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ABSTRACT. We study a panel data model with general heterogeneous effects
where slopes are allowed to vary across both individuals and over time. The
key dimension reduction assumption we employ is that the heterogeneous slopes
can be expressed as having a factor structure so that the high-dimensional slope
matrix is low-rank and can thus be estimated using low-rank regularized re-
gression. We provide a multi-step estimation procedure for the heterogeneous
effects. The procedure makes use of sample-splitting and partialing-out to ac-
commodate inference following the use of penalized low-rank estimation. We
formally verify that the resulting estimator is asymptotically normal allowing
simple construction of inferential statements for the individual-time-specific ef-
fects and for cross-sectional averages of these effects. We illustrate the proposed
method in simulation experiments.

Key words: nuclear norm penalization, singular value thresholding, sample
splitting, interactive effects, post-selection inference

1. INTRODUCTION
This paper studies inference within the following panel data model:
Vie = wuby+algituy, i=1,.,N, t=1,..,T, (1.1)

where y;; is the scalar outcome of interest, x;; is a d-dimensional vector of observed
covariates with heterogeneous slopes 6;;, a; and g, are unobserved fixed effects,
and wu; is an unobserved error term. The model permits general heterogeneity in
the sense that fixed effects appear in the model interactively and the slope 6;; is
allowed to vary across both ¢ and . The main goal of this paper is to provide
an asymptotically valid procedure for performing statistical inference for averages
of the 0;; taken across subgroups in the population at specific time periods. The
subgroups may consist of single individuals, in which case inference is for a specific
0;; the entire cross-section; or any pre-specified subset of the cross-sectional units.
Date: First draft: December 25, 2018. This draft: June 30, 2020.

We are grateful to seminar participants at Iowa State, University of North Carolina - Chapel

Hill, Duke, Connecticut, Syracuse, [AAE 2019, and University of Chile for helpful discussions.
1



2 VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

The main dimension reduction assumption employed in this paper is that 6

can be expressed as

Oit = A fr-

That is, we assume the slopes 6;; can be represented by a factor structure where
A; is a matrix of loadings and f; is a vector of factors. We allow f; and ¢; to
have overlapping components and allow A; and f; to be constant across ¢ < N
and t < T respectively. Thus, the model accommodates homogeneous slopes as
a special case. We note that 6;; is not subject to rotational indeterminacy and is
well-identified and cleanly estimable.

It will be useful to represent the model in matrix form. Let ©, and X, be the
N x T matrices with ™ component 01 and w;, respectively. Let MY, and
U be the N x T matrices of a.g:, yi1, and u;. Finally, let ® denote the matrix
element-wise product. Using this notation, the matrix form of (1.1) is

d
Y:ZXr®@r+M+U.

r=1
Under the maintained factor structure, the slope and fixed effect matrices, ©, and
M, have rank at most equal to their associated numbers of factors. This structure

motivates estimating the model parameters via low-rank estimation:

d
min Y = "X, © 0, — M|} + Py(61, .., 04, M)

= ) (1.2)

where  Py(O1,....,04, M) = > 1,10, + 10| M,
r=1
for some tuning parameters vy, v1, ..., g > 0 and ||.||r and ||.||,, respectively denot-
ing the matrix Frobenius norm and the nuclear norm. In particular, let 1;(©) >
<. 2 Ymingn,1}(O) be the sorted singular values of an N x T" matrix O, then

min{N,T}

1Bl = Y ().

i=1

The low-rank estimators defined in (1.2) will be consistent with suitable choice
of the tuning parameters. However, the use of regularization, which may result in
large shrinkage bias in finite samples, complicates inference. This paper contributes

to the literature on penalized low-rank estimation by providing an approach to
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obtaining valid inferential statements after applying singular value thresholding
(SVT) type regularization. We use the solution of (1.2) as initial estimates and
obtain their singular vectors as the preliminary estimates of \; and «;. We then
estimate the factors and loading iteratively via least squares. This procedure is
integrated with partialing-out and sample-splitting to further alleviate the effect
of regularized estimation.

The main contribution of our paper is in providing a method and accompanying
theory for obtaining valid inference about heterogeneous effects within the factor-
slope structure. By incorporating general covariates and allowing slopes to vary
both with 7 and ¢, our model is different from those in the low-rank estimation
and interactive fixed effects literature. The factor-slope structure captures a rich
spectrum of heterogeneous effects and enables hypothesis tests that are impor-
tant for economists and policy makers to understand effects of policies over the
sample period. Leveraging the factor-slope structure also allows us to transform
many fundamental high-dimensional inferential problems into more tractable low-
dimensional problems. For example, under mild conditions, the problem of testing
the hypothesis of no effect at time t, Hy : ;; = 0 for all 7 at a given t, is equivalent
to testing f; = 0 almost surely. We illustrate the use of our results for testing
hypotheses of immediate interest after presenting the main results in Section 3.

Nuclear norm penalization is now a standard technique for estimating low-rank
models; see, e.g., Negahban and Wainwright (2011); Recht et al. (2010); Sun and
Zhang (2012); Candes and Tao (2010); Koltchinskii et al. (2011). In recent work,
Bai and Ng (2019) considered iterative ridge regressions with rank constraints
in the setting of pure factor models. Athey et al. (2018) consider the use of
matrix completion methods to impute missing potential outcomes for estimating
causal effects with a binary treatment variable in a setting with general treatment
effect heterogeneity, and provide rates of convergence for the estimated low-rank
matrix. We contribute to this literature by considering non-binary covariates with
factor slopes and providing distributional results for individual-time specific slope
coefficients and their cross-sectional averages.

Our paper is also related to the extensive panel data literature with interactive
fixed effects, e.g., Bai (2009), Moon and Weidner (2015), Su et al. (2015), and
Ahn et al. (2013). In particular, Moon and Weidner (2018) use nuclear-norm reg-

ularization for estimating interactive fixed effects in a model with homogeneous
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slopes. Studying slope heterogeneity has also been an important topic for panel
data. For example, Chamberlain and Hirano (1999) and Pesaran (2006) consider
models with coefficients that are not time-varying but are heterogeneous across
individuals. Bonhomme and Manresa (2015) and Su et al. (2016) study settings
where coefficients are assumed to be homogeneous within latent groups and esti-
mation proceeds by simultaneously estimating group-specific effects and the group
membership of each observation. There are also other approaches that allow for
heterogeneity in both 7 and ¢ in the literature. For example, Feng et al. (2017) as-
sume that slopes are functions of observed time varying categorical variables, and
Su and Wang (2017) considers a model in which slope coefficients vary smoothly
over time so are locally time invariant. One could also adopt hierarchical Bayesian
inference for the heterogeneous coefficients by assuming they are drawn from hi-
erarchical priors, e.g., Hsiao et al. (1999).

Relative to these approaches, we use a different dimension reduction strategy,
which allows general variation in coefficients across individuals and over time with-
out relying on additional structure over the factors or factor loadings. Within this
structure, we are able to provide inference for a variety of effects of interest. Finally,
we impose a strong factor assumption so that the ranks - number of factors - can
be consistently estimated from estimated singular values of the low rank matrices.
Thus, our paper is also connected with the literature on estimating the number of
factors, e.g., Bai and Ng (2002), Onatski (2010), and Ahn and Horenstein (2013).

The rest of the paper is organized as follows. Section 2 introduces the post-SV'T
algorithms that define our estimators. Section 3 provides asymptotic theory. Sec-

tion 4 presents simulation results. Proofs are given in a supplementary appendix.

2. THE MODEL

We consider the model
Vit = Oy + algr +uy, 1=1,..,N, t=1,..,T, with

, (2.1)
‘9it = )\Z‘ft-

We observe (y;, z;), and the goal is to make inference about 6;; or averages of the
0;; taken across groups formed from cross-sectional units. Here a/g; are interactive

fixed effects as in Bai (2009). For ease of presentation, we focus on the case where
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x; is univariate, that is, dim(z;;) = 1. The extension to the multivariate case is
straightforward and is provided in Appendix A in the supplementary material.

We assume that {);, o, } are deterministic sequences, while { f;, g:} are random.
We allow arbitrary dependence and similarity among {f; : ¢ < T} and impose
nearly no restrictions on the sequence for A\; and f;. Allowing arbitrary dependence
and imposing weak structure is important for accommodating leading special cases
such as homogeneous models where 0;; = 6 for all (i,t) which can be obtained by
setting A; = X and f; = f for all (i,¢).

Throughout, we assume the ranks dim();) = K; and dim(a;) = K> are fixed. We
note that this differs from much of the matrix completion literature which explicitly
considers model sequences which allow ranks to increase. We leave the extension
to the increasing rank case to future work. We also initially assume that both
K, and K5 are known. In Section 3.5, we discuss consistent rank estimation and
note that the use of consistently estimated ranks does not impact the asymptotic

distribution of the heterogeneous slope estimator under our assumptions.

2.1. Nuclear Norm Penalized Estimation. Let (Y, X,U) be N x T matrices

of (Yit, i, uy). Then (2.1) may be expressed in matrix form as
Y = M+X060+U

where © and M are matrices of (0;;, alg:). Motivated by their low-rank structures,
we start with the following penalized nuclear-norm optimization problem:
(6, M) = argmin F(6, M),
o.M (2.2)
F(O,M):= Y =M~ X 00O|% + vo| Ml + 11Ol
for some tuning parameters v, v; > 0.
For a fixed matrix Y, let Uy DyVy. = Y be its singular value decomposition.

Define the singular value thresholding (SVT) operator
S\(Y) = Uy D,)Vy,,

where D), is defined by replacing the diagonal entry D;; of D by max{D; — X, 0}.
That is, S\(Y") applies soft-thresholding on the singular values of Y.
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The solution of (2.2) can be obtained by iteratively using SVT estimation. Given
©, solving for M in (2.2) leads to the solution

Suoj2lZe) = argmin | Zo — M3 + vl M]|,

for Zg =Y — X ® O. Similarly, given M, let Z); =Y — M. We solve for © via
Oy = argm@in 1Zy — X © O||% + 1v1]|O]],

which satisfies the following KKT condition (Ma et al., 2011): For any 7 > 0,
Om = S 2On —TX O (X © Op — Ziy)).

As such, we employ the following algorithm to iteratively solve for M and © as
the global solution to (2.2).

Algorithm 2.1. Compute the nuclear-norm penalized regression as follows:
Step 1: Fix the “step size” 7 € (0,1/ max x%). Initialize ©y, My and set k = 0.
Step 2: Let

Ory1 = Srp(@r —TX O (X OO, =Y + My)),
My = Suppe(Y = X © Opq).

Set k to k + 1.
Step 3: Repeat step 2 until convergence.

The following proposition verifies that the evaluated objective function F/(©g,1, Mgi1)
is monotonically decreasing and converges to the global minimum at the rate

O(k™Y). In practice, we set 7 = (1 — €)/ max;; 2% for e = 0.01.

Proposition 2.1. Let (é,ﬂ) be a global minimum for F(©,M). Then for any

7 € (0,1/ maxy 2%), and any initial O, My, we have
F(Ory1, M) < F(Opq1, My) < F(Oy, My),
for each k > 0. In addition, for all k > 1,

o 1 ~
F(Ort1, Mi1) = F(8, M) < -8, - 0% (2.3)

2.2. Intuition for Main Algorithm. Nuclear-norm penalized estimators are
generally inappropriate for inference because they may suffer from substantial

shrinkage bias. We consider a debiased estimator for inference. In this section, we
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provide a heuristic argument that highlights the chief complications that arise in
obtaining reliable asymptotic approximations in our setting. We provide intuition
for how we use partialing-out, sample-splitting, and iterative OLS estimation to
deal with these complications. Part of the argument deals with the rotation of
the factors and to the best of our knowledge has not appeared previously in the
post-regularization inference literature.

To understand the key issues, we work in a simplified setting where dim(f;) =
dim(g;) = 1. Suppose we have preliminary estimates X\ and &; obtained by ex-
tracting the first singular vector from © and M obtained from (2.2). One might
then attempt to estimate f; as the coefficient on Xixit from the regression of y;;
on Xﬂz‘t and q;. Letting ft denote this coefficient, ft would have the following

expansion: For some () and rotation matrices H; and Ho,

\/N(ft—Hl_lft = Z)\$ztuzt+Q—Z>\ﬂfzt HQ%)
(2.4)

@ 3\

Z w3 (N — Hid) fy + op(1).

The usual asymptotic behavior will be driven by the term Q\/LN Zi\; AWy
and we Would like that the remaining terms are asymptotically negligible Un-
fortunately, A \F SN Niwa (@ — Haay) and A, = \F PP 2N — Hi\),
which respectlvely capture the effect of estimation error in & and )\, will generally
not vanish asymptotically. Focusing on the term ﬁa, note that regularization bias
will mean that a; — Hsqy; is biased in general, resulting in the object inside the
sum generally not being mean zero. Further, while consistent, a; will generally
not converge fast enough to ensure that &a = op(1). Thus, in general, ﬁa will

result in a failure of asymptotic normality.

2.2.1. Partialing-Out and Sample Splitting. We deal with terms like A, by leverag-
ing additional structure on the observed variable x;; and making use of partialing-
out and sample splitting. Write

Tit = Mt + €4, (2.5)

where p1;; is the mean process of z;; which is assumed to capture both time series

dependence and strong sources of cross-sectional correlation. Specifically, we will
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maintain the assumption that e; is a zero-mean process that is serially independent
and cross-sectionally weakly dependent throughout our formal analysis. Using this

decomposition of x;;, we can produce a “partialed-out” version of the model:
Uit = ige + eaNife + wi,  where gy = yir — b (2.6)

The transformed model now contains partialed-out regressors e;;. Using these,
we can estimate f; by regressing the estimated 7;; onto (&;, A;e;;) which would lead

to an expansion of estimated f; as

=

\/N(f: 1ft): \/——Z it + Dagi + Axfi + op(1),

N
where Q— Z Nieq(a; — Hoay)', (2.7)

Z Ni(Ee2) (N — Hi\)'.

It is immediate that A, = op(1) if e; is mean zero, independent of \;(a; —
Hsq;), and sufficient moments exist. The plausibility of these conditions relies on
partialing-out the strongly dependent components in z;; and is tightly tied to the
so-called Neyman’s orthogonality that has been shown to be important in obtaining
valid inference after high-dimensional estimation in a variety of contexts; see, e.g.,
Chernozhukov et al. (2018).

Operationalizing partialing-out in (2.6) requires a sufficiently high-quality esti-
mate of e;;, which requires restricting the process p;;. In our formal development,
we assume p; = llwy. Hence, x; follows a factor model, where (I;,w;) respec-
tively represent loadings and factors, and may thus be strongly intertemporally
and cross-sectionally correlated. We allow w; to overlap with (f;,¢:) and take
dim(w;) to be fixed in our analysis. Other structures of p; could also be imposed
with all results going through as long as pu;, is sufficiently well-estimable.

To complete the argument that A, = op(1), we also use sample-splitting. For
a fixed t, let I C {1,...,T}\t be a set of time indexes, and let

D[: {(ym,:vzs)zg N,S E[}

Rather than using the full sample to obtain initial estimates of Xz and ¢;, we run

the nuclear-norm optimization using only data D;. Assuming that e; is serially
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independent and ¢ ¢ I, Xl and «; are independent of e; which allows us to easily

verify that A, and similar terms vanish asymptotically.

2.2.2. A Final OLS Step: The effect of i — Hi\;. We now consider the term A,
in (2.7) which arises due to estimation error in Xi. The term A, results in issues
that are analogous to the usual rotational indeterminacy issues in factor models
but do not appear in the existing post-regularization inference literature.

Importantly, Ay is not op(1) since Ee? # 0. Returning to (2.7) and using that
A, = op(1), we have

VN(fi = H ' f) = @—_ Z Aicittiic + D fi + op(1).
=1
Thus, the use of the regularized estimator )\i results in a non-vanishing asymptotic
bias. Importantly, this bias manifests as an additional time-invariant rotation of
the factors f;. We can thus define Hy := H1_1 + A,N~'/2 and establish that

\/N(ﬁ—Hfft) = \/_Z)\eltult‘i‘Op(l)

Therefore, the effect of first-step estimation error i — Hi\; is “absorbed” by the
adjusted rotation matrix. Once ﬁ recovers the span of f;, our formal algorithm
will make use of a final least squares iteration to produce an estimator XZ that
suitably recovers the appropriately rotated \;. Recovering these two compatibly

rotated versions of f; and \; is then sufficient for the inferential theory for (/9;,5.

2.3. Formal Estimation Algorithm. We now state the full estimation algo-
rithm for 6;; for some fixed t. The algorithm is stated in the leading case where
xy = lwy + e; with Ee; = 0. We then partial out the common component by

subtracting the estimated p;; from x;; and working with model (2.6).

Algorithm 2.2. Estimate 6;; as follows.
Step 1. Estimate the structure x;; = p; + €. Use the principal components
(PC) estimator to obtain (fi;,e;) foralli=1,... N, t=1,.,T.

Step 2: Sample splitting. Randomly split the sample into {1, ..., T} /{t} = TUI",
so that |I|g = [(T'—1)/2]. Denote the N x |I|o matrices of (y;s, z;s) for observations
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s € I by Y7, X;. Run nuclear-norm penalized regression:

(]\71, é]) = argrﬁig WYr—M—-X; o @H% + vo||M ||y, + 11 ]|©O]]n- (2.8)

Let A; = (Xl,...,XN)’ be the N x K; matrix whose columns are defined as
VN times the first K; eigenvectors of élé’l Let A; = (v, ...,an) be the N x Ko

matrix whose columns are defined as v/ N times the first Ky eigenvectors of M IJTJ/ 7.

Step 3. Estimate components for “partialing-out.” Using g[ and /N\I, obtain
(fsa gs) ‘= arg mlgnz Yis — &;gs - xis)\;fs)27 RS I° U {t}

Update estimates of loadings as

(\i, &) = arg min Z Yis — Gy — i\ f)2, i=1,..,N.

i,

seleu{t}

Step 4. Estimate (fy, \;) for use in inference about ;. Define y;s = y;s — ﬁ,s)\;f;

and /6\2‘5 = Tjs — ﬁis- Let

(ﬁ,sv/g\f,s) = argmlnz yzs - i - é\is:\/;fsfa s € I U {t}
s s i—1

(/):[,ia ar;) = arg mm Z Yis — CG1s — @SAQJ?I,SV, i=1,..,N.
Ane seleu{t}

Step 5. Exchange I and I°. Repeat steps 2-4 with I and I° exchanged to obtain
(Aeg, fres 1 s € TU{t},i < N).

Step 6. FEstimate 0. Obtain the estimator of 6;;:

~ 1~ ~ o~ o~
O = SIS+ Apeifredl.

Remark 2.1. We split the sample to {1,...,7} = TUI°U{t} which ensures that e;
is independent of the data in both I and I¢ for the given ¢ of interest. Alternatively,
we may split over individuals, which would allow for serial dependence in the e;

as long as they may be taken to be cross-sectionally independent.

Remark 2.2. Step 3 is needed to obtain a sufficiently high-quality estimate for
Ui = Y — Ha), [y to allow application of the partialed-out equation (2.6). The

estimators in Step 3 are still unsuitable for inference due to the use of the raw x;,
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which is generally not zero-mean or serially independent. Appropriately centering

and eliminating sources of serial dependence in z;; gives rise to Step 4.

2.4. Choosing the tuning parameters. We adopt a simple plug-in approach to
choosing the tuning parameters v and 1. The “scores” of the penalized regression
are given by 2U and 2X ® U. We then wish to choose tuning parameters (v, 1)
such that we achieve score domination in the sense that

20U < (1=, 2|XOU| < (1—c)n (2.9)

for some ¢ > 0 with high probability where ||.|| denotes the matrix operator norm.

As in the literature surrounding ¢;-penalized estimation of the high-dimensional
linear model, achieving score domination will result in desirable rates of conver-
gence and will produce consistent estimators of the ranks of the matrix param-
eters. To operationalize these choices, we assume that the columns of U and
X © U, respectively {u;} and {z; ® w;}, are sub-Gaussian vectors. Then, the
eigenvalue-concentration inequality for sub-Gaussian random vectors (Theorem
5.39 of Vershynin (2010)) implies

vo = vy =< max{V'N,VT}.

In the Gaussian case, further progress can be made. Suppose u;; is independent
in both (i,t) and u; ~ N(0,02%). Let Z be an N x T matrix whose elements
are independently generated from N(0,02,). Then [|X © U| = [|X ® Z|| and
|U]| =2 || Z]| where =% means “is identically distributed to”. Let Q(W;m) denote

the m'™ quantile of random variable W. For dy7 = o(1), take
v =2(1+c)QIZ]; 1 = dnr), 11 =2(1+c)Q(X © Z[[;1 - dnr)

which respectively denote 2(1 + ¢;) multiplied by the 1 — dyr quantile of || Z]| and
| X ® Z||. Then (2.9) holds with probability 1 — dx7. In practice, we compute the
quantiles by simulation replacing o2, with an initial consistent estimator. In our

simulation and empirical examples, we set ¢; = 0.1 and dr = 0.05.

3. AsymMPTOTIC RESULTS

3.1. Parameters of interest relevant to policy studies. Our main inferential

theory establishes the rate of convergence and asymptotic normality for a group
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average effect. Fix a cross-sectional subgroup
G C{1,2,..,N}.

We are interested in inference for the group average effect at a fixed t < T":

] 1
Oge =5 > b,
gt |g|0 t

i€g
where |G|y denotes the group size. The group size can be either fixed or grow with
N. This structure admits two interesting cases as extremes: (i) G = {i} for any
fixed ¢, which allows inference for a fixed individual; and (ii) G = {1,2,..., N},
which allows inference for the cross-sectional average effect 6, := % Zf\il ;.

The group average effect provides answers to various questions related to policy
studies, e.g., the effect of the minimum wage in a state of interest or on average
in the country at different points in time. Inference about fg; is also relevant to
answering many questions which are important for understanding effects of policies
over the sample period. For example, one may be interested in the following

hypotheses related to policy effects during the sample period:

e Tests of group homogeneity. Given a finite number of groups of interest
G1,...,G;, one may wish to test the hypothesis of homogeneous average
group effects:

HY g, = .. = Og, .
For instance, we may be interested in asking whether the average effect of
the minimum wage in states in two different regions of the country, perhaps
historically poorer and historically wealthier states, are the same.

e Test of joint significance in a given time period. One might be

interested in testing that all effects in a given time period are zero:
Hg : 0, = 0 for all 4.

We show how valid tests of these hypotheses result as simple extensions of our
main results in Section 3.4. In the supplementary appendix, we also show how our

results can be extended to testing homogeneity of effects over two time periods.

3.2. Assumptions. We first introduce a key assumption about the nuclear-norm

SVT procedure. We require some “invertibility” condition for the operator:

(A17A2) — Al + AQ ® X,
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when (Aq, Ay) is confined to a restricted low-rank set (e.g., Negahban and Wain-
wright (2011)). To describe this set, we first introduce some notation.
Let Uy D1V} = © and Uy D,V = M respectively be the singular value decompo-

sitions of the low-rank matrices ©® and M. Further decompose,
Uj = (Ujﬂ’ﬂ Uj7c), V} = (‘/j,m‘/j,c)y for j = 1,2

Here (U;,,V;,) are the singular vectors corresponding to nonzero singular values,
while (Uj, V;.) are singular vectors corresponding to the zero singular values. In
addition, for any N x T matrix A, let

Pi(A) = U, U; AV VY

.0 and MJ(A) =A— PJ<A)

Here U; .U ;70 and V; . V/ . respectively are the projection matrices onto the columns
of U;. and Vj.. Therefore, M;(-) and My(-) can be considered as the projection
matrices onto the “low-rank spaces” of © and M respectively, and P;(-) and Pa(+)
are projections onto their orthogonal spaces.

Define the restricted low-rank set as, for some c1, ¢y > 0,

Cler, ) = {(A1, Do) | PLAD) ||n + |P2(A2) ][0 < 1| Mi(AD) |5 + 1 || Ma(A2)]|n,
1AL2 + A2 > 02\/_NT}.

Assumption 3.1 (Restricted strong convexity). For any c¢; > 0, there are con-
stants ca, k,m > 0, uniformly for (A1, Ay) € C(c1, ¢2), such that

181+ A0 © X = Kl A + K]l Aol = (N + T (3.1)

with probability approaching one. The same condition holds when (M, ©) are re-
placed with O = (N.f; i < Nt € I), My = (alg: = i < N,t € I), and with
(©1c, Myc), which are defined similarly.

Remark 3.1. Restricted strong convexity has been well studied in the low-rank
estimation literature in the case with a single matrix parameter, e.g., Klopp (2014)
and Negahban and Wainwright (2012). Assumption 3.1 extends the concept to the
multivariate case with general regressors. We verify this assumption in the supple-
mentary material under primitive conditions. The key primitive condition requires

that there is sufficient variability among the regressors x;;, which is analogous to
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the usual rank condition employed in regression. Specifically, for the decomposi-
tion xy = pi + ey for py and ey defined as in (2.5), a sufficient condition is that

all eigenvalues of ¥;; are bounded away from zero almost surely, where

1 E.zi 1 Lhit
Eit = E . E 2 = . 2 E 2
pLit BEudy Mit gy + Ep€gy

and E,(-) denotes the conditional expectation given {u; : i < N,t < T'}. Satis-
faction of this condition allows separately identifying #;; and the interactive fixed
effects in M. This condition is straightforward to verify. Note that the minimum
eigenvalue of ¥;; equals

2E,€2, E,.eZ

Yit + /i — 4Euel,

wmin (Ezt) =

where v, = 1+ pZ, + E 2. Thus, ¥min(Zi) is bounded away from zero uniformly
for all (i,t) as long as E,e? is bounded away from zero and 2, is bounded away

from infinity.

The following assumption places mild restrictions on the latent factors. The
assumed conditions hold for serially independent sequences and also allow for per-
fectly dependent sequences where (f;, g;) = (f, g) for some time-invariant (f,g) by
setting dim(f;) = dim(g;) = 1.

Assumption 3.2. As T — oo, the sub-samples (1,1¢) satisfy:

Z fuf = Z Ffl+0p(T7%) = —N " fif],

tel ’IC telc

_ 1
Z 9:; = Z 90, + Op(T™) = 17 3 0w
tel t=1 0 tele

In addition, there is a ¢ > 0 such that all the eigenvalues of %Zthl fifi and

%EL 9tg; are bounded from below by ¢ almost surely.

The next assumption requires that the factors be strong. In addition, we re-
quire distinct eigenvalues in order to identify their corresponding eigenvectors,
and therefore, (\;, ;). These conditions are strong, though standard in the factor
modeling literature. It may be interesting, but is beyond the scope of the present

work, to consider estimation and inference in the presence of weak factors.
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Assumption 3.3 (Valid factor structures with strong factors). There are con-
stants ¢y > ... > cg;, > ¢ >0, and ¢} > ... > ¢, > ¢ > 0, so that up to a term
OP(]_),

(i) ¢ equals the 5 largest eigenvalue of( > gtgt)1/2 1 Nl ;0 ( >, egh)
forall j =1,..., Ky, and

(ii) ¢; equals the j™ largest eigenvalue of (= 32, fifD) /24 oM NN (R S, fif)V?
forall j=1,..., K.

Proposition D.1 in the supplementary appendix shows that under the aforemen-
tioned conditions, the nuclear-norm regularized matrix estimators are consistent
under the Frobenius norm and provides the rate of convergence. It extends known
results from the low-rank estimation literature to the multi-dimensional case.

To obtain the asymptotic distribution of our estimator, we make a number of
additional assumptions. Throughout, let (F,G, W, E,U) be the T' x K matrices of

(fts g, wy, €3, uy ), where K differs for different quantities.

Assumption 3.4 (Dependence). (i) {e;,uy} are independent across t; {ey} are
also conditionally independent across t given {F,G,W,U}; {uy} are also condi-
tionally independent across t given {F,G, W, E}.

(11) E(est|use, we, ge, fr) = 0, E(ules, we, gi, fr) = 0. Also, Ee?, does not vary
across t.

(i1i) The N x T matrix X ® U has the following decomposition:

XoU= QNTEIT/z, where

(1) Qn7 = (w1, ...,wr) is an N x T matriz whose columns {w; i< are inde-
pendent sub-gaussian random vectors with Ew, = 0. More specifically, there
1s C' > 0 such that

max sup Eexp(swjz) < exp(s’C), Vs R.
=T all=1

(2) X7 is a T x T deterministic matriz whose eigenvalues are bounded from

both below and above by constants.

(iv) Weak conditional cross-sectional dependence: let W = (F,G,W). Let wy =
uieir, and let ¢; be a bounded nonrandom sequence. Almost surely,
1
max — Y |Cov(enej, emenW,U)| < C, max |E(wuy)W, E)|| < C

t<T N3
1,5,k I<N



16  VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

N N
1 1
max E(|ﬁ )~ ciwul W) < C, max E(\\/—N > ciea|'W,U) < C
=1 - =1

t<T

N
1
max EUWZ%%I“W, E) <, maxmax— Z |E(erreie;: W, U)| < C
i=1

t<T t<T i<N
k JSN

N
maxmaxz |Cov(el, el [W,U)| < C, m,re{1,2}

t<T <N £

max max — Z |Cov(wiwijt, wipwie | W)| < C, max maxz |Cov(wir, wie)[W)| < C.

t<T i<N <N

k)j<N - j=1
Assumption 3.5 (Cross-sectional CLT). As N — oo,
Before stating our final assumption, it is useful to define a number of objects.

N
1
Vio 1/2 \/_ Z ey —* N(0,1),  where Vyg = Var <\/_N ; i €ir iy

1 N T
byra = max|l+— Zzws eiseit — Eeiseq)||
t<T
i=1 s=1
1,1 &
bnrp = (I%%(?Z(NZ@S%—Eeiseit)Q)l/Q
s= 1 =1
1 T
bnrs = gzagc\l—zlenH bNT,4:maXHT2;eiswsH
sS=
byrs = max || ZZZ e;seis — Eejeeis)|
j=1 s=1

In addition, we introduce Hessian matrices that are involved when iteratively

estimating \; and f;.
Dy = %A’(diag(Xt)Madiag(Xt)A, Dy = %F’(diag(li)Mgdiag(ii))F,
Dy = %A’E((diag(et)Madiag(et))A+%A’(diag(Lwt)Madiag(Lwt)A,
Dy = %F’E(diag(Ei)Mgdiag(Ei))F+%F’(diag(Wli)Mgdiag(Wli))F.

The above matrices involve the following notation. Let X, e; denote the N x 1
vector of x; and ey, and let X; and E; denote the T' x 1 vectors of z; and ey
for a given i. Let L denote the N x dim(w;) matrix of [;, and let W denote the
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T x dim(w;) matrix of wy. Let M, = I —G(G'G)"'G’ be a T x T projection matrix,
and let M, be an N x N matrix defined similarly. Finally, let diag(e;) denote the
diagonal matrix whose entries are elements of e;; all other diag(.) matrices are

defined similarly.

Let CNT = min{\/ﬁ, \/T}

Assumption 3.6 (Moment bounds). () max;(||\|| + ||l + [|4]]) < C.

(it) maxi<r ||+ >, e Ni||p = op(1) and dnrmax; |eir| = op(1), where

ONT = (CNT + bnTa + bNT5) max |we]| + b1 + byrs + CNTbNT2 + CNI/Q-

(iii) Let 1;(H) denote the j' largest singular value of matriz H. Suppose there
is ¢ > 0, so that almost surely, for allt < T and i < N, min;<g, ¥;(Dy) > c,
min;<g, V(D) > ¢, minj<g, ¥;(Dy;) > ¢ and min;<g, ¥;(Dys;) > c. In addition,

1 1
¢ < ming;(5 Zun < maxy(; ) Ll < C
c< mln V(= Zwtwt < max V(= Zwtwg) <C
¢

(iv) max; E(e8|U, F) < C, and E|lw||* + E||g:||* + E|| f:]|* < C, and
Ellgell* I fell* + Euig [l £ell* + Ee5 I fll* + Eef, £l gell* + Ellwel*llge[I* < C-

Assumption 3.6 (ii) imposes tail conditions on (e, w;). If (e, w:) are sub-
Gaussian and e is independent across 7, it is straightforward to obtain bounds

for b7, ..., byrs under which one can verify that condition (ii) holds as long as

log? T = o(N) and (log® T')(log® N) = o(T).
3.3. Main Results. Assume that G is a known cross-sectional subset of interest.

Theorem 3.1. Suppose Assumptions 3.1- 3.6 hold. Fix any t < T and G C
{1,...,N}. Suppose N, T — oo and either (i) |Glo = o(N) or (i1) N = o(T?) holds.
In addition, assume f;V;f, and S\bV)\j\g are both bounded away from zero. Then

251/2 <|g|0 Zf)n egt> =2 N(0,1)

where

Yo = ALV
g T|g| ftvfgft+N g Ag



18  VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

with

T
Vig = %Z Var <\/— > Qifseistig
s=1

i€g

T
1 / 2\—1
) , Q= (?ZfsfsEeis) )
Vi = V'Vl Va= NZAZ')‘;EG?“ Ao = |g|oz/\
i=1

Remark 3.2. As an implication of Theorem 3.1, which can be achieved under

weaker conditions, the group average effect estimator has rate of convergence

1 1
Oy — Og, = O + :
\%%t o P(J—Tr% fN)

It is useful to compare this to the rate that would be obtained, for a fixed group

of interest G, using a model that imposes homogeneous effects at the group level:
Yir = Qg’th’it + a;gt + (e 1€ Q (32)
The resulting “group-homogeneous effect estimator” ggyt would satisfy

O, — 06, = Op <|Q|61/2> :

In effect, the homogeneous effect estimator uses only cross-sectional information
within G. By leveraging the factor coefficients, we estimate a heterogeneous aver-
age effect ég’t = ﬁ Zieg 0;; making use of all crNoss—sectional information which
will result in a faster rate of convergence than 6s,; when |G|y is small and will
remain consistent even if the group size is finite. We also note that the homo-
geneous effects estimator will generally be inconsistent for group average effects
when effects are actually heterogeneous. Note that we estimate the average effect
for a given known group. See, e.g., Bonhomme and Manresa (2015) and Su et al.

(2016) for results on estimating group effects with estimated group memberships.
Theorem 3.1 immediately leads to two special cases.

Corollary 3.1. Suppose Assumptions 3.1-3.6 hold. Fix t < T.
(i) Individual effect: Fiz any i < N, then

12 (ezt At) —? N(0,1)

7

where Y; TftVfot + N)‘;VA)‘ with Vi; = 7 Zstl Var (Qifseisuis
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(ii) Cross-sectional average effect: Suppose N = o(T?) and liminfy o3 > 0, then

N
1 ~ _
]\[0’;1 (N E Qit - 9t> —>d N(O, 1)

where 0, = % Zf\il Oir, A = % Z]'Vl Ai and o3 = NV,

We now discuss estimating the asymptotic variance. To preserve the rotation
invariance property of the asymptotic variance, we estimate relevant quantities
separately within subsamples and produce the final asymptotic variance estimator
by averaging the results. Specifically, assuming products e;u;; are cross-sectionally

independent for simplicity, let

= RV PVl + M Vithe Vi Uiy hreg),
bo = 5Bt FedViesfied),
Vsy = |g|01| |OZZQSszstSQSz€zS s
s¢S i€G
Vs = zm B Thas = 1 3 A, N B,
J
Asg = ﬁz)\s,“ and Qg <|;,02J%,SZS>1<%Z€?S>1

Corollary 3.2. In addition to the assumptions of Theorem 3.1, assume eyu; are

cross-sectionally independent conditionally on F'. Then for any fitedt < T and G,

1 1 " ~1/2
<—v,\ + == TIGls ) <|g‘0 Zezt 9@1&) — N(O 1).

1€G

3.4. Policy relevant tests. We now show how we can use our results to test the
policy relevant hypotheses described in Section 3.1. As part of this discussion, we
illustrate leveraging the structure of coefficients in the factor-slope model, égﬂf =
7@ fi, to provide tractable tests.
Consider testing the null hypothesis of homogeneity of group average effects in
a given time period t:
HY gy — . = fg,
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Let S := (@\gl,t — é\g%t, é\g%t — é\gS’t, o ggJ_ht — ggJ,t)’. We define the test statistic

1 -1 0
~ 0 1 -1 0
TS (ZDZ')"'S for = =
0 - 1 -1

where D = diag{ﬁﬁﬂgj : j < J} is the diagonal matrix of the estimated asymp-
totic variances of fg, ;. It may be interesting to note that this test is essentially a
test of group homogeneity of loadings in the sense that égﬁt —0g, = (/_\g]. — X)) fi
for any two groups G;, Gy. Therefore, H; is the same as the null hypothesis of
homogeneity of group average loadings except when the inner product between
ng — ng and f; happens to be zero.

Next, consider the test of joint significance at a given time t:

Hg : 0 = 0 for all i.

The factor slope structure brings us at least two benefits to implement this test.
First, although this hypothesis is high-dimensional, the problem can be trans-
formed to testing a much simpler low-dimensional hypothesis, HZ' : f; = 0. Under
HZ, the factor structure yields Af, = 0 where A is the N x dim(f;) matrix of
Ai. Suppose (A'A)7! exists, then HZ is equivalent to f; = 0 almost surely, which
follows from left multiplication by (A’A)~*A’. A secondary benefit of focusing on
f+ is that failing to reject f; = 0 will also imply 6;; = 0 for any out-of-sample
cross-sectional unit ¢ influenced by the same factors.

Focusing on HY', a simple test can be constructed from
~ 1 ~ ~
Je = §(fl,t + fret)

and associated estimated asymptotic variance \7,\ = %‘7;111‘7& 117/\_111+%I7)\_1116 ‘/&27 Ie 17;11]0.
The following theorem presents the asymptotic null distribution of the two tests.

Let x%(a) denote the centered chi-square distribution with degrees of freedom a.

Theorem 3.2. Suppose the assumptions of Corollary 3.2 hold.
(i) For H}, suppose Ag, = ... = g, under H}. Assume max;<y|G;lo = o(T),
T max;<; |G;lo = 0o(N?), max; |G;|o/ min; |G;lo = O(1) and J is fived. Under H,

TS'(EDZ)'S —% \*(J — 1).
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(ii) For HZ, suppose f; =0 almost surely under HZ. Then under HZ,
NfV fe = X (dim( ),

3.5. Consistent rank estimation. This section considers consistent estimation
of the ranks K; and K. Several methods based on information criteria or eigen-
gaps are available for estimating the number of factors; see, e.g., Bai and Ng (2002),
Onatski (2010), and Ahn and Horenstein (2013). While these methods could be
adapted to the current context, here we provide a simple method that is a natural
byproduct of the nuclear norm penalized estimator (2.2).

Recall that (M, ©) are the low-rank estimators obtained from solving (2.2) using
the full data i =1,..., N and t = 1,...,T. We can estimate K, K5 as

Ry =32 1{4(8) 2 (llBI)Y2), Ry = 32 1{wi(B) > (3112},

3 (2

where 1;(W) denotes the i*® largest singular-value of a matrix . Proposition D.1
in the supplement shows that K 1 and l?g are consistent estimators of the rank of
© and M. All formal results in the previous sections are unaffected by using K,

and IA(Q obtained in an initial step before applying Algorithm 2.2.

4. MONTE CARLO SIMULATIONS

In this section, we provide some simulation results for inference about a spe-
cific 6;;. We provide additional simulation results regarding the hypothesis tests
discussed in Section 3.4 and in a dynamic model in the supplementary appendix.

We generate outcomes as

Vit = Qg + Tig10ir + Tir2fi + Ui
where 0;; = N1 fr1 and By = A, fi2. The observed regressors are generated as
Tigr = l;,rwt,r + e + Cityr, T = 17 2a

where (e;t,, u;) are generated independently from the standard normal distribution
across (i,t,r). We set p, = 2, so x;, follows a factor model with an intercept. We
then estimate the structure of x;;, for partialing-out via the principal components

estimator applied to the matrix (s;;,)nxn:

T
1 - B _ 1
Sijr = T Et @ity — Tig)(Tjer — Tjr),  Tig = T Et Lit,r -



22 VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

We set each number of factors to one and generate all factors and loadings indepen-
dently as draws from N(2,1) random variables. The loadings (v, Ai1, Aio, li) are
treated as fixed in the simulations while the factors (g;, fi1, fi.2, Wy, ) are treated as
random and sampled across replications. Results are based on 1000 replications.

We compare four inferential methods:

(I) (“Partial-out”) The proposed estimator that partials out p; from z; and
uses sample-splitting. Feasible standard errors given in Corollary 3.2 are used.

(IT) (“Par-infeasible”) The proposed estimator that partials out p;; from z; and
uses sample-splitting. Infeasible simulation standard errors are used for inference.

(ITT) (“No Par-out”) The estimator that uses sample splitting but does not make
use of partialing-out. That is, we run Steps 2 and 3 of Algorithm 2.2 using data
for s € I, and obtain (}V‘LS, )\”) for s € I¢U {t} and all i. We then exchange [
and I¢ to obtain (fes, Az;). The estimator is then defined as e ’”f]t + )\’Iclf}t)
Infeasible simulation standard errors are used for inference.

(IV) (“Regularized”) The estimator that uses nuclear-norm regularization only.
That is, 0; is directly estimated as the (i,#)™ element of © in (2.2). Infeasible
simulation standard errors are used for inference.

We report results only for 6;; with i =t = 1; results for other values of (i,¢) and
for f3;; are similar. Table 4 reports the fraction of simulation draws where the true

value for 6;; was contained in the 95% confidence interval:

[@-t — 1.9686(9\”), @-t — 1.9656(5“)].

-~

where se(f;;) is the respective standard error for (I)-(IV) defined above.

Figure 4 plots the (scaled) histogram of the standardized estimates, superim-
posed with the standard normal density. The top panels of Figure 4 are for the pro-
posed estimation method; the middle panels are for estimation without partialing-
out the mean structure of z;;, and the bottom panels are for the nuclear-norm
regularized estimators without any debiasing. It appears that asymptotic theory
provides a good approximation to the finite sample distributions for the proposed
post-SVT method. In contrast, the estimated #;; produced without partialing-out
and produced by applying nuclear norm regularization without further debiasing

noticeably deviate from the standard normal distribution.
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TABLE 4.1. Coverage Probability in Static Simulation Design

N T | Partial-out Par-infeasible No par-out Regularized
100 100 0.943 0.953 0.794 0.778
200 200 0.952 0.944 0.835 0.911
500 100 0.945 0.946 0.804 0.883

Note: This table reports the simulated coverage probability of 95%
confidence intervals. The “Partial-out” estimator uses feasible stan-
dard errors. All other methods use infeasible simulation standard
errors. Results are based on 1000 simulation replications.

T=200, N=200, partial-out T=100, N=500, partial-out
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03"
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0
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3

T=200,N=200, partial-out-infeasible s T=100,N=500, partial-out-infeasible
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T=200, N=200, no partial-out T=100, N=500, no partial-out
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03+

02+
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-8 -6 -4 2 0 2 4
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FIGURE 4.1. Histograms of standardized estimates ((A11 —611)/se(f11)). The
standard normal density function is superimposed on each histogram.
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