisgmswm) I{lgawat

s,m<T

/ ~~ -~
+ g ¢i(= E €isNy) MAX W + Q3 max Wy
<T t<T

+rtn§ajz< Zws<st +max77t

IA

Op(1+ 1}% [we|)Cx% + Op(bnr + byt + Cypbar)-

IN

maxlz Zeww 1! +max12w§<i2 S ealnal R

s,m<T

—l—maX—Zwt Z eisn), Ry)? +maX—Z (1iQs)”

1
+max ;(lngle D WiCa)® + max ; n?(I'H,Ry)?

Op (bNT4 + b?\]Tﬁ + Cy7).

IN
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(ii) Note that max;<r [|i¢|> = Op(1) +O0p(1) max;<r ||we]|?> < Op(1)+o0p(Cn7),

where the last inequality follows from the assumption that max;<r [|w||* = o p(C NT)-

N7 St < 5 S I 0P Y X e + 0y 3 Gl
it s,m<T
o antH?maxnwtn[ Z(%Zem + 0y
Z ngt OP NT Z + = Z Zwsgstyl

< (0p(1 ) ‘|‘10P(CNT)>CNT + OP(C )
+0p(1 >f Z Ti Z EwiwwiwsE(CorCreCieCome W)
t s,k,l,m<T
= Op(Cy7).
Similarly, ﬁ > (i — eir)? = OP<CX/2T)'
L 62 (/6\7,75 o eit)2 < L 62 @2<126i57’]$)2 + — 1 262@2(126'510 )2
NT a it =~ NT — it Mt T - NT ittt T 1 s
1 o, 1 ~
+ ; 67,2tw752<T2 S;T €isCmsWm)” Z thwf 1/Q5)?

+ﬁzezt Zwsgst + T;ez‘t(l;nt) = OP(C]QT)-
Next,
= t (3 2 eilew —En)fmi - < 12 Zcz Zewws
+= th Z T2 Z 618Cmswm 2

s;m<T

+—= ! th ZCZ Zezsns
+? Z A2Q3 T Z mt ; wsCst T thnt

t
= Op(Cy7).
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S Iglga%(”@t - watHQ%zt:[(%zi:ci%zeiswseit)z " Z Zczezt gezSCms
+l Z wf[(% Z Ci% Z eiswseit)2 — Z Z Ci€it Z ezsCms
% s 5<T
+= Z AQ Z Cil Z eisnseit 2 m Z 07 (+ Z CZl/eZt) Q3
- Z Z ciliei) Z G+ Z Z cilic)* = Op(Cyr).

Next, to bound £ Y, (% > ¢i(€n — €:)?)?, we first bound £ Y-, @}. By (G.1),

IS @t < 0p()+ =3 | — Hbw !
Tt o fzt:wt jtl 1 1
< Op(W) + 7 0 Il + = Dl Do wlull* + 5 D (5 D AP 0p(Crt)
t t S t S
— 0p(1).
Thus
e Z Zcz €it — eit)2)2
t¢1 i
< 20 el e+ £ Sl Y atg Cean
tgé[ s t¢]
1 zw zf+%z<%zws<st> Sy zczt Y0p(Ci3)
t¢[ t¢11 1 tdl s tgj
+= Z Z Z (? ZeiSCms>2)2 - OP(O;[4 )
tgé[ m<T s<T

And up to an Op(l) as a product term,

|Q| Z” th €it — €4t uzt“

t¢1
~ 1 1
< ,g‘ le S fautn|*( T2 > eiscmswmnu||—Zeisws||2+||fzeisns||2+||gg||2)
zEg t¢1 sm<T s

Z” thuztlzntHQ Z“ thuzt ZwsgstHQ
|Q| |G|

1€G t¢l i€g t¢l
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It is easy to see all terms except for the last one is Op(Cy7). To see the last one,

note that is is bounded by ,

op(1)%2(@s—ﬂst =3 Z ,+ Op(1 |g‘ Zu S fut >l

t¢1

‘g’ Z || th jt Zws Z €is€it — Eeiseit)||2

Jj€g tgé[ i

< OP(CNT) + OP

= Op(Cy7)

since e;; is conditionally serially independent given (U, W, F') and w;; is condition-
ally serially independent given (E, W, F).

The conclusion that |g| o |7 > sgr fs€is(€is — eis) Nifs||? = Op(Cyy) follows
similarly, due to max; Y,y [(Eegeje| F, W)| < C.

Next, for a := ﬁ Zjeg > ||Tl0 > iere Ciftene]|* = Op(Cy3),

|Q|OZ” Z Zczfteytezt ol

t€I°

Z H— ZemwsHQ + H D Cislns Wyl + Hl Z eists||” + (| Qs|”]

s m<T

’g|0 Z “_ Z ft it ZwsN Z €isCit — Eezsezt)H

t‘EIC

IN

+’g_| Z ||N Z Z ft €jtCit — Eejtezt || + — |g‘ Z || Z Z ft Ee]telt”
0 jeg 0 dere 0 17
= Op(Cyp)-

O

G.2. Behavior of the preliminary. Recall that

(fsags) = arg mlnz Yis — &;gs - xisngs)27 S §é I

fs,9s —

and

(Ai, ) = argmmz Yis — OlGs — 2isNif)?,  i=1,..,N.

iyt

The goal of this section is to show that the effect of the preliminary estimation

is negligible. Specifically, we aim to show, for each fixed t ¢ I,

H—Z( — Hi\j)eu|* = Op(Cyr),

J
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1 1 o )
m Z ||f Z fs(fs - Hl 1fs),,uiseis”2 == OP(CN;{)
1€G s¢l

Throughout the proof below, we treat |I¢| = T instead of T'/2 to avoid keeping
the constant “2”7. In addition, for notational simplicity, we write A= /N\I and
A= g[ by suppressing the subscripts, but we should keep in mind that A and
A are estimated on data Dy as defined in step 2. In addition, let E; and Var; be
the conditional expectation and variance, given D;. Recall that X, be the vector
of x;s fixing s < T, and Mz = Iy — g(@ﬁ)_lg’; X, be the vector of x;, fixing
i < N,and Mz =1 — é(é’é)_lé’, for G as the |1¢)o x K7 matrix of g5. Define
F similarly. Let L denote N x K3 matrix of [;, so Xy = Lws + e,. Also let W be
T x K3 matrix of w;.

Define

Dy, = %/N\’diag(Xs)Madiag(Xs)K
D, = %A’(diag(Xs)Madiag(Xs)A
Dy, — %A’E((diag(es)Madiag(es))A+%A’(diag(st)Madiag(st)A
Dy = %ﬁ’diag(Xi)Mgdiag(Xi)ﬁ
Dy — %F’(diag(Xi)Mgdiag(Xi))F

_ 1 1
Dy, = TF’E(diag(Ei)Mgdiag(Ei))F—|—TF’(diag(Wli)Mgdiag(Wll-))F

By the stationarity, D; does not depend on s.

Lemma G.3. Suppose maxy €2, + max;<r ||wi]|> = op(Cnr), max;<r E||w||* =
0(1). > |Coves, ejslws)| < oo and ||Eesel] < oc. 3 > ijnt Cov(eiseys, exsers) <
C. Also, there is ¢ > 0, so that ming min; ¢;(Dys) > c¢. Then

(i) max, | Dy, | = Op(1).

(i1) 7 Xagr D7, = (H{ Dy )™ * = Op(Civp).

Proof. (i) The eigenvalues of D4 are bounded from zero uniformly in s < 7. Also,

EfS—H{DfSHl = Zél, where
I

1 ~ -
5 = (A~ AH;)diag(X,) Madiag(X,),
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1 ~
by = NH{A’diag(Xs)Madiag(Xs)(A—AHl)
1
03 = NH{A’diag(Xs)(Ma—Ma)diag(Xs)AHl. (G.4)

We now bound each term uniformly in s < T'. The first term is
1

- _ 1 ~
N(A — AH,)'diag(X,) Madiag(X)A < Op(l)\/—NHA — AH,||r mi?X x?s = op(1)

provided that max;, 22, = op(Cyr). The second term is bounded similarly. The
third term is bounded by

1 ~
Op(1) misr | Ma — M| = Op(1) | A — At masr, = o0(1)

This implies max; ||ZAjfS — H{ D Hy|| = op(1). In addition, because of the con-
vergence of H\/LN(K — AH,)||p, we have min; ¢;(H{Hy) > Cmin; ¢;(+ H{A'AH,),
bounded away from zero. Thus min, min; ¢;(H{DssHy) > ming min; ¢;(Dy,)C,
bounded away from zero. This together with max; Hﬁfs — H{ Dy Hy|| = op(1)
imply ming ||5]751H = Op(1).

(ii) By (G.4),

—ZHD (H{DysHy) ™"
S¢I
T Z 1D s = (Hi Dy H) ||| (H} Dy Hy) 7| max || Dy |

IN

IN

1 ~
Dr > 1Dss = (HiDyH)?

3
= 0o 2 Sl
=1 s

We bound each term below. Up to a Op(1) product,

1
?ZH&HZ < ZH)\ — HiM P ||2 szs T
s¢l sé]
< ZH)\ — HiMP( ||2 Z(1+6?sefs)
sé]

ZHA HINIP | (fzei)m

s¢l
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{e;s} is serially independent, so e;s, €;5 are independent of HXZ—H{)\JPHXJ —H{\ |2
for s ¢ I. Take the conditional expectation E;.

1
Sl < N22HA HAIPIIP S B+ )

s¢l s¢]

+WZH)\¢—HQWH I\ 1%Ex( TZ% )% = Op(Cy7).
i

s¢l
Term of 7 Do ||(52||2 is bounded similarly.

T Z 631> < Op(1)[[Ma — Ma|| = Op(Cy7).
s¢l
Next,

1
= Z |Dgs — Dys|” < Z I+ Z NN Mo i (w555 — Beisejs — Lwglw,) |5
el Z ||— Z NiN; Mo ij(eisejs — EelseJS)HF
_ZH_Z)‘/\/ azjl;wsejsnF

We assume dim();) = dim(p;) = 1. As for the first term, it is less than

—ZVar Z)\')\/*Ma ijCisCjs)
< = Z R Z |Cov €is€js; exseis)| = O(N )

ijkl

IN

provided that % Zijkl Cov(e;sejs, exsers) < C. As for the second term, it is less
than

1 1 _
D D Ewl s D [Covles eufws)| = O(N)
s 1)

provided that %Zw |Cov(es, €jslws)] < oo and ||Eesel|| < oo. So 7>, ||Dss —
Dy|* = Op(N7H).
U

Lemma G.4. Suppose max;; e}, = Op(min{N,T}). (i) %Hﬁ—FHl_l,H% = Op(Cy7) =
#lG = GHy V|5, and £ 30,4, |Lfe — Hy ' fillPelul = Op(CR7).
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(ii) max; | Dy | = Op(1).
(iii) £, 1Dt — (HT "D HTY) Y2 = Op(CR2).

Proof. (i) The proof is straightforward given the expansion of (G.7) and max; Hﬁ;; | =
Op(1). So we omit the details for brevity. (ii) Note that

5/\2' — Hl_lD)\iHl_ll = Z(Sl, where
l
1 ~ ’ -~
6 = T(F — FH; V) diag(X;) Mzdiag(X,) F,
1 ~ :
5y = THl_lF’diag(Xi)Mgdiag(Xi)(F — FHY)
1 :
03 = THl_lF’diag( ) (Mz — M,)diag(X;)FH; . (G.5)
The proof is very similar to that of Lemma G.3.
(iii)
1 ~_ LA
N Z ||D)\z'1 - (Hl 1DMH1 ' ) 1H2

1 ~ ,
~ 2 1 Dsi = (HT Dy H V) |P mae | (Hy Dy )~ 1 D57

IN

IN

1 ~ I
_ZHDM_(Hl Dy Hy )|

- Z Znazn?wp ZHDM D™

We now bound each term. With the assumption that max;; 2}, = Op(min{N, T}),
1 1, = v 1~ 1 .
SN0l < I F = FH|F Mg — My|P S FllE e D Idiag(X0)]|*
l o= ] _ l
bl A 3 dag(x0)

1 1 ~ / . . /
t > I (F = FHfl )'diag(X;) Mdiag(X,) FH; V|”

IA

OP(O]:/ZT{) HliilXZL‘zt szzt Z tsxzsfs OP( )
Op(Cy7).

IN
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L 37 1182]1 is bounded similarly. £ 3 ||03]> < Op(1)||Mz — My||* = Op(Cy5)-
Finally,

%Z | Dy — Dyl|* < %Z Hl Zfsf{Mg,st(xisxit — Beiseq — Lwsliwn)|[7
< Z = Z fofiMy si(eiseir — Eeisen) [
+0p(1 ZH_Zfsft My qwseq||
<

ZH th weei [z + Op(1) ZH_Z.ftgtethF

= OP(CNT)

Lemma G.5. Suppose Var(ug|ey, e, ws) < C and Cypmaxy, [755]? = Op(1).
(i) For each fized t ¢ I, + 3" .(H{N; — Ni)ew = Op(Cyp).
(ii) %Z@IH% S cen(hi — HIN)|? = Op(Cyx) for any deterministic and

bounded sequence c;.

Proof. Given that the |I¢| x 1 vector y; = Go; + diag(X;)F\; + u; where u; is a
|7¢] x 1 vector and G is an |I¢| x K; matrix, we have

No= ﬁMl%ﬁ’diag(X-)ngi
— H\\+ Dy, 1TF diag(X,)M;(GH; Y — G)Hja,
+5Ml%ﬁ/diag(Xi)M»gvdiag(Xi)(FHl_l — F)HI\ + 5M1%ﬁ’diag(Xi)M§ui.
(i)

Step 1: given Ee}, f2 + €2 fAw? < C,
\/_N Z eq(Dy} — (HllDMHll')1)%f’diag(Xi)M§(GH21/ — G)Ha;
< Op(VNC) + Op(VNORR) (i SO = i £.%) 7 mas [
< On(VNC52) + Op(VNCS) max o] = Op(VNC32).
Step 2: Dy; is nonrandom given W, G, F,
—— Y eu(H{'DyH ") 1%ﬁ’diag(Xi)M§(GH21' — G)Ha;

< Op(VNCORE)(a'? + b)) where
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a = l ( H fs O‘zeztD)\l Izs
T
s
1 ,, 1 _
b= = SO (% > aieitD/\i i)
s %

We now bound each term. As for b, note that for each fixed t,

1 _
E((_ Z aieitD;ilxis)zva G7 VV) us)

< Z o %DM eis|F, G, W, ug)? + E(— ZazeltDMll we|F, G, W, u,)?
C C wg||? _
S N + ||N H -+ (Eﬁzi:(){ieiteisDM”F, G,VV,U,S) (G6)

with the assumption % Zij |Cov(ejiejs, eneis| F, G, W, u,)| < C. So
1 1 _
Eb S — Z f2 - Z ozieitD;ilxis)Q S O(C&%)
a = — Zf A’dlag s) Mzdiag(X,)(AH; — ZazeztD/\Z Ti)?
+= Z —A’d|ag (X,) Mgdiag(X,)(AH, — N H ' f,)? Za,eztDm Tis)?

+— Z fs A’dlag Mus Z&enDM xzs

< OP(CX/T> Hllfle xisf ; EfSQ(_ Z O‘ieitD)Tilxis>2
1 1~
+0p(1 )T Z(—A’diag( ) Mzu,)? Z ey DY ais)?
< Op(Cy%) +0p(1 Z E( A’d|ag o) Mau,)? Z ey DY aig)?

_ 1 _
+Op(C) max o > Ellus|I*E(( N;ozieitl?/\i 2i0)?|us)
= Op(Cx>) +0p(1 )(a.1+a.2).

We now respectively bound a.1 and a.2. As for a.1, note that Var(ugle;, es) < C

almost surely, thus
1 11
E (7 \'diag(X.) MatsJer, e.)* = ~~-Ndiag(X,) Mo Var(u, e, ;) Modiag(X,)A
1 1 /9 2
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As for a.2, we use (G.6). Thus,

1 1 _ 1
a.l < T Z E(N zl: aieitD;ilxist(NA'diag(Xs)MauAet, es)?

c1 1 Aol N2 Lo 2 -1
< NfZE(_Za‘eitD/\i Tis) NAd'ag(XS) A=O(NT).

1 A-1. \2
a2 < C’NTmaxxlSTNZEHusH E(( _ZaieitD/\i Tis)"|us)
< Eflus|2<
— ONTmaX’xZSTNZ ||U5||
1
+Cy Tmax:r;wTN E||us||*(E Zaleltew o F ug)?
< O(Cyp).

Put together, a'/? + b2 = O(Cjyy). So the first term in the expansion of

1 1 o~
\/_NzeltD;ZlfF dlag(XZ)Mg(GH21 —G) QOéZ OP(\/_CNT)

Step 3:

IN

IN

1 ~ _ 1~ ;o ~
-~ > ea(Dy)! = (Hy'DyHy'! )*1)TF’di.a.g(Xi)Mgcnag(xi)(FH;1 — F)H\
: 1
OP(WC&%(— Z e?t||F’diag(Xz‘)Mgdiag(Xz-)||2)1/2
+0p(VNCR] e} ||diag (X)) /*[|| My — Mg||—=|IF|| + —=|IF — FH; ||
) Z : f f

(\/_CNT NT Z Z ezt s zs 1/2

+O0p(VNCR2)( NTZfoseftgg kagkxm )12
—I-Op(\/_CNT)maxx —Op(\/_CNT)

Step 4: note £ Y (% > NeaDy' el )? = Op(CR7),

<

]. _ — 1\ — ]. =~ 1/ . . 1/ =~
ﬁ Zeit(Hl 'DyHY) 1f<F — FH; ") diag(X;) Mydiag(X;)(FH; " — F)H\

Ob(VNCs mpx
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1 =~ NT . _1/
Zen TIDGHTY)T 1T(F—FH1_1)d|ag(X,~)Mgd|ag(Xi)(FHl1 —

IA

Op(\/_C];T ) + \/_T Z(}; L) Z NewDyta?,
Op(VNCR2) + max ; Op(\/_C’NT NT ng ?Z Niei DM
+maxm280p (VNC2) = Zw Z)\?xis SN Z)\ e DE
+\/NT Zws(ﬁf\’diag( Y Myu,)? Z New D

< Op(VNCRZ).
Step 5: First we bound w7 >, >, (fs — Hy ' f.)2e%. We have

IN

fo = Egsﬁﬁ’diagm)Mays
= H'f,+ 5—1%Tx’diag(xs)M&(AH2 — A)H; g,
+D7 INA’dmg(XS)Madiag(X)(AH1 NH{',

—I—DJ?SINA’diag(XS)MauS.

So
ZZ Hi' fo)el,
. 1 _
- szei—lmd'ag(Xs)H2[9§+—I\usl\2]0P(CN2T)
o s¢l
1 ~
HOp(1) 3 Z(mx—x)?m;»x—ZZEIewa—HA'dIag( D2,
v s¢l
ZZ er.( A’dlag o) Maug)?
—TZZ(EZ-S—HdIag (Xs) Maus|?Op(CNT)
= Op(C37)-
Therefore

FYH!\;

1 I B , v~
ﬁ;eit(ffl 'DyHTY) 1?F diag(X;)(M; — M,)diag(X;)(FHY — F)H|\;
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< Op(VNCy1)(5 ZA? iTZ W) NTZZ — Hy'f,)%el)"
< Op(VNCRY),

where the last equality is due to 7= >, ngé[( — H{f)2e2 = Op(Oya).
Step 6:

1
Zen T'DxHTY)” | diag(X;) M,diag(X D(FHY — F)H},
Op \/_C'NT Zf Z)\ z2ei DY) 2)1/2

+0P(\/_CNT Z Z 'I.ZS)\ eztD)\z T Z kazkgk 1/2
— On(VNCRL) (@2 + B2).
We aim to show a = OP(C ) =b.
Ea = = Z Ef( Z )\w?seitl_);il 2

S _Z N2 Z Ef2)\ D)\zlA D}\]IE( 15 ]s’F>COV(eZt76]t|F G W)

IA

+= Z Eng2 Z NlZw2 D3N\ Dyt Cov(en, e | F, G, W)
+T Z Efszm Z )\lews ;ilD;jl)\iljwsE(€jseis‘F)COV<€jt, Git|F7 G, W)
s i
= ?P(N_ )-
Eb = ? Z Egs Z xzs)\ 6ztD>\Z T Z fk:Ezkgk
= Op(Cy7)-
Therefore the second term is
J_ Z ey D5} F diag(X;) Mzdiag(X,)(FH; Y — F)H\\; = Op(V/NCR2).
Step 7 < 2, e Dyl & F'diag(X;) Myu;.
~ _ / 1~ .
ﬁ Zeit(D;il - (Hl_lD)\iHl_l )_1)fF’d'ag(Xi)M§Ui

1 ~ _ TS
< Op(VNCRE) + Op(l)ﬁ N eu(Dy) — (H'DyH;! )_1)?F diag(X;) M, u;
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S (\/_CNT) —|— OP \/_CNT Z |67,t|| Z fsxzsuzs
+OP \/_CNT Z |ezt|| Z fsxzsgsH nguzk|

- OP(\/_ONT)‘
Also,
ZenDM = (F — FH; VY diag(X;) Myu;
1 1 .
< \/—N;eltDM T(F FH;YY diag(X;) M,u;
1
—1y/_* 1/2 i N 12)1/2

< Op(VNCR2) +Op \/_C’NT Z dlag ) Myueq D]

< Op(VNCR}) + Op(VNCRT)( Z Z s My ey D))
= Op(VNCR}).
where the last equality is due to 7 > (% >, Zis M, sueq Dy;')* = Op(Cy7), proved

as follows:
% Z E(i Z zis M), juieq D)
% zs: E Z l‘zsuzseztD)\l Z E NT Z zk: xisgkgsuikeitD;il)2

o
o) + T Z —2 Z EIE(ejeei| F)E(uistjsmjswis| F)|

s;ét ij

T Z E— Z Z )\1 NT Z Z DA] |Zjs 195U iis grgstiin| |Cov (e, eje| F)|

< O(T” )+O( )

IN

IA

where the last equality is due to max; ) . |Cov(e;, e;|F)| < C.
Next,

\/— Z eztD)\l TF diag(X;) (Mg — My)u;

1 .
= tr\/—_ Z Uiez‘tD;il?F,d'ag(Xi)(Mﬁ — M,)
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< OP(\/NCJQIT)(W Z E(N Z wiseir Dy} frrin)?)? = Op(VNCYE)
sk 7

where the last equality is due to % Y ek E(i > wiseir Dy frzin)? = Op(Cy3).

1
T2 ZuzseztD)\z kazk)
= Z Z D)\z N Z D)\J ka]kuzsxzku]seytezt
_ 1
< oI Y+ 7 %; e %: ED/\ZlD)\] fZE (@ jpwisiktys| F)Cov (e, eit| F)
< Op(Cy7)-

Step 8: since u;; is conditionally serially independent given E, F',
1 _ 1
E(\/—_ Z eitD;il—F’diag(Xi)Mgui)Q

1
= N ZZD 1D 1 F’dlag(X )Mg,s)erteitfujsuis

= T2N ZZE“J‘S“% ((F'diag(X;)My.s)*ejeea|U)
C — —
< o 2 2 [Cov(uje wi)l = O(T ™) = Op(Cry).
i s

Together, \/LN > HN — }\i)eit = Op(\/TCJQQT).
(ii) The proof is the same as that of part (i), by substituting in the expansion

of Hi\; — \i, hence we ignore it for brevity.
O

Lemma G.6. For any bounded determinisitic sequence c;,
o Tes I s St~ HT )P = On(Cih).
Proof. For y, = Ag, + diag(X)Afs + us,

~ 1~
o = Dy Neiog(X.) My,
AR -
= H; 1fs + DfSINA,dlag(XS)M&(AHQ — A)H, 195
- 1~ :
+Df81NA’d|ag(Xs)Madlag( J(AH — A H
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~ 1=
+D5, NA diag(Xs) Mzus. (G.7)

Without loss of generality, we assume dim(gs) = dim(f;) = 1, as we can always
work with their elements given that the number of factors is fixed. It suffices to

prove, for hg := fsws,

|g‘ Zu—zh ew(Fe — H £ = 0p(Ci).

1€G

We plug in each term in the expansion of f;:

N Zhe@s 2 s Ndiag(X,) Ma( AH, — D)y g,

’g| 'LEQ
|g’ Z” Zhew NA’dlag( X,)Madiag(X,)(AH, — N)H{ f|]?
1€G
1~,.
IGI ZH Zhew fSNAdlag(Xs)MauSHz.
1€G

First term: - zieg 1% g1 heeis Dyl & Ndiag(X,) Ma(AH, — A)Hy ' g,||%. By
Lemma G.3,

=N " hyei(D7E — (HL Dy Hy)~ L T\’dia X)Ms(AH, — AVH; g, 12
169
< Cyr) ‘g, Z Z\I—A’dlag (X gs (| Pseis||®
1€G s
1 1
—4 H 2 2 2 —4
< OP(CNT)m;:fZ:||\/—A’dlag(Xs)l| 195"l hseis||” = Op(Cyr)-
’g| > H— Zh eis(H, Dy Hy )™ N?\/diag(XS)M&(AHQ — A)H; g2
1€G
< NT |g’ ZH Zhsgseis(H{Dszl)_lxldiag(XS)HQ
_ 1 _
< Op (CNT |g| Z Z)‘2 ZDfslhsgseisej8)2 + (TZDfslhsgseisws)z]‘

i€G J ng] s¢l
Because e;; is serially independent conditionally on (W, F, G) s the above is

Op (CN%)|Q| Z ZD sgseisejs "‘ EI ZD sgsezsws ]

. i€g ngI
= Op(Cyr).
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Put together the first term is Op(Cyt.).
- -1
Second term: W > icq I 2 egr hs elstS L Ndiag(X,) Madiag(X,)(AH,—A)Hy ' £

’g‘ Zg:u Zhew — (H| Dy Hy) ™Y~ /N\’diag(Xs)Madiag( O(AH, — N)H{ )12
1€

< — ) — ——Ndiag(X,) Mzdiag(X,)||* || hs|® | fseis||? = Op(Cr3).
< Op(Cyt IQIOZQ:TZS:H\/N 8(Xs) 8(X) [P Ps 71| feis | P(Cy7)
The same proof leads to

|g| > |y— Zh eis(H\ D Hy )™ NK’diag(Xs)(Ma — M,)diag(X,)(AH, — A)H{ ' f,|)?
1€G
< Op(Cy7).

Now let Mz ;; be the (4,7) th component of Mz. Let zj, =), XkMa,ijks,

ZH—Zhezs H|Dys Hy)~ NK’diag(Xs)Madiag(X)(AHl NHT )P

|g| <

< NgT ‘g’ Z H—Zfsh ¢isD %K'diagm)Madiag(Xs)H?

< Cyr) |g|0 ; ; Zfsh Dy, €iszjsjs)”

< 0p(Cy7) i g|0 Egj Z ZEI fohs Dyl essa? ) (N Mo ;)
+Op(CR2) an g| 2@: 2}: % ijEIfsh Dl wpseist)s)
HOP(CF2) |g’ zeg: ZVarI Z fshs Dy eiszjsnis)

< o;:(q;g)ﬁ;%gjj D EulfiheDptentl. Py~ HiA)
+OP(C];%})ﬁ zgg: Jif XJ: Z E;fshs Dy eises,)?
+0P(C§;)ﬁ %g: % Z Z Erfshs D eisljwse;s)”
+0p(Cat) g g’ zgj ij ; gEffshsD;;ekseisejsf
+O0p(CR2) i g’ > Z Z ZEIfshSD;;ekseiszjws)Q

i€g J k3 s
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+0p(CH2) ah g’ Z Z Z Z Erfshs D7 lkwseisess)* + Op(Cyr) = Op(Cy7)
J k#j s
given that . [Er(eisejs| fs, ws)| + % > ki [Er(erseisejs| fs, ws)| < co. Put together,
the second term is Op(Cy7).

Third term: ﬁ >iea |5 Zs¢[ h estfS NA'd|ag( ) Mzu, 2.

1~ .
|g| ZH Zhezs — (H}DyoHy) ™) 5 Ndiag (X.) Mz |
1€G
< Cyr) Z Z]h Cis— Adlag(Xs)]\/[auS|2
|g’ i€g sgé[
< Cy7) Z ZE[VL Cis— Adlag( o) Mau,|?
‘g’ i€g s(;é]
= O (CNT Z ZElhs Cis QA/dlag( )M&El(usu;|Xsafs)M&diag(Xs)K
|g| zeg gEI N
< Op(CREN)GE 3 5 2 Eiltel | Mg ()|
i€g s¢l

= OP(C]?[%N_ ) = OP(OXZT)-

Next, due to E(us|fs, Dr,es) = 0, and e, is conditionally serially independent
given (fs, us)

yg| > ||— Zh eis(H, D Hy )~ N?\'diag(XS)(Ma — M,)u,|)?

1€G
1 ~
- Gn S tr— Zu heeis(H, D Hy) ™" A’diag(Xs)(Ma — M,))?
0 1€G
I
< Cy7) |g| ZH—Zush eis(H{ D} Hy) lﬁA’dlag(Xs)H%
1€G
1 ~
< Z ZEIH—ZD MUghgCis——=T s || 2 A
NT fs JSIF7Yg
|g’ i€g J r s¢l \/N
< Op(C2) maxErEr(|= 3 Dylushaer——r 21X, F, W)
= A s s 18 js
) 1 T s%[ \/N
< Op(Cy%) rrgx TVar;(Dfs UgshseisTjs) < Op(OxaT ™) = Op(Cyy).
Next,
L1~ .
|g’ > = Zh eis(H{ Dy Hy)™ N(A — AH,)'diag(X,) Myu,)|)?

1€



ONLINE SUPPLEMENT TO “INFERENCE FOR HETEROGENEOUS EFFECTS USING LOW-RANK ESTIMATION

< Onlig Zniz ) 3 Dy M,

J sil
< opm%)ﬁij X P Y Djlhe M, )’

i€G s¢l

o1y L 1 1
Op(Cy3T 1)mZNZTZEI ffhi:vjs 2 M Var(ugles, wy, fo) Mo
i€G J s¢l

oy L 1 1
OP(CN%T 1)_ Z AT Z T Z EIDfSth Ljs stMa]”2
Glo i€G N j T s¢l
= Op(Cy7T™") = Op(Cxy).

IN

IN

Finally, due to the conditional serial independence,

|g| ZH—ZMZS (H| Dy Hy)~ —H’A’dlag( ) Mo
Gg sgé[

< ZE D72h2e2 N'diag(X,) MoE;(usul| E, G, F)M,diag(X,)A

fs sCis

< Op(N2T~ )E D 2h2e2 |\ diag(X,)||* = Op(N~'T™) = Op(Cx7).

fs'%s €is
Put together, the third term is Op(Cy7). This finishes the proof. O
G.3. Technical lemmas for ﬁ

Lemma G.7. Assume ¥ 2ij [Cov(er, e3,)| < C. For each fived t,
(i) B, — B = Op(Cyh).
(i3) The upper two blocks of B;*S; — B™1S are both Op(Cy3).

Proof. Throughout the proof, we assume dim(q;) = dim()\;) = 1 without loss of

generality.
(i) B,—B=b + by, where
b = Z . )\;A?t H{XXN e, Xa'at — Hi N Hyey
Ny — Hyau\iHley  audl, — Hyoyol Hy

b2 _ Z Hl)\l)\;Hl(eft — Ee?t) HlAiOéiHQGit .
N i Héoh)\zH{elt 0
To prove the convergence of bl, first note that
1 ~ 2 ~
N Z Ai}‘;(eft zt Z Ai )\/ (€t — €ir) 24 N Z N (€5 — eit)eit

1 ~ ~ 1 ~ -

% %
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-~ 2 Y / Y "\ (o
+0p(1)— Z(ezt eir)” + N Z(Az — HiAi) (A — Hi) (€ — eir)e

%

+—= Z )‘,H/ (ezt ezt)ezt + OP Z >\ )\, ezt ezt €it

1
< Op(Cy%) max €t — et max leit| + OP(CNT)(N Z(eit —ei)h)Y?

i

1 = _ 1 ~
+0p(1 )N Z(ez‘t —eir)? + Op(Cyy )(N Z(ez‘t —eq)’eqy)'?
+0p(1 Z NN (@i — ei)eir = Op(CR2), (G.8)

by Lemma G.1. In addition, still by Lemma G.1,

1 N / ~ / 1~
il Z N0l (€ — €i) = ¥ Z()‘Z — Hi\)(a; — Hyaw) (€3 — er)

+— Z Yol Ho (€5 — ei) + Op(1 Z Nl (€5 — €e;t)
1
< OP(CN%) Imax €t — €i| + OP(CNlT)(N Z(eit —e;r)*)'/?
+0p(1 Z XN (8 — ei) = Op(CR2). (G.9)

So the first term of by is, due to the serial independence of €2,

— Z MNNE2 — HINN Hy €

zzt

1 -~
= _Z)‘ Ni(€ — e) N ZO"X' — HiNAHY)e3,
< O0p(Cy2) +0p(1) ZHA N — HINNHy || #E e
< Op(Cy7) +0p(1) ZHA N, = H{NHi e = Op(Cyp).

The second term is,

~ Z Ny — Hi Ny Hheyy

< Op(Cyr) +Op(1 ZH)\ — Hi\ioiHy || pEle] < Op(Cyp)-
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The third term of b; is bounded similarly. The last term of b; is easy to show
to be Op(Cyr). As for by, by the assumption that + > |Cov(ed, e3)| < C, thus
= Op(N~1/2). Hence B, — B = Op(Cyk).
(il) We have
B'S,—B'S = (B7' =B )5, —8)+ (B' =B H)S + B S, - 9).

We first bound the four blocks of §t — S. We have §t - S =c¢+d,

_ NNHei4(€5 — i) + NN (€2 & —eh) N(Bn — ) (0l Hy — &)
& = 5 Z: a; N Hy(ey —ey) + (N Hy — )\')(en — ) 0
i 5% ( VAL = XX)6h ~ HNOGHL = X)Beh, Aea(olHa - aé)) |
a;(N.Hy — BV Deit 0

Call each block of ¢, to be ¢;;...c; 4 in the clockwise order. Note that ¢;4 = 0.

As for ¢4, it follows from Lemma G.1 that

1 ~ . 1 -
N Z NiNiHyeir(€ir — eir) < (N Z es (€ — ei)’)?Op(Crp)

%

+0p(1 Z Aidiei (@i — eir) < Op(Cyy).

We have also shown & 37 AN (@2 — €2) = Op(C2). Thus ¢;1 = Op(Cy2).

For ¢; 9, from Lemma G.1,
1 ~ ~
N Z )\i(eit — eit)(&;Hz — Oé;)

~ _iy, 1 ~ _
< Op(Cy7) max |e; — €| + OP(CNIT)(N > (@i —ex)’)'* = Op(Cy7).

For the third term of ¢, similarly, ~ >, & (XN;H; — X;)(/e\zt —ei) = Op(Cy3). Also,
by Lemma G.1,

1 ~ ~

N Z ai N Hy (e — i)

1 A
OP(C&%F)(N Z(eit —ei))"? + Op( Z i (€ — eqr)

< Op(Cyp)-

IA

So ¢i3 = Op(Cy).
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As for d;, we first prove that & S N(MHy — X)) (e2 — Ee2) = Op(CyhN"12).
Note that E;+ >, Ni(NH; — X)( —Ee?) =0. Let T; be an N x 1 vector of €2,

and diag(A) be diagonal matrix consisting of elements of A. Then

IVar(y)|| < max y _ |Cov(ef;, ef,)| < C,
J

and + S N(MH; — N)e = £ (H A — AYdiag(A)Y,. So

N — (H,A — N)'diag(A)Var(T,)diag(A) (H A — A)

1 ~
Vary (- Z N(NHp — Xe2) =
< C—|IH1A A} = Op(CRZNT).

This implies & 3, M\ H, — X)) (¢} — Ec) = Op(CREN"2).
Thus the first term of d; is

~ Z (MNHy — MN)e — HIN(NHy — X)Ee?

IA

—Z YN Hy — N)e2 + — ZH’ (N.Hy — X)(e2 — Ee2)

= Op(1) >_(\ = HiA)(NHy — M)EI% +Op(CypN~2) = Op(CR7).

As for the second term of d;, + >, Neir (o) Hy — &), note that

3 20 = HNeu(alHa = ) = Op(CF) oy 3 ehlal s = )
1 (2

< OP(C&IT)(N > (0}jHy — &)’E;e})'? = Op(Cry).

%

And, E;L 5, New (o Hy — @) = 0.
1 1 ~
Vari(5; Z Niew (o Hy — &))) = 3 Vari ((AH; — A)'diag(A)e;)

< AH, — A)'diag(A)Var(e;)diag(A)(AH, — A) = Op(CRZNY),

N2 (
implying & 3, Meir (0} Hy — @) = Op(Cx7).

Finally the third term of d;, + ¥ i Ni e,t(a H, — &), is bounded similarly. So
dy = Op(C’ 7). Put together, we have: St S=c¢+d = OP(C’]QlT). On the other
hand, the upper two blocks of St — S are OP(CX,%), determined by ¢; 1, ¢; 2 and the
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upper blocks of d;. In addition, note that both B, S are block diagonal matrices,
and the diagonal blocks of S are Op(Cy}). Due to

Bi'S,—B'S = (B;'=B NS, —8)+ (B ' =B )S+BYS,—9),

hence the upper blocks of B;'S; — B™1S are both Op(Cy2).

Lemma G.8. Suppose max;<r |% Yo aiiei| = Op(1),

Cyrmaxy [ex]? + max; ||+ -, AiN&eq||p = op(1). Then
(i) maxeer | By = Op(1), maxer | By — Bl = op(1).
(i) 7 Yt 1B = B7'* = Op(Cip).

(111) Write
~ A
S,—S=""]),
AV

whose partition matches with that of (f/,q;). Then %Zt¢] 1A4]1? = Op(Cxt)
and £ Y a1 180> = Op(Cy7).

(iv) maxi<r ||S)|| = Op(1) and maxe<r ||S;, — S|| = op(1).

Proof. Define

1 HINNHye? 0
B - 177 it .
! N Z ( 0 Hé(l%’O(éHQ)

7

Then B\t — Bt = blt + bgt,
by = iz:X@%—HQ%H@;L@@—HW%%%

1 0 Hi\;a; Hhe;
b _ = 1\ LL9 gt )
2 N ; (Héozl)\lH{elt 0 >

(i) We now show max;<r |b1:| = 0op(1). In addition, by assumption max;<y |ba| =
op(1). Thus maXtST|§t — Bi| = op(1), and thus maxi<r IB7Y| = op(1) +
max;<7 || B; || = Op(1), by the assumption that |B; || = Op(1) uniformly in
t. To show max;<r |by¢| = op(1), note that:

First term:

1 N N1 (22 2
max ”N Z (€ — el
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IN

Or()( 2 I = HEAP) 2 s 2 =)'+ B - eaf e
e SR~ AP i @ — ex)en] + mias(Bu — e

+0p(1) max |- 3" AN @ — eaeullr

+0p(1)ma [ 37 AN — el

Op(1 + max [[wi|* + by7,2) Cnr + Op (b + birs)

IN

_ 1 _
‘|‘Op(1 + I?SaTX ||th + bNT,Q) IHZ?X |€it‘CN%“ + Op(bNT,l + bNT73)(I{lSE¥( N Z egt)l/QCN%p

1
+O0p(¢pnrCNT) + OnT ias lext| C + max HN Z cieitli|| FOp(bnr1 + byt 3)
= op(1),

given assumptions Cy1(byro + maxi<r ||w||) maxy |e;] = op(1), ¢y max;; |ey| =
Op(1), maxe<r || 2o, eaciXi||r = 0p(1), and (byri+byrs)[(maxeer § 3, €)Y *Crp+
1] = op(1).

In addition, max;<y ||+ SO OGN, — HIMNNHY)ER]| < Op(Cyk) maxy; €2 = op(1).
So the first term of max;<r |by;| is op(1).

Second term,

max||—Z)\ (€ — en)||F

IA

max |eis — eit\— Z (N — HiN) (i — Hyew)'||

1 ~ 1 -
+0p(1 Z ||>\ — Hix |+ Z i — Héaz‘HQ)l/Q mﬁx(ﬁ Z(eit - eit)2)1/2

+Op(1) max|| D> dia (@ — el r
< Op(onr+1+ max Jwe][)Cy7 + Op(bnry + byrs + Cyrbyra) = op(1).

Next,

1 ~ _
max || Z(/\z‘aﬁ = HihiaiHy)eq||r = Op(Cyy) max [ey| = op(1).

So the second term of max;<r |by| is op(1). Similarly, the third term is also op(1).
Finally, the last term ||+ Y, &;a — HyaaHs | p = op(1).
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(ii) Because we have proved maxt<T B || = Op(1), it suffices to prove

T ngf ||B B“F = OP(CNT) or =+ Zs¢1 ||b1t||F = OP(CNT) T ngﬂ ||b2t||F
First term of by;: by (G.8), the first term is bounded by, by Lemma G.2,

—Z ||—ZA Ne2 — HI\NH, 2%

t¢l i
< —Z H—ZA Xi(€ —e)llF + Z H— > (N — HINNHeq |7
t¢l i t¢[ i
< Op(Cy7) max € — ea|? max|e,t| + Op(C Z Z et — i)
tgé[ i
1 1 N
+0P( )T Z(N Z(eit - ezt) ) + OP Z Z €t — ezt i
tgé] tgé[ i
+OP Z Z )\ )\, elt €it ezt)
t¢11
+0p(1)tr(55 Z(A N — HINNH) (OGN — HIGNH,) — Z Ere,el)
ij t¢1
< O0p(CRE) +0p(1 Z (AN, — HINNH || p)?
< Op(Cyréyr) max e;|’ ¥ Op(Cy7) = Op(Cy7). (G.10)
Second term of blt'
tgé[ i
< —ZH—Z/\ (€ — ea) |7 + ZII—Z (N, — HiXioi Hy)ea 7
t¢l i te,é] i
< Op(Cy7) max Z(at —ei)? + OP(CJQ%)W Z(a’t —eir)?
it
+= ZH_Z)‘O‘ € —ea)||h
tgé[ ) i )
+OP( )trm Z()\l&; — H{)\ILOQHQ)()\]&; — Hi)\JajHé)f Z Ejeitejt
i t¢l
< Op(b?VT74+b2 5+CNT)CNT+OP(C ) OP(C ) (Gll)

The third term of by, is bounded similarly. Finally, it is straightforward to see
that fourth term of by, is || 5 Y°, @&, — Hya,a |3 = Op(Cy7). Thus 7 Y- o [|bull7 =

Op(C

)
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As for by, it suffices to prove
_Z”_Zaz)‘ eillz = Op(1) ZEH_ZO‘ZA eitl|z = Op(N 7).
t¢1 i t¢l
Thus 7 32 ¢ [baillf = Op(Cy7)-
(iii) Note that S; — S = ¢ + d;, where

NN Hew (@i — eu) + NN(@ — ¢h) M@ — ea)(afHy — @)
~ Z

@ = O{Z)\ Hl 6“5 e,-t) + CYZ()\;Hl )\/)(67,15 eit) 0
. Z (NN Hy — NX)ed — HIN(NHy — N)Ee2 Neg (o, Hy — &)
"N a;(NH, — Nex 0 '

As for the upper blocks of ¢, first note that

1 1 ~
72 2 = Hi|Pea)?

el
1 ~ ~ 1
= Or(l)5 > A = HixlPIN - Hi)\jHQT > Eilesenl
i t¢1

1 ~ B
= Or(D(5 D A = HiP)? = Op(Crp).

Then by Lemma G.2,

1 1 ~ -
= Z I+ > AN Hiea(@ — en) 7

t¢1 i
! 2
S Z H)\ H )\ H NT ;%ezt €it — ezt
+0p(1 Z ||— Z)\ Nieit (i — ein) |7
tgé] i
= OP(O_ )
—ZH_Z)\)\/ zt HF
t¢[ i
< (5 IR~ B max( (@ — e’

1o, 1 - R
+= Z(— > I - HiAz”|2’€z’t|)2m&X € — e

tgé[ i

NZH)\ o1\ ||2NTZZ it — €)' + (G — ex)’el)]

tel i
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+= ZH_Z)\)\ ezt €it ethF ZH_Z)\)\ ezt ezt ”F

tgé[ i tgé[ ’
= Op(Cy7).
Also,
_ZH_Z)\ €t — eq) (i Hy — ) || 7
a1 i
<

NZ o 622||2—Z IR — HOAP max(@ — i)
1 1 ~ _
+0p(1 Z e Ho — §||2N Z T Z(eit —eir)? = Op(Cyr)-

i te1
Similarly, %ZWH |5 > (N Hy — M) —en)||% = OP(C’_4 ). Finally,

—ZH—Z%XHl ci — )7 = Op(Cyp) +Op(1 ZH—Z% eir — €)1 7

t¢l i t¢[ i
= Op(Cyp)-

So if we let the two upper blocks of ¢; be ¢; 1, ¢t 2, and the third block of ¢, be ¢; 3,

then 73507 [leenlli 7 X lcsally = Op(Cx7) while 37,0 lleuall: = Op(CR7).

As for d;, let d;,...,d;3 denote the nonzero blocks. Then d;; depends on
%Ztgg | >0 N(NHy — N)(e2 — Ee2)||%. Let T, be an N x 1 vector of ¢, and
diag(A) be diagonal matrix consisting of elements of A. Suppose dim()\;) = 1
(focus on each element), then 7 D igr |d; 1]|% is bounded by

—ZH—Z (NNH) — NN)el — Hi\(NH, — N)Ee2||%

ta1
1 1 R
< fZHNZM-—Hw = M)
t¢1
b Sl S HINH, — R (e — EE) 3
t§§[ i
< Onl NzDM — HNPIR — B ST B
Y t§ZI
1 _ _
+0p(1)7 Z e (A — AH, ) diag(A)Var,(Y,)diag(A)(A — AH;)
tel

= Op(Cy7)-
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In addition, using the same technique, it is easy to show
—ZH—ZAenaHz a})l» = Or(C Z”—Z% (N Hy = N)eal [}
t¢l 4 tgl {

Hence 7 Doigr di||2 = Op(Cxt) for k = 1,2,3. Together, we have

1 1 1
F 1A € 53 lewa + doal?+ 7 3 s + deal = Op(Ci)

te¢l tel tel
and 370 [18* = 7 Xg llees + disll® = Op(C7).
(iv) Recall that S; — S = ¢; + d;. It suffices to show maxi<r [|¢]| = op(1) =

maXtST Hdt”

IN

max |l < Op(1)max|é; — eu|(lew] + 1) = op(1).

madi]| < (maxeal + max eaf + 1)0p(Cyr) = or(1).
K3 (2

t<T
O
Lemma G.9. For terms defined in (E.2), and for each fived t ¢ I,
(i) Yoz Aar = Op(Cy7) o
(it) For the “upper block” of Agr, =3, M€ (Lw N, fy — Lw Ao fy) = Op(Cyr).
(i4i) The upper block of Ay is Op(Cy>).
Proof. (i) Term Ay;. Given B; ' — = Op(Cy7) and the cross-sectional weak
correlations in wu;, it is easy to see Agt = O0p(Cy3).
Term As;. It suffices to prove:
1 ~ _
N Z(Aieit — Hiieir)uiy = OP(CN2T)
1 _
~ > (@ — Hyi)uy = Op(Cy7). (G.12)

First, let Ty be an N x 1 vector of e;u;;. Due to the serial independence of (uy, €;),

we have

1 _
EIN Z()\z - Hi)\i)eituit =0,
1 ~
Val’[(ﬁ Z()\Z — H{)\Z)eltult) N2
< Op(CHENTY m?xz |Cov(esettir, ejruse)] = Op(CRENTY).

J

LR AHYVar (TR — AR
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Similarly, EIN S i(@—Hba;)uy = 0and Varp(£ 3 (6, — Hyai)uy) = Op(CyaN~1).

— Z — Hi\)ewui = Op(CynN712)

N Z a; — Hyap)uy = Op(C’K,lTN’l/Q)

NZH/\ Hi\iu zt_OP ZH)‘ — Hi\|? Efuzt_OP(CNT)
@13

Thus, the first term of (G.12) is
NZ (A€ — HiNiew)ui < ZHA — HAPu2) 2 v D (e = ew)®)"?
Z )\ ezt ezt Ui + — Z eztuzt

1
>(N Z(ez’t — ;1) )1/2 +Op(Cy>) + Op(1 Z)\ €it — €it) Uiy

= Op(Cy7)-

< Op(Cyp

where the last equality follows from Lemma G.1.
Term Ay. Recall that p; = Uw,. It suffices to prove each of the following terms
is Op(Cy3):

Clt = — Z ezt ezt - ezt)()\ H,/\ ) f
Cy = N Z ezt eit)2(}\i - Hi)\i)/ft
Cy = — Z H{ i /e\it - eit 2()\@ - H{/\i),ﬁ

Cy = N Z €1t ezt eit))\;'Hl.}.vt

Cy = N Z i 1 i eit - eit)Q)\ngﬁ
1 R —
Coo = — Z H{)\i(eit - ez’t>2)‘;Hlft

Cr = NZA—HA)@M(A HIN) o
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Cu = & D2 0u— HIN) @ — expalhs — HIA)'T
Gy = ~ Z HiX(@ — ea)pan(Ni — HIN) fo
Chot = N Z — H{\)eapa N Hi (f — Hy Y f)
Cir = N Z i — H{N) @ — e pa\cHy (fy — HTU )
Cow = Z H{X(@ — ea)pa\iHi(fo = Hy' )
Cizp = —Z &; — Hyou) (@ — eq) (N — HIN)' 1,
Ciue = — Z a; — Hyoy) (€5 — eit)Aiﬂlﬁ
Cise = N Z a; — Hya; Mzt()‘ Hi\) f
Gt = Z & — Hyow)paNiHy (f, — HTLf). (G.14)

The proof follows from repeatedly applying the Cauchy-Schwarz inequality and is
straightforward. In addition, it is also straightforward to apply Cauchy-Schwarz
to prove that

1
= > NICull® = Op(CxE), d=1,...16. (G.15)
tel

Term As;. Note that
. H S B
Au = (B - 1) (i
H, Zd:5 Ba

where By are defined below. Given B;' — B! = Op(Cyy), it suffices to prove

the following terms are OP(CK,QT).
By = ZAen e — eu) (N — HIN)'
By = N Z Ai€it (€ — 6it))‘iH1ﬁ

1 . r
BBt = N Z )\leltl;wt()\l - H{)\’Lyft
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1 / / s -1
By = N E )\ieitliwt)\iHl(ft — H, ft)
7
1 N . ~
B5t = - ai(eit — eit)()\i — H{)\Z)/ft (G16)
N &
K3

and that the following terms are Op(Cyr):

1 R _
Bg = N Zai(eit - eit>/\;H1ft
1 ‘ . ~
By = N Z ail;wt()\i - HiAi),ft
1 o -
B8t = N Z azl;wt)\;Hl(ft — Hl_lft) (G].?)

In fact, By, Bs; ~ Bg; follow immediately from the Cauchy-Schwarz inequality.
Byt = Op(Cy3) due to Lemma G.1. By Lemma G.5 'that \/Lﬁ Yo (HN — }\i)eit =
Op(VNCRY). So t ¢ I, By, = Op(1)% >, Newpi(Ai — HiN) = Op(Cy7). In
addition, for each fixed t, f; — H; ' f; = Op(Cy}). Thus

1 , B
By = Op(C’X;%p)N Z Nieitid; = Op(ONT)-

So As; = Op(Cy3). -
(ii) “upper block” of Ag. Note that ljw; — lw, = € — ey.

Ag = B! Hi 23:1 B
Hé 23:5 B

So we only need to look at > 5, Bg. From the proof of (i), we have By =
Op(Cy3), for d = 1,...,4. Tt follows immediately that %Zl i€ (LN, fy —
L\, f,) = Op(CR3).
(iii) Lastly, note that the upper block of Ay, is determined by the upper blocks
of B/'S, — B~1S, and are both Op(C2) by Lemma G.7.
0

~

G.4. Technical lemmas for \;.

Lemma G.10. Suppose max; H% S, [sfi(el—Eel)|| = op(1) = max; ||% >, fsgkeis]|-
(1) g Pieg 1D; = Di||* = Op(Cxr).
(i) maiex |15 — D = op(1).
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(iti) g Yieg 1D = D7 = Op(CN7)-

Proof. D; — D; is a two-by-two block matrix. The first block is

dli = Zfs IAZ Hffsf;H}EE?s
) s%[
= f} (fs - Hffs)(fs - Hffs)/[(/e\is - 6is>2 + (é\is - eis)eis + 6?5]
s¢l
1 ~ ~ —~
+T (fs = Hp [ fHF[(@s — €5)? + (€is — €is)eis + €3]
0 s¢l
+TO S THf(fo = Hefo) [(Bis — €0) + (B — €is)ess + €3
s¢l
+TD ZHffsf Hf[(ezs 615)2+(615 ezs ezs ZHffsf Hf(
s¢l s¢l
It follows from Lemma G.2 that ﬁ S — eir)?ed = OP(C )

ﬁ > (i —enr)? OP(C]QT) and Lemma G.1 max; |€; — e|eq = Op(1).

1
@anﬂf < ans Hif|? <1+||ﬁ||2+||ft||2|g| Z el)
i€g

ngI
+0p(Cy3) = Op(Cyr).

The second block is

e~ 1 N
dQl = 7 Z fs?]\;ezs T Z(f Hffs)(gs - Hggs) is

To To

1S¢I s¢l

1~ 1~

+?O Z(f Hffs) H 615 T ZHffs gs — Hggs) €is

1 s¢l ) s¢l

/

+T0;Hffsgng<els eis) + ?%Hffsgngezs

dy = 7 Zsel 99y — HggsgsH/ So |g|0 Zz’eg 1 dail|* = OP(CNT)'
Hence Ig\o > ico HDl — Dy||? = Op(CR2).
(ii) Note that

max [[du| = op(1) + Op(1 maXH—Zfs i — Eeiu)ll = op(1)

— Ee?

So ﬁ Y ieg lldaill* = Op(Cy%). The third block is similar. The fourth block is

2,
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1
max [|dzi|| = op(1) + Op(1) max|| > fudiessll = op(1).
S

So max; Hl/jl — D;|| = op(1). Now because min; Apin(D;) > ¢, with probability
approaching one min, )\min(ﬁi) > min; Apin(D;) — max; Hﬁz — D;|| > ¢/2. So
max; | D;|| + max; | D; || = Op(1). So

max || D7 — Dy < max | D7 max || D7 | max || D; — Dif| = op(1).

(iii) Because min; Apin(D;) > ¢

1 ~_ _ 1 ~_ _ ~

— > D7t =D < ==Y 1D PID YD — Dilf?

1Glo <= Glo =

T ZHD Di|?

i€G
1 ~ _
= Op(1)=— Y _|ID: = Di|* = Op(Cx7).
|g|0 i€g

< max[| D" = D[ + | D7 |]?

Lemma G.11. ﬁ Zieg H% Zs¢1(fs - Hffs)eisf;“2 = OP(CX/4T>'

This lemma is needed to prove the performance for Xz-, which controls the effect
of fs — Hyfs on the estimation of A;.

Proof. Use (E.2), ‘g|0 >ico T ngj(f H; fs)eisfi]]? is bounded by, up to a mul-
tiplier of order Op(1),

|g| ZH_Z ZA eﬂtuﬁeﬂfft| +Z |g| Z” Zadteitfz‘fnz'

i€g t¢l Jj=1 ieg tg¢l
where ag; is the upper block of Ag. We shall assume dim(f;) = 1 without loss of
generality. The proof for ﬁ o |5 Zt¢[ aieq f1]|? is the hardest, and we shall
present it at last.
Step 1. Show the first term.
Let vy = (A€, ..., Anent)’. Then

]Q\ Z ||_ Z Z)\ e]tu]teztftH N2T2 ]Q| ZZ E( Vtuteztft

i€g ¢l j=1 i€G tgl

< N2T2 ’g|o ZZEft VIE(uul|E, Fye; < N2T2 |g| ZZZEft )\3 fteft

i€G tgl i€g tgl j=1
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_ —1p—1\ __ —4
= O(NT'T) = O(Cih).

Step 2. Show >0, = Dicg 14 s aavein S
Up to a multiplier of order Op(1), by Lemma G.8,

|g| ZH Za%eitft/||2

i€g t¢l
< ]Q\ Z‘ ZHeltft”HB =B H_Z)‘eatthH+H Zajujt”
i€g t¢1
< _ZHBt BH2|Q| Z ZHeztftH |’_Z)‘€Jtu3t“+’| Z%%t”
t¢] i€G T t¢l
= OP(C )
o g S anea
1€G t¢I
< 1B g Yot leafil g SO = Hidsesl?
zeg t§ZI
+maXHB 1H2|g| Z ZH thtHH—Z(&j—Héoej)ujtll)Q
t§ZI
< ZH—Z HiAj)ejeuge||? +OP ZH Z (@ — Haay)uze?
fgz 1 tgf
+OP(1)TZHNZ(/\ HiN) @i — ejo)uel®
1 - 1 ’
+OP(1)fZ|| Z)\ ejt — ej)ue]|” = Op(Cyz)
t¢1 j
The first term is bounded by, for w; = e;u;,
1 1~ _
OP(I)?ZNQ(A AH1> Varf(wt)(A AH1)<OP() 2||A—AH1”2:OP(CN%«)
1

The second term %Ztef [F= > (@ — Hya)uy||?* is bounded similarly. The third
term follows from Cauchy-Schwarz. The last term follows from Lemma G.2. Next,

1 , _
g g 2 awea I < ma | B Zrm S S lleafillICal)? = Op(Cib).

i€g tel i€g t¢l

where Cy’s are defined in the proof of Lemma G.9. Applying the simple Cauchy-
Schwarz proves ﬁ >ica(T D gl lewfiIICal)? = Op(Cxy) for all d < 16.
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Next, for By defined in the proof of Lemma G.9, repeatedly use Cauchy-Schwarz,

|g| ZH ZasteztftH < Op(C NT Z|g| Z ZHBdt@ztft\ = Op( NT)

i€g t¢l i€g te¢l
Also,
4
1 1 _
‘g’ ZH > ageafil? < Z@ZTZHBdteﬂf;n? = Op(Cyy), where
zeg t¢1 d=1 710 Geg g1
i g| Z Z |Buewf/|? = Op(Cyt) Cauchy-Schwarz
i€g tgé[
|Q\ Z Z”B%eztftH < Z‘_Z)‘eﬂ/ &i — er)|* = Op(Cyr)
i€g t¢l tgzl
(Lemma G. 2)
G L IBue < 05 Y Iy X tveully — HIF = 0n(Ci)
i€G te¢l tgzl
(Lemma G 5)
|g\ Z Y Buenfil < ZH—ZW ¢jtl* = Op(Cyr).
i€g te¢l t¢1 J
Step 3. Finally, we bound |g| SicallF Doigr ayeifi|*
Note that
518 Hi " fe Hi'fy
A= (B'S,— B71S = (Arra + A+ Are) | 171,
1t ( t t ) <H2 1gt> ( 1t, 1t,b 1t, ) (H;lgt
where
Awa = (B)' =B ~59)
Avgp (B;'-B™1)S

Ay, = B7YS, —9).

Let (a1t.q, Q1tp; Q1tc) respectively be the upper blocks of (Aj 4, A1tp, Aite). Then

|g\ ZH Y aveafil’ < |g| Z ZHau,alHHau,blHHau,cH)HeitftH(HftH+HgtH))2~

i€g t¢l i€g tgl
By the Cauchy—Schwarz and Lemma G.8, and B is a block diagonal matrix,

‘Q,Z =5 laralllea el (1A + g < Op(1)5 3 Awl?

i€G tel t¢1
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< Op(ISI7) ZHBt B|* = Op(Cx1)-

tgg
|g| Z Z|\a1tc|H|€ztft||(Hft|| + llgeD]? ZHaucH
zeg t¢l1 t¢I
< Orell T;”At1”2:OP<CN%’)7

where Ay is defined in Lemma G.8, the upper block of §t - S.
The treatment of X 7 2oigr llareallllea fell (Nl fell + llgell) is slightly different. Note
that max,<r || B; || 4 | B™Y|| = Op(1), shown in Lemma G.8. Partition

~ A
S 5= t
(A1 + A2, 0)

where the notation A;; is defined in the proof of Lemma G.8. The proof of Lemma

G.8 also gives
Apy = Za@ (NHy — M)ew + Zaz (N.Hy — X)) (@it — ext)
+— Zaz Hya )N, Hy (e — €31)
At2,2 = Héﬁzai)\;(eit_é\it)ﬂl.

Therefore,

lowall < lI(B 13‘1)(@ -S| R
< (max|[B7 1B (Al + [Awall) + 1B, = BT [[Arall
(G.18)

Note that the above bound treats A;; and A differently because by the proof
of Lemma G.8, %Ztgé] |A4|? = Op(CyE) = %Ztﬂ | A1 ||* but the rate of
convergence for D gl | Aa2]|? is slower (= Op(Cy2)).

Hence

1
|g\ > 7 Z lassalllea fill(1fell + llgeID)* < Op(L)z D 1 An® + [ A |

i€g te¢l te¢l

F 1B - B Y f“”21g| > et PO+ llgel)?

te¢1 t¢r1 1€G
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<@ Op(Cy7) +Op(C ZIIAmII ”|g\ ZHeitftHQ(HftH"’Hgt”)Q
t¢1 1€
<® Op(Cy7)-

where (a) follows from the proof of Lemma G.8, while (b) follows from Lemma

G.1. Thus
|g‘ ZH Zalteltftn _OP( NT)

i€g t¢l
Also note that in the above proof, we have also proved (to be used later)

1 _
T > Masesll® + llaseel® + [Anl* + [|Awl*) < Op(Cy7) (G.19)
te1
L]

Lemma G.12. for pir = liwy, iy = @,

’g‘ ZH—Zfsew N fs — Rehi fs) |2 = Op(CR1)

1€G

ZH ng N, fs — Riehi fs) | = Op(CR3).

1€g

!Q\

Proof. It suffices to prove that the following statements:

|g’ ZHR?ﬂdH ( )d_ ~ 6, |g‘ Z”R?n?H ( )

icG 1€G
where
R3'L’,1 = = Z Hffs e’LS els)ﬂzt)\ fs Z(fsezs Hffsezs)(ﬂztA;fs - //letA;,ﬁ>
sé] s¢]
L / s -1
R3i,2 T TZfsezs €is — ezs)()\ fs_/\fs TZfsezs,uzs % )\)(fs_Hl fs)
s¢l s¢l
R3i,3 = _Zfsezs,uzsf H ( H,)‘)
sgél
R3i,4 = = Z fseis<é\is - eis>)\;fs
s¢[
RSi,E) = = Z fsezs,uzs H fs)
s(;éI
R3i,6 = T Z Hffs ezs,ulzs>\ fs

ngI
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1 ~ / ~ \I'7
Rsm = T Z gs(:uisAifs - ,uis)\ifs)- (G-QO)
s¢l
So

1
@ Z |Rsiall? = Op(Cyyp), d=1,2,3 by Cauchy-Schwarz

|g‘ ZHRSMH = OP(C;;%), Lemma G.2
i€g

@ZHR&‘,E)HQ = Op(Cy7), Lemma G.6

|g‘ ZHR:M;H = Op(Cy7), Lemma G.11 ,
i€g

@ZHR&':HQ = 0p(Cy2), by Cauchy-Schwarz.
ieg

Lemma G.13. Let r5; be the upper block of Rs;, where

R5':ﬁ‘71i é\zsl 0 fs_Hffs e
7 To sgl 0 | /gs_Hggs

Then 2= g Irsill = Op(C2).

Proof. For any matrix A of the same size Rj;, we write U(A) to denote its upper
block (the first dim(f;)-submatrix of A). Then in this notation rs; = U(Rs;).
First, by Cauchy-Schwarz

2
yg\ Y ID7 =D (H—Z@w s — Hyfs) ust+H—Z(§s—Hggs)uisH>]

i€g s¢l s¢l

1
S NT ‘g’ Z( Z Hffs Z Ujs zs_'_ ng_ ggs Tzu123>

s¢l s¢I s§ZI s¢l
< Op(Cyy)-

Now let Rs; be defined as Rs; but with ﬁ; ! replaced with D;'. Substitute in the
expansion (E.2), then

_ 1 €l Hi)je el 0
R5i = l)Z 1? Z ( Ot ) N Z ( ]t> u]tUzt+ZD ! Z ( Ot |> Adtuit'
0 .

0 tgr
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Both B~! and D; I are block diagonal; let b,d; respectively denote their first
diagonal block. Then

U(Rs;) = Z dieibH|— Z A€ttt + Z d;— Z Ciruipld (Agp).

O tr d=1 Ly

The goal is now to prove ﬁ >ico IlU(Rs)| = Op(CN7).-

First, let v, = (Aju; : 7 < N), a column vector.

|g|0 Z | = Zd (€ — eir)bH|— Z/\ e]tuﬁuth]

t;éI
1 1
< op(c&;) T ZWEVar(ytetuMU) < Op(CR2) = T Z N EuZvVar (e U ),
t;ﬁ] t#£1
< Op(CRANT) 7 Y Eud LS5, — 0n(Cib)
t;él j=1

Next, for w;; = e;ugy,

\g!o Z | = Zd ean{N Z)\ e]tu]tultH]

t;ﬁ[

1
OP( )|Q|0 Z NT Z Zeit)\jejtujtuit|
1
Op(1 )N2 maXZ \Ewﬁwlt!) + Op(1 N2T2 ‘g|0 ZZVar Z)‘Jwﬂtw“

i€cG t

Op(N72) + 0p(1) N2T2|g’ D D> |Cov(wjwir, wiwwit)|

i€G t gk

= Op(N24+ N'T71 = Op(Cyt).

IN

IN

IN

We now show 22:1 ﬁ > icq HdZTO Zt# equgld(Ag)|| = Op(CNT) For each d <
6,

’g| Z s Z Cit — ear)usld (Aae)||]”

zeg t;éI
= |g| Z Zeﬁ eit) uid; Z:HAdtH2 NT);
0eg 70 w41 Ly

where it follows from applying Cauchz-Schwarz that -- T ikl | Ag:||? = Op(Cy3).
It remains to prove ZS=1 ﬁ Zieg | d; = o Zt# wltu(Adt)H = OP(CNT)
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term U(A;;). Using the notation of the proof of Lemma G.11, we have
H—l
U(Alt) = (alt,a + Q1¢.p + alt,c) ( 1_1ft> )
Hy gy

Also, (G.18) and (G.19) yield, for my = ||dswi|| (|| fell + | g¢ D),

|g| Z Hd sztu Adt

1€G t;éI
S Zl|a1tb+altc|| 1/2 |g| Z Z Zt 1/2 |g| Z ZHm’LtaltaH

0 iz 0 e t;é[ 0eg 70 121
S OP(C]:[% Z ||At1 + AtQ 1|| 1/2 |g‘ Z Z zt 1/2

t;éI Y t;éI
|g’ Z ZWHB F= B[ A
1€G t;é[

< OP<CNT) +O0p(C Z HAtZ 2H 1/4
< Op(CR2) +Op(C Z Z eir — €)'t = Op(Cy7).

terms U(Az), U(Auw), U(Ase). g Yieg |digs Sopprwild(Aar)| = Op(Cy7),
d = 2,4,5 follow from the simple Cauchy-Schwarz.

term U(Agt). Because max;<r ||§_1|| = Op(1),
’g| Z Hd Zwltu A3t | < s |g‘ Z Hd sztABtH
1€G t;ﬁ[ zeg t;é[
< Z H—Z>\ wie(@ — ) 712 + Z |+ Z%t X))@ — en)|IP]?
t;AI t;éI
Z < Z%t A2 + Z I~ Zuat a; — Hyoy) |’
t;él O A1 j
= Op(Cy%).

The first term follows from Lemma G.2. The second term follows from Cauchy-

Schwarz. The third and fourth are due to, for instance,
—ZEIH Z%t Hi\)|P
O 1
1

1 ~
R #ZI NQVar[(Wt(A AHl)) < T ; WHA _ AH1||2||Var[(Wt)||

IA
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< O(Cy3)
— NT/*

term U(Ag;). Note that B~! is block diagonal. Let b be the first block of B~
Recall that Lemma G.9 shows

4
U(Ag) = bH{ > Bu.
d=1

So ﬁ Zz‘eg ||d2%0 ztﬂ witld (Agt)|| < Op(1) 23:1 ﬁ Zz‘eg ||d,%0 Zt;él wit Ba||-
For d =1,4, we apply Cauchy-Schwarz,

led anBdtH < Op(1 ZIIBd ]2 = Op(Cy7)-
|g lo 01
For d = 2, we still apply Cauchy-Schwarz and Lemma G.2 that

’g‘ Z ldi— sztBQtH < OP(CNT) + Op(1 Z ZA ei(€ir — €it)) ]1/2

i€G t;él
= OP(CNT)'

Finally, we bound for d = 3.

|g| ZHd sztBBtH |g| ZH sztB?)t”

t;él 0 tzr
< ZH Zwﬁ Zuenwt HiN) fil?
\Q! i
1
< OP(O&%’)@Z Z [ Zw]teztwt ft Hi' )P
jeg i t;éI
+OP( NT |g‘ Z ZH ijteztwtftH
z' t;«é]
= Op (CNT>+OP NT Z Z” Zejtu]teztwtft”
|g| ~ b

= OP(ONT)

The last equality is due to the conditional serial independence of (e, u;) and that
E(w|E, F,W) = 0.
O

Lemma G.14. Let rg; be the upper block of Re;, where

stis — Azsl :_H S
Re; = D' — Z fi& NH b (€ OV (fs = Hels)
TO oy gs 0 | gs — Hggs
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Then 2 Y,eq Iraall = Op(C2).

Proof. Write B™' = diag(by, by),

v = Fj +T + ... +T%,
j e Hi\ie
o= I N;Hy &b i H 1y U;
’ TO t¢1 ( gr ( 7 Q)NZ Hjao '

]

v = T figi (N;H; '€, o, H ) A, d=1,...,6.
0 tgr 7

Then Rg; = lA?j’le . Let d; be the first diagonal block of Dj’1 (which is a block

diagonal matrix), We have

|g| D lrgll? < yg| ZHD - ]1!\2,g| ZHFJH2 |g| > lduTr

JjEG j€g jeg
< P71+ == > ()|
g 2 a 2;
< Z|g| S ITAIE +0r(1 5 3 I
Jj€eg Jj€g
+0p(Cy7) ZHFW > (TP
|gr |g| —
+0p(Cy7) ZHF 12+ —==> U@
a a 2

In the above inequalities, we treat individual FZI differently. This is because we

aim to show the following:

,g‘ DT = Op(Crp), d=0,2~5,
Jj€G

ng

—Z 24 (T%)]1>
1Glo =

That is, while it is not likely to prove \g| > ieq 1T || are also Op(Cyi) for d = 1,6,

it can be proved that their upper bounds are.

Op(Cy7), d=1,6.
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J 112 —
Step 1: \g| > icg IT4|[ for d =0,2 ~ 5. Let

1 1
my = max [¢, - e§t|+‘g| I e jt|+m2‘f§t+1-

jeG j€G

|g‘ anﬂnz < |g‘ ZH—Z,}% Zzunm%nwlm Zn th > Eruiasaql?

J€G tgé[ i J€g t§é[ i
|Q| Z = th Zuzt/\ Y €]t61t|| + == |Q| Z | = th Zuztajo%“
ng t%[ i geg t§éI i
< thll—ZuzM eitl|* + Op(Cy7) thH_ZuztazH
t¢1 tg;[
|g‘ > = th Zum iejeel? + 5o ,g| = th 3w’
j€g thI z Jj€g t¢I z
Z = Zeitft_zuit)\j)\ieitHQ Z = Zejtft_zuitajaiHQ
|§;\ N \§7| N
J€g tgé[ i J€G tgé[ i
< OP(CNT)'

Now let
Z 1fe — Hefoll> + 9 — Hogil* = Op(CR3).

tEIC

o LIl

JjEG

freje f =1\, D1 iy L HiXieq 2
- ,g‘OZ” Z(Qt ()\H e]t,oszg )(B; —B )NZZ: Hio Ui |

O tere
2
Ai€; ~ _
i e G R
0 tere i v -
2 2
DB - S S () | s S ()
‘g| 9t N < QG
0 tere 0 tere i
2
< Ae” — Op(C
= Cyr) Z”t NZ = Op(Cy7),
O tere
where

n = maXHB ‘=B~ 1H+|g| D7 Z legel+-1Hmaxc e =25l [1fel*+llgelI*-+ 1| fresel )

Jj€G teI“
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Next, let

1 X-a;t - H {)\z‘eit
e o L I

(2

€ / I 17—1\ D—
o 2 M - |g|oz' Z(g) G BT

j€G 0 tere
< Z% Z FIP AL + On(D)7- 3 A7
tGIC tEIC
< Op(C NT + _Z H_Z i — Hyo |
0 tere
—l— ZH—Z H/\)eztuzt||2+—2||—2)\ it — €it) Uit ||?
tGIC tGIC
< OP(C )7

where the last equality is due to Lemma G.2 and :
1

- / ,

T, t; EHN ;O‘i — HiNi)ewuq|*| E, 1]

1 Lz 5T . ~
= 7 Z m(A — AH,) diag(e;)Var(u:|E, I)diag(e;)(A — AHy)

tele
1
< Orl) gz N2 Z(A — HiA Z Ere}, = OP(CNT>
‘ 0 tere

Next, for Cy defined in the proof of Lemma G.9,

I - z|g|oz||—z(fzﬂ> O 2Bl

jeg Jj€g tele
< Z |g| Z Z!e;tl |Catl|* + Op(1) Z ZHCdtIP
Jj€G 0 tere 0 tere
= OP(CNT>‘

For By defined in the proof of Lemma G.9, and

||ft||2|g| Z( +|€jt|) +||gt||2|g| Z(1+|€]t| ’g| Z |6]t|2+1

|g‘ ZH 1> = |g‘ ZHZ Z(fteﬁ> (N H7 '€, o, Hy V) (B — B By

je€G d=1 te[c
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< [max| B = B7||D+ Op(C Z Zntlletll
— teIC
< NT Z ZntHBdtH = Op( NT)
Otere

where the last equality follows from simply applying Cauchy-Schwarz to show
T Drere ”t||Bdt||2 = Op(Cyp) ford=1~38.

Step 2: \Glo > jeg IITG|[? for d = 1,6.

By Lemma G.8, max,<7[|B;t + |Sil] = Op(1), £ 3, IB;1S, — B~1S|]> =
OP(C_2).

e >_ImiIP
fiei\ 1N B-13 1 HI e\ o
— ,g‘02”_2< - (N;H; ey, o H ) (B 'Sy — B7'S) Ho g, I

telc
—1
f
< Op(Cy7) |gr Z =D el |eﬁ|2+1>u( e
jeg te[f
fen\ vy 1f
v 2 IBS - 1S||2|g|2 ZH(”t (NHF ol P ) 1P
tEIC gt
< OP(C 7)-
Rl
rg| “
et 1A I =1\ p—1 HizzlzﬂBdt 2
= [ Tn) vy, abm st [
|g| jezg ; tgéz[ ’ J H2Z§:5Bdt
< Op( Z =Dl Ball
teIC
e\ v
+Zf2”3dt”2|g| 27, Zr\(”t (N H} & a3, I = Op(Cif).
d=1 t jeg 0 tere
Step 3: ‘g| > jeq |U(T2)||? for d = 1,6. Let

1
G = 5 ety + 3Ll + g L1 + 1)
’g‘o je€G



88  VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

W‘XNUWHQ W\XN EthAH %ﬁﬂgw&w+Am+AmJ<

Jjeg tEIC

OP(CNT) + Op(C ZCIt ’St S|I?

tEIC

IN

Hglgt

+OP( >T Z[HAtl 1||2 + ||At1 2|| ] + OP |g| Z H_ th ethtQ 1”

tGIL te[c

~ o~

Where Alt,a = (Bt_l — Bil)(gt — S), Alt,b = (Bt_l — Bil)S, Aluc = Bil(s’\t — S),

1 - - -
Anp = & > NN Hien(@r — eir) + NN — €4) + (NNH; — MiX)el, — HIN(NH,
1 e~ o~ _
Apg = N Z Ni(€i — eir) (i Hy — &%) + Ney (. Hy — @)
]_ : ~ \/ —~ ~ / VAN ~ / N
Atg’l = N Z Oél‘)\l-Hl (6“ — ez’t) -+ ai(/\iHl — )\Z-)(eit — eit) + Oéi(/\z‘Hl — )\i>€it

By Lemma G.8, %0 SierellAwall? + | An2l|?) = Op(Cy7)- Tt is straightforward
to use Cauchy-Schwarz to show TL thc @|lS; — 5|2 = Op(Cy2). In addition,

|g| ZH the]t t21H2 |g‘ ZH Z Z&l)\ftejt €it — ezt)”

tGIC tEIC
‘g’ ZH_Z the]taz >\Hl )\)(eit_eit)H
0 tere
W|XN_§: E:ﬂ%XHlAX%%—E%%WQ
tEIC
|g| Z < Z th (N Hy — N)Eeqe])> + Op(Cih).
0 jere

By Lemma G.2, |g|0 >ico ||T0 Siere = Sk fRejlen — €x)||* = Op(Cyr). The
middle two terms follow from Cauchy-Schwarz. Also, by Cauchy-Schwarz

’g| Z H—ZaZ (N Hy — X)) = th Eeireje||?

tGIC

= Op(Cyh) mjaxz [Eeieje] = Op(Cyr).
i1

- X;) Eezzt
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Hence ﬁzj‘eg HTLO Ztelc ft2€tht2,1||2 = OP(O#T)- Thus ﬁ Zjeg HU(FJMP =
Op(Cyr)-

Finally,
L (H 0 (X5, Bu
|g\ JGZQHU olIF = |gy JGZQH t;fte]t N, H: ' o, H') B 1(01 HQ) (Zgzin) I”
It suffices to prove
|Q|OZH t;ft ‘Bul? = Op(Cyp), d=1~4
|g’ ZH t;fteﬂBdtH = 0p(Cyp), d=5~38.
This is proved by Lemma G.15. U

Lemma G.15. For Bdt defined in (G.16) and (G.17),

|g| ZH thethdtu — 0p(CYL), d=1~4

tEIC

|g‘0 Z H Z ftethdtH = OP(CX;%W), d=5~8.

tEIC

Proof. Forr =1,2and all d =1, .., 8,

|g| ZH thethdt||2<maX’6]t €l left HfftH2 z:HBdtll2

yeg te]c teIc 0 tere
|g| Z ZHft Hfft 2 ZT ZHBdtH2 |g| ZH thethdtH
tEIC tEIC tEIC
< Op(C ‘g’ ZH the]thtHQ ]Q| ZH th e, — e%y) Bal)®.
0 tere Jjeg O tere

It remains to show the following three steps.

Step 1. Show g3 g 15 Yrese fi€3 Ball> = Op(Cyy) for d =1~ 4.
When d = 1,4, it follows from Cauchy—Schwarz.

|g‘ ZH =D feiBall = ‘g| ZH -D_Jie Zm G — ea)|I?,

tEIC teIC

which is Op(Cy7) due to Lemma G.2.
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Next, by Lemma G.5, for any fixed sequence ¢;, Doigr 5 > ciea(N—HIN) || =

OP(C 1). So

|g\ ZH—th%tB?)tH = Op(C |g| ZH—Zf ZAieitlgwt(}\i — Hi\)|)?
0 tere JjEG 0 tere i
< OP(CNZ;)-

Step 2. Show 5= 3 g 75 Yese feejiBarl|* = Op(Cyy) for d =5 ~ 8.
When d = 5, it follows from Cauchy-Schwarz.
Next by Lemma G.2,

|g‘ ZH thethﬁt“ = |g|02||_zft ]t Zal Cit — Cit )\H +OP( NT)

tEIc tele
< OP(C )
e ZH S feabalt = oo ZH > el Sk~ HAIP + 0p(Ct)
tGIC teIC
< OP<CNZJL“)'

Next, by Lemma G.6,

|Q| ZH thethSt” = |g| ZH th@yt — H ' fr)w? ||_2:C%l/\||2

JjEG tGIc Jj€EG te]c
< OP(ONZZL“)
Step 3. Show |g|0 >icg HTLO >vere [i(@ — €)Bal|?* = Op(Cyy) for d =1~ 8.
It is bounded by Cauchy-Schwarz.
0

G.5. Technical lemmas for covariance estimations.

Lemma G.16. Suppose uniformly over i < N, the following terms are op(1):
all 7 22 frewwidll, all 5 22, gewalls all 7 22, Fswiesslls alg 205 ¢j(mgmi—Emgem)| for
mi € {eawui, un}, |75 — Eei| . Suppose gmaxi<r || >, Aiwi + qquq| =
op(1) and qCrp(maxy |e;ui|) = op(1) (which are satisfied given our assumptions),
where

¢ = max(|[ fizull + 1+ |a)).

Then (i) max;[|[A: — H7IN| + 16— H, alllg = op(1).

(i1) max;<r (|| fr — Hy fill + |9 — Hyg:lllg = op(1).
(111) max;s |u;s — uis| = op(1),
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() max; |07 — 07| = op(1), where 07 = Ee, and 67 = = >, ¢7,.

Proof. (i) In view of (E.5), it suffices to show max; ||R4ll¢ = op(1) for all d =
1 ~ 6. First, by our assumption, ¢max; ||Ry;|| = op(1). Also by Lemma G.10,
max; || D]t — D;Y|| = op(1). Also, gmax; || Ral| = 0p(1) follows from g max;, [&;; —
eitlleir + u| = op(1) .

Term max;[||Rs;|| + || Rail|]. It suffices to prove g max; || Rs; 4| = op(1) for Rs; 4
defined in Lemma G.12.
max [ Ryiaflg < op(1) + gmax ||% > (Fo = Hpf) @ — eis) (X fs — i £

S

1 -~ o~
+qmax | > (o = Hefoeis(pahifs = Bidi )|

S 1 R / R _/N
+qOp(1) max H? Z fs(€is — €is) (paAi fs — Bt fs) ]
= op(1)

following from the Cauchy-Schwarz, ¢ max;; [€;; — e ||eit| = op(1), Cynr max;; €2 =
op(1) and Lemma G.17. Similarly, max; || Rs;4ll¢ = op(1) for all d =2 ~ 7.

Term max; ||Rs;||. By the assumption:
1 1
qmax || D A (Wi — Ewjwi) || + qmax || > (i — Eujoui)|| = op(1).
tj tj
It suffices to prove for Ay defined in (E.2),

6 ~
1 eil 0
q E mZaXHf E ( Ot I> Agru|| = op(1).
d=1

t

First, for Ay, = (B '— B ) (5, — 8), Ay = (B7'—B™1)S, Ay, = B7Y(S, - 9),

1 el 0 1 eyl 0 Hflft
il Ajugll < gmax||= Alta U;
qm?XHTZ<O |> ]| < g iXHTZ<O |> 1t, <H21gt tll

t

1 eitl O Hl_lft
n = A i
qmax || ( 0 |) 165 (H‘lgt il

t

1 eitl 0 H;lft
+ =5 At il +op(1
quaXHT : (0 |> 1t, <H2_19t uwit| + op(1)

= qOP(CﬁlT)(mi?X leitit]) +op(1) = op(1).
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Similarly, d = 2 ~ 6, Cauchy-Schwarz and qOp(Cyr)(max;; [egui]) = op(1)
imply

1 exl 0
qmlaxﬂ?z ( Ot |> Aguyl| < op(1).
¢

Term max; || Rgl|. Lemma G.10 shows max; ||1A);1|| = Op(1). It suffices to

prove g max; ||TY|| = op(1), where T is as defined in the proof of Lemma G.14.

g = g 5 (750) (g o)L 3 (FiN6) oy
7T ter1 9 N i Hya

— (Op(Cxb) max &, + E] = or(1)

wa [T = g > (fg) O H 30 Hy ) A = 00 (1)
1

due to Op(Cyt) max; €%, + €je| = op(1) and max; A — HIN|| = op(1).

(ii) In view of (E.2), we have max;<r ||% > Aiwir +aug|| = op(1). So it suffices
to prove max;<r || Aallg = op(1) for d =1 ~ 8.

The conclusion of Lemma G.8 can be strengthened to ensure that

gqmax<r (| fo]l + |gil]) maxi<r(|[S: = S|+ || B, ' = B7Y|] = op(1). So this is true
for d = 1,2. Next, Cyr-q = op(1) and Lemma G.17 shows ¢ max; Ife — H | =
op(1). So it is easy to verify using the Cauchy-Schwarz that it also holds true for
d=3~38.

(iii) Uniformly in 4, s, by part (ii),

[Uis — wis] < |zl [[Ni = Nl | fell + Clavge] || fe — fill
+lai — ail[gi]l + Cllge — g4l| = op(1).

(iv) Uniformly in ¢ < N,
1 1 e 1
T ¢y —Eej, < T &, — el + T Z ei, — Eef, = op(1).

t t t

g

Lemma G.17. Suppose the following are op(1) (which are satisfied given our
assumptions): maxy |€i; — e ||ei+ui| , Cnpmaxy |43 f]], max; |% >, un—Eug),
g max; ||% > frewuill, gmax; ||% > frwrui|, qmaxit || max; ||% > wirgell,

max; || 35, wiy, — Ewj[| + max; || 35, ufw} — Eugaw?]],
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max;<r |+ >_; ug—Eud], gmax,<r||| % 2o, Meawa ||+l 5 Do; Miweua]], g maxy maxeer |5 >, wincvs]|.

maxicr | 32, wh — Ew], max; || 5 32, ufwaw; — Eudwn]],

where
¢ = max(|[ fizull + 1+ |a)).

Then (i) ¢ max; H)\Z — Hi\|| = op(1). (i) gmax, H}Vt - Hl_lftH = op(1).

Proof. Recall
A = lN);il%ﬁ’diag(X»)ngi
— H/\+ Dy, 1TF diag(X,)M;(GH; Y — G)Hjo,
+f);;%ﬁ’diag(xi)Mgdiag(Xi)(FH;l’ — F)H\\ + 5;i1%ﬁ’diag(X,~)M§u,~.

(i) By Lemma G.4, max; | D3]] = Op(1).
F'diag(X;,)M5(GHy " — G)|| = op(1). Tt is in fact

First we show ¢max;

bounded by

I7

Op(Cyy) max |zl = op(1).

Next, ¢ max; HTF’dlag(Xi)Mgdiag(Xi)(FHl_ll — F)H!),|| is bounded by

Op(Cyp)gmax|zyl* = op(1)
Finally, note that max; 7 ||u;||* = max; | >, u, — EuZ| + Op(1) = Op(1). So

1~
gmax H—F’diag(Xi)M~ui||

IN

qOp(CyT) max || max —=

1 ~
(||| + gmax || — S|

gl s el 3

+op(1)qmax\|—ﬁ’diag( -)GH—maXHG’uiH

op(1) + Op(Cyy qmax Zu?txft )12

+0p(1)q max ”T 2 Jeeaui | + ||f ; Jewgug|]

IN

1
+0p(1)q max | max ||_ Z Uit G|

IN

op(1) + Op(Cxr qmaX an — Ewp)'?
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1/2
+0p(Cyr qmaX Zuztwt Eujwi)'? = op(1).

(ii) Recall that

fs = ﬁ_ll]\'diag( X ) Mzys
= H{'f.+D;, 1—A’d|ag( ) Mz(AH, — AYHy g,
+D_1—Ad|ag( Xs)Mzdiag(Xs)(AH;, — ) 1fs

+D7, 1NA’d|ag(XS)M&uS.

By Lemma G.3, max; HD 'l = Op(1). The rest of the proof is very similar to
part (i), so we omit details to avoid repetitions. The only extra assumption, parallel
to those of part (i), is that the following terms are op(1): max,<r |+ >, uZ, — EuZ|,
gmaxper(||§ 20, Miewtall + [l 20, Niwewll], g maxy maxi<r || 5 25, waasl),

maxyer |5 3, wi — Ewj], max; || 37, ujwiw; — Eugway]].
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