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We study an approximate factor model in the presence of both cross sectional dependence and
heteroskedasticity. For efficient estimations it is essential to estimate a large error covariance matrix.
We estimate the common factors and factor loadings based on maximizing a Gaussian quasi-likelihood,
through penalizing a large covariance sparse matrix. The weighted ¢; penalization is employed. While
the principal components (PC) based methods estimate the covariance matrices and individual factors
and loadings separately, they require consistent estimation of residual terms. In contrast, the penalized
maximum likelihood method (PML) estimates the factor loading parameters and the error covariance
matrix jointly. In the numerical studies, we compare PML with the regular PC method, the generalized
PC method (Choi 2012) combined with the thresholded covariance matrix estimator (Fan et al. 2013), as
well as several related methods, on their estimation and forecast performances. Our numerical studies
show that the proposed method performs well in the presence of cross-sectional dependence and
heteroskedasticity.
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1. Introduction

In many applications of economics, finance, and other scientific
fields, researchers often face a large panel dataset in which there
are multiple observations for each individual; here individuals
can be families, firms, countries, etc. One useful method for
summarizing information in a large dataset is the factor model:

Vie = o + Agfe + e, i <N, t <T, (1.1)

where «; is an individual effect, Ag; is an r x 1 vector of factor
loadings and f; is an r x 1 vector of common factors; u; denotes
the idiosyncratic component of the model. Note that y; is the
only observable random variable in this model. If we write y, =
Wi -5 Ao = (o1, ..., Aon) s @ = (a1,...,ay) and
u; = (uy, ..., uy)’, then model (1.1) can be equivalently written
as

Ve = a + Aof; + us.
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An efficient estimation of the factor loadings and factors
should take into account both cross-sectional dependence and
heteroskedasticity. This paper uses the penalized maximum
(quasi) likelihood estimation under large N, T. The maximum
likelihood estimator depends on estimating a high-dimensional
covariance matrix X9 = cov(u;), which is a difficult problem
when it is non-diagonal and N/T — oo. Recently, Bai and Li
(2012a) studied the maximum likelihood estimation when X is
a diagonal matrix. As was shown by Chamberlain and Rothschild
(1983), it is desirable to allow dependence among the error terms
{uir}i<n.c<r DOt only serially but also cross-sectionally. This gives
rise to the approximate factor model. With approximate factor
models, Doz et al. (2012) considered the consistency of MLE
for f;, restricting a diagonal error covariance matrix. Bai and Li
(2012b) estimated an approximate factor model for both factors
and factor loadings with MLE, also restricting a diagonal error
covariance matrix, and derived the limiting distributions of the
estimators. These are shrinkage estimators that shrink the off
diagonal elements of X4 to zero.

In addition to the diagonal elements, this paper also estimates
the off-diagonal elements of X4, which has O(N?) number of pa-
rameters. The key assumption we make is that the model is con-
ditionally sparse, in the sense that X, is a sparse matrix with
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bounded eigenvalues. This assumption requires many off-diagonal
elements of X, to be zero or nearly so, but still allows the iden-
tities of the sparse positions to be unknown. The conditional
sparsity, though slightly stronger than the assumptions in Cham-
berlain and Rothschild (1983), is meaningful in practice. For exam-
ple, when the idiosyncratic components represent firms’ individual
shocks, they are either uncorrelated or weakly correlated among
the firms across different industries, because the industry specific
components are not necessarily pervasive for the whole economy
(Connor and Korajczyk, 1993). Under the sparsity assumption, Fan
et al. (2013) proposed a thresholding method to consistently esti-
mate X, when N > T. Their method is based on the traditional
principal components method, and does not improve the estima-
tion of factors and loadings. This paper proposes a maximum like-
lihood (ML)-based method that simultaneously estimate the error
covariance matrix and loadings, taking into account both cross-
sectional correlations and heteroskedasticity.

ety = 31 ynandS, = + 3 (v — $) (e — §)’ be the
sample covariance matrix based on the observed data. The quasi-
likelihood function is

L(As Z‘u»Sf)
1 1
=5 log |ASf A" + %] + Ntr(sy(Asz’ + 07D, (1.2)

where S = 2 31 (=) (f—f), withf = 1 3°/_, f.Inaddition,
a weighted ¢,-penalty is attached to penalize the estimation of
off-diagonal entries. So we are solving the following optimization
problem:

min [L(A, TS+ uN,Twmzu,yq

i
where the weight wj is the entry-dependent weight; uy r is
a tuning parameter. We provide data-dependent choices for
{wij}ij<n and p 1, as well as the corresponding theories.

There has been a large literature on estimating model (1.1).
Stock and Watson (1998; 2002) and Bai (2003) considered the
principal components analysis (PC), which essentially treats u;
to have the same variance across i, and is inefficient. Choi
(2012) proposed a generalized PC; also see Breitung and Tenhofen
(2011). Additional literature on factor models includes, for
example, Tsai and Tsay (2010), Bai and Ng (2002), Wang (2009),
Dias et al. (2013), Han (2012), among others. Most of these
studies are based on the PC method, which is inefficient under
cross-sectional heteroskedasticity with unknown dependence
structures. Moreover, this paper studies high-dimensional static
factor models although the factors and errors can be serially
correlated. For generalized dynamic factor models, the readers
are referred to Forni et al. (2000; 2005), Forni and Lippi (2001),
Hallin and Liska (2007), among others. Our estimation method is
maximum likelihood (ML) based, in which no spectral analysis is
involved. The ML-based estimation allows for over-identification
restrictions to be imposed on the loadings (in a similar way as
Bai and Wang (2015)) and allows for forecasting in the spirit of
Giannone et al. (2008).

The theoretical results of our paper are only about the
consistency of the estimators, although some convergence rate
of the covariance estimator is presented in Lemma B.2 in the
Appendix, which is not minimax optimal. We admit that due to
the technical difficulty, it is challenging to derive the optimal (or
near optimal) rate of convergence, and further research on the
optimal rate is needed in the future. This paper aims to propose a
novel ML-based method for estimating approximate factor models,
and illustrates its appealing features to use in practice. We shall
elaborate the advantages of ML-based methods in Section 2.2. In

addition, we assume the number of factors r to be known. Both
N and T diverge to infinity and r is fixed. In practice, r can be
estimated from the data, and there has been a large literature
addressing its consistent estimation, for example, Bai and Ng
(2002), Kapetanios (2010), Onatski (2010), Alessi et al. (2010),
Hallin and Liska (2007), and Lam and Yao (2012), among others.

The recent work by Fan et al. (2013) focuses on the covariance
estimation using the regular PC. In contrast, we focus on efficiently
estimating the factors, loadings, and the covariance matrices
simultaneously using penalized MLE. Hence we focus on different
estimation problems. The maximum likelihood method has been
one of the fundamental tools for statistical estimation and
inference.

Our approach is also closely related to the large covariance
estimation literature, which has been rapidly growing in recent
years. Our penalization procedure is similar to the method in Lam
and Fan (2009), Bien and Tibshirani (2011), etc. However, as we
described above, our approach is still quite different from theirs
in the sense that the penalized ML method considered in this
paper estimates the loadings and error covariance matrix jointly.
A major difficulty is that the likelihood function being considered
contains a few fast-diverging eigenvalues thanks to AyA;. One
of our main objectives is to show that maximizing the Gaussian
likelihood function involving fast-diverging eigenvalues can still
achieve consistency. Other works on large covariance estimation
include, for example, Cai and Zhou (2012), Bickel and Levina
(2008), Fan et al. (2008), Jung and Marron (2009), Witten et al.
(2009), Deng and Tsui (2013), Yuan (2010), Ledoit and Wolf (2012),
El Karoui (2008), Pati et al. (2012), Rohde and Tsybakov (2011),
Zhou et al. (2011) and Ravikumar et al. (2011), etc.

The paper is organized as follows. Section 2 defines the si-
multaneous estimation using penalized MLE, and discusses the
advantages of ML-based methods. Section 3 presents theoretical
analysis. Section 4 discusses computational issues and implemen-
tations. Section 5 numerically compares the proposed methods
with competing ones in the literature on both estimation and time
series forecasts, using simulated and real data. Finally, Section 6
concludes with further discussions. All proofs are given in the Ap-
pendix.

Notation

Let Amax(A) and Anin(A) denote the maximum and minimum
eigenvalues of a matrix A respectively. Also let ||A||1, ||A]| and ||A||f
denote the £, spectral and Frobenius norms of A, respectively.
They are defined as [|All; = max; }; [Al, IAll = +Amax(A'A),
IAllF = +/tr(A’A). Note that when A is a vector, both ||A|| and ||A||r
are equal to the Euclidean norm. For two sequences ar and br, we
write ar < br, and equivalently by > ar,ifar = o(br) asT — oc.
Also, ar =< by if ar = o(br) and by = o(ar).

2. Simultaneous estimation based on maximum likelihood

The approximate factor model (1.1) implies the following
covariance decomposition:

Eyo = Ayp COV(f[) A£) + Yo, (21)

assuming f; to be uncorrelated with u;, where Xy and X, denote
the N x N covariance matrices of y; and u;; cov(f;) denotes ther xr
covariance of f;, all assumed to be time-invariant. The approximate
factor model typically requires the idiosyncratic covariance X,
have bounded eigenvalues and A A have eigenvalues diverging
atrate O(N). One of the key concepts of approximate factor models
is that it allows X,¢ to be non-diagonal.
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2.1. £q-penalized maximum likelihood

We jointly estimate (Ag, Xy9), taking into account the cross-
sectional dependence and heteroskedasticity simultaneously.
Because of the existence of «, the model y; = Aof; + o + u is
observationally equivalenttoy, = Aof;"+o*+u;, wheref* = fi—f
anda® =« + Aqf . Therefore without loss of generality, we assume
f = 0.In addition, we focus on a usual restriction for MLE of factor
analysis (see e.g., Lawley and Maxwell, 1971) as follows:

Sf =1, and A’ ¥, A is diagonal, (2.2)

and the diagonal entries of A’ X! A are distinct and are arranged
in a decreasing order. Motivated by the Gaussian likelihood
function, the normalized negative (quasi) log-likelihood is given
by

1 / 1 / -1
LA Z) = & log |det (AA" + X,)| + N (Syaa’ + x)7").
(2.3)
We estimate the parameters via the penalized (quasi) MLE:
(A4, %) =arg  min (4, 5,)
(A, 2y)e@y xTI”
= arg L(A, X)) + Pr (X)) (2.4)

min
(A, Zy)e@ xTI

where ©, is a parameter space for the loading matrix, and I is
the parameter space for X, to be defined later. Hence minimizing
(2.4) estimates the loadings and the error covariance matrix jointly.
Here Pr(X,) is a penalty function operated on the off-diagonal
elements of X, to penalize the inclusion of many off-diagonal
elements of X, ; in small magnitudes, which therefore produces
a sparse estimator fu. We employ the weighted ¢;-penalty

Z MN, Tw1]|2u 1]|
i#j

PT(Eu) -

Here puy 7 is a tuning parameter that converges to zero at a not-
too-fast rate; wj; is an entry-dependent weight parameter, which
can be either deterministic or stochastic. We suggest three specific
choices for wyj, commonly used in the high-dimensional statistical
literature:

Lasso  The choice w; = 1 foralli # j gives the well-known
Lasso penalty N™'un 1 ) | Zu | studied by Tibshirani
(1996). The Lasso penalty puts an equal weight to each
element of the idiosyncratic covariance matrix.

Adaptive-Lasso Let 2* be a preliminary consistent estimator

Zuo.ij- Let wy = |Euu| ! then

MNT HUN,T
Do wil Zugl = =g YIS Sl
i#j i#j

corresponds to the adaptive-lasso penalty proposed by
Zou (2006). Note that the adaptive-lasso puts an entry-
adaptive weight on each off-diagonal element of X,
whose reciprocal is proportional to the preliminary
estimate. If the true element X is nearly zero, the
weight |E* =1 should be quite large, and results in a
heavy penalty on that entry. The preliminary estimator
% can be taken, for example, as the PC estimator

uij
I = TV WU, where W is the residual
from the PC estimator. It was shown by Bai (2003) that

under mild conditions, ¢ — Zwi = Op(N"V2 4

uy

(log N)/2T=1/2) uniformly in (i, ).

SCAD Fan and Li (2001) proposed to use, for some ¢ > 2
(e.g.,c =3.7)
(¢ — 1Puil/1n.1)+
wij = [Im,,gsuw,ﬂ -7 lpugunn
x (ZF 3 )12, (2.5)

u,ii “u,jj

The notation z, stands for the positive part of z; z, is
zifz > 0, zero otherwise. Note that p; = X,/

(23325 )"? and Ty is still a preliminary consistent
estimator, which can be taken as the PC estimator. So
essentially this penalty function penalizes the residual
correlation matrix, to accommodate the variations of the

covariance scales.

After obtaining A and X!
least squares (GLS):

, we estimate f; via the generalized

= (AZTATAZ e — ).

Note that (2.3) is the exact log-likelihood function when (1) u;,
is normal and (2) data are serially independent. We relax both as-
sumptions and particularly allow the data to be serially dependent
across t. Hence (2.3) is a quasi-likelihood function. Also, restriction
(2.2) guarantees a unique solution to the maximization of the log-
likelihood function up to a column sign change for A. Therefore
we assume the estimator A and Ay have the same column signs,
as part of the identification conditions. Results without assuming
that the signs are not correctly estimated can be found in Stock and
Watson (2002).

2.2. Comparison with related methods

Suppose Z‘u’O] were known, then the first order condition of A
(see Lemma A.5) implies:

AZLS, = (A Sy A+1)A
Under the identification condition that A’S'A is diagonal
with distinct diagonal entries, the columns of EuOVZA are

1/2 1/2

the eigenvectors of X 7“5, X " corresponding to the first r
eigenvalues. Then up to a transformation, EL})I/ 2Ais equivalent to
the “generalized principal components” method studied by Choi
(2012), who assumed ELE)l were known and estimated A and
{fe}e<r by solving

(A, {f}) = arg_min Z(yf Y= AR o' v —§ — AR).

Affehe<r T
(2.6)
Indeed, the solution Ato problem (2.6) is such that the columns of
S PA(A 25 A)~1/2 are also the eigenvectors of X'/2S, X/

correspondmg to the first r eigenvalues. This motlvates a question
whether there is any conceptual difference between an ML-based
estimator and the generalized PC.

The answer is that ML-based and PC-based methods provide
different procedures of estimating X,y. To better understand the
issue, consider a simpler case where it is known that X, is a
diagonal matrix with heteroskedastic diagonal entries o;7. Then the
ML-based method solves

min _ log|det(Acov(f) A" + X,)|
cov(fr). A {0}

+tr(Sy(Acov(f) A’ + X)),
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subject to normalization constraints on cov(f;) and A. The
generalized PC, on the other hand, becomes:

: 1 . - /=1 by

,min ;m V= AR Ey e =5 = A

The ML method estimates all parameters (including X,) simulta-
neously, while PC requires a separate estimation of 07 = Ful ina
first step. To estimate FuZ, PC-based method also requires consis-
tently estimating A and {f;};<r and then the residuals {u; }i<n ¢<7.
Indeed Choi (2012) proposed a two-step estimator, which esti-
mates ¥, in the first step, then (2.6) is solved with X' replaced
by its consistent estimator. Such a procedure is problematic when
N isrelatively small. In the case when N is fixed, f; cannot be consis-
tently estimated. As the estimated residuals u;; depend on the esti-
mated factors, U; is not consistent for the true error u;.. This means
that 57 based on T is not consistent for o7 = EuZ. This issue is
related to the “incidental parameters bias” of Neyman and Scott
(1948). In this case, the PC-based method treats F = (fi, ..., fr) as
high-dimensional parameters, and with a relatively small N, these
parameters cannot be estimated well.

In contrast, the likelihood function (2.7) depends on the factors
only through a low-dimensional matrix cov(f;); the ML-based
method estimates X directly, avoiding estimating the residuals
or factors. Even if N is fixed, the MLEs of Ay and X, are still
consistentasT — oo, because this setting falls in the framework of
classical inference; see, for example, Lawley and Maxwell (1971).
Our numerical studies demonstrate that N does not need to be very
small to reveal the advantages of ML-based methods.

Similarly, when T is small but N is large, the ML method can
work with the T x T data matrix (switching the role of N and
T), and produce consistent estimation of the factors and the time
series covariance matrix. In contrast, the PC-based method is not
consistent when one of the dimensions is small.

Even for non-diagonal X, generalized-PC relies on residuals
to estimate the off-diagonal elements. Indeed, Fan et al. (2013)
consistently estimate 2@1 asN, T — oo, based on the PC method.
In contrast, the proposed penalized MLE directly treats them as
parameters, and does not rely on residuals to estimate them.

The penalized MLE can be generalized in several aspects, while
the PC-based method will not be suitable under these settings.
(i) Confirmatory factor analysis: the ML method can incorporate
additional restrictions. For example, when some components of Ag
are known, the ML method will not estimate these components,
the maximization is taken with respect to the unknown elements.
More general restrictions such as cross-equation restrictions are
discussed by Bai and Wang (2015). (ii) Bayesian estimation:
the likelihood function is an important component of Bayesian
analysis, it is mendable by incorporating prior information. In fact,
the penalization itself can be interpreted as a Bayesian estimation
under appropriate priors. (iii) Dynamic factor models: the ML
method can be extended to dynamic factor models such thaty, =
Aqoft + A1fi—1 + ug, where the second set of factors f;_; is the lag
of f;. The PC method would treat the model as having 2r static
factors, while the ML can estimate the model with r factors; the
likelihood function is evaluated by the state space method via the
Kalman smoother. The ML method can allow f; itself to be dynamic,
for example, Doz et al. (2012). In view of these advantages, it is
of interest to study the ML-based method with a possibly non-
diagonal error covariance matrix.

Although the penalized likelihood method has been used
frequently in the recent literature of large covariance estimation
(e.g., Lam and Fan, 2009), the problem being addressed here
is technically different and challenging. This is because, besides
penalizing X, the likelihood function is also highly nonlinear in
A, and AA’ has r fast-diverging eigenvalues (at rate O(N)). In

contrast, the literature has only focused on estimating covariances
with bounded eigenvalues. Investigating the impact of these “very
spiked” eigenvalues on the joint estimation of (A, X)) is one of the
goals of this paper. In addition, the penalized ML method can also
be viewed as an alternative approach to that of Fan et al. (2013) to
estimating the error covariance matrix in factor analysis, because it
does not rely on the principal components method, and enjoys the
advantages of the maximum likelihood method as discussed above.
The matrix AA’ + 5, is a high dimensional covariance estimator.

3. Theoretical properties

3.1. Sparsity assumptions

First, we define the sparsity condition on X,,. The sparsity is
characterized through an unknown partition of the off-diagonal
elements. Let J; and J; denote two disjoint sets of the indices for
small and large elements of X, in absolute value, and

{@G.):i=N,j=N}=J.UJy.

Because the diagonal elements represent the individual variances
of the idiosyncratic components, we assume (i, i) € J, foralli < N.
The sparsity assumes that most of the indices (i, j) belong to J;
when i # j. The following assumption quantifies the partition
{(i,j) : 1 < N,j < N} = J; U]Jy. The partition need not be unique,
and our analysis suffices as long as such a partition exists. One does
not need to know which elements belong to J; or which elements
belong to Jy. Define the number of off-diagonal large entries:

Dy = Z 1.
i, LD ely

(3.1)

Assumption 3.1. There exists a partition {(i,j) : i < N,j < N} =
Ji U Ju where Jy and J; are disjoint, which satisfies:

(i) (i,i) € Jyforalli < N, and Dy = o(min{N/T/logN, N?/
logN}),

(ii) Z(i,j)ejL |Eu0,ij| = O(N)-

As there are O(N?) off-diagonal entries in total, Condition
(i) requires that most off-diagonal entries of X, be inside J;.
Condition (ii) quantifies the absolute sum of all the “small” entries.
In particular, we do allow Dy > N and Z(Lj)eh | Xyo,ii| to diverge,
which means that ¥,y need not be too sparse. It is likely that J; only
contains the diagonal elements. It then essentially corresponds to
the strict factor model where X, is almost a diagonal matrix and
error terms are only weakly cross-sectionally correlated, which
is a special case of Assumption 3.1. Another special case arises
when X is strictly sparse, in the sense that its elements in small
magnitudes (J;) are exactly zero. For the banded matrix as an
example, there is a finite integer k such that

o 70 ifJi—jl < k;

Then Jy = {(i,j) : li —jl > k}and Jy = {(i,)) : li —jl < k}
In this case Dy = O(N), and Z(i,j)ejL | Zuo,ijl = 0. Hence all the
conditions in the above assumption are satisfied. This assumption
is also satisfied by block-diagonal matrices with finite block sizes.

To compare with the sparsity assumptions of Fan et al. (2013),
consider an exact sparse case where (i, j) € Jyifand only if X =
0, so many off-diagonal elements are exactly zero. Then our As-
sumption 3.1 simplifies to:

Dy = Z 1{Xyo,ij # 0} = o(min{N,/T/logN, Nz/logN}), (3.2)
i#j

Zuoij =0 if|i—j| > k.
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while the sparsity condition in Fan et al. (2013) based on thresh-
olding estimation in this case becomes:

N
my = max > 1{Zu # 0} = o(min{/T/logN, VN}).  (3.3)
1< j:l

We see that as the covariance estimation approaches are different,
the required sparsity conditions are of different types. Our condi-
tion controls the overall number of nonzero off-diagonal elements,
whereas the condition of the thresholding estimator bounds the
maximum number of nonzeros in the rows my. Admitted that
while Fan et al. (2013) achieves the convergence under the matrix
spectral norm, we achieve a weaker consistency (asin Theorem 3.1,
the norm ||. ||§/N is weaker than the spectral norm), as a result, we
require a weaker sparsity condition than theirs. Indeed, note that
Dy < Nmy, so (3.3) implies (3.2). On the other hand, our weaker
condition on the sparsity is more relevant, for instance, when X
has only finitely many very non-sparse rows (or columns), then our
condition is still satisfied but (3.3) is not. This case arises in prac-
tice when there are only a small portion of firms or units whose
individual shocks (u; ) are correlated with many other firms.

Our assumption allows all elements of X4 to be nonzero, which
is verified in the following example.

Example 3.1. Consider a cross-sectional AR(1) model with the
covariance matrix: for some auz > 0andp € (0, 1),

1 0 . pN_l
2
0,
T = . upz P
: . . P
pr] P 1

Let ¢ € (0, 1) be a small number. Let Jy consist of the diagonal
and N¢ number of rows below and above the diagonal (banded
elements), then there are at most 2NN¢ = O(N!*¢) number of “big
elements”. The sum of small elements (all the rest of elements) is
(ignoring the constant)

N¢ N¢

zszijSszfNCZJ'SCprNcNZC_)O
j=1 j=1

for some C > 0, as N goes to infinity. So Zjjej, | Xy il = o(N).
On the other hand, as long as T is large, N'*¢ is smaller than
N./T/logN, so the number of “big elements” is not so large.
Hence Assumption 3.1 is satisfied. In practice, the cross-sectional
variables are arbitrarily ordered. The above argument is valid as
long as there exists an permutation of the cross-sections variable
such that AR(1) holds. The same argument applies to a much more
general dependent structure than AR(1). O

3.2. Assumptions on the data generating process

The following assumption provides the regularity conditions on
the data generating process. We allow the serial dependence across
t by introducing the strong mixing condition. Let °_ and F°
denote the o -algebras generated by {(f;, u;) : —oo <t < 0} and
{(fy,ur) : T <t < oo} respectively. In addition, define the mixing
coefficient

o(T) = sup

AeFO

[P(A)P(B) — P(AB)|. (3.4)

o0
o' BEFT

Assumption 3.2. (i) {u, fi};>1 is strictly stationary. In addition,
Euiy = Euyfy =Oforalli <p,j<randt <T.

(ii) There exist constants ¢y, c; > 0 such that c; < Apin(Xy) <
Amax(Zuo) < €1, and maxj<y [|Agill < c1.

(iii) There exist r1, » > 0 and by, b, > 0, such that for any s > 0,
i<pandj<r,

P(Juie] > s) < exp(=(s/b0)"™), Plfie] > ) < exp(—(s/b2)"?).

(iv) Strong mixing: There exist r3 > 0 and C > 0 satisfying: for all
Tez",

a(T) < exp(—CT").

We allow factors and errors to be serially weakly dependent,
satisfying the strong mixing condition. The error covariance is
assumed to have bounded eigenvalues, which is common in
the factor model literature. Unlike the common factors, the
information of idiosyncratic component u;; does not grow with
the increase of the dimension. For instance, if firms’ individual
idiosyncratic shocks are correlated within the same industry, but
uncorrelated across industries, X, is a block-diagonal matrix with
bounded eigenvalues. Condition (iii) also requires exponential-
tail bounds, which is a technical condition for high-dimensional
weakly dependent data: it allows us to apply large deviation
theories to achieve uniform convergences.

The following assumption is standard in the approximate factor
models, see e.g., Stock and Watson (1998; 2002). It implies that the
first r eigenvalues of Ao Ay are growing rapidly at O(N). Intuitively,
it requires the factors be pervasive in the sense that they impact
a non-vanishing proportion of time series {yi¢}e<r, .- -, {¥ne}e<1-
We focus on the case where factors are strong. While our results
are possibly extendable to allow for “weaker factors” (e.g., Onatski,
2012; Natalia et al., 2012), it might be technically challenging.

Assumption 3.3. Thereisa § > 0 such that for all large N,
871 < Amin(N"TAGAg) < Amax(N"'ApAg) < 8.

Therefore all the eigenvalues of N~! Ay Ag are bounded away from
both zero and infinity as N — oo.

The following assumption is imposed on the penalty weights.
Define the weights ratios

max  wjj max Wij

i), (L) €ly (M)}
nr=——_— T= :
min wj min wj

(.)€l (M)}

We assume upper bounds on nr and By respectively (condition
(i) in Assumption 3.4). Intuitively, the upper bound on 57 requires
the penalty weights on the estimated “large” entries of X, should
not be large relative to those on the estimated “small” entries.
This eliminates biases from penalizing elements in ;. On the other
hand, the required upper bound on Sr helps control the penalty on
“small” entries in a universal scale.

Assumption 3.4. The tuning parameter uyr and the weights
{wii<n j<n satisfy:

®

. T N ( T )”“ N N
= op | min —, | — 2 A
i P logN Dy \logN Dy /Dy logN

Br D 1Zwil = op(N),

(el

(i) MUN, T MaX( j)ej, Wij Z<i»j)E]L |Eu0,ij| = o(min{N, NZ/DNs Nz/
(DnPD),

MUN,T MAXig i j)ejy Wi = o(min{N /Dy, «/N/Dy, N/(Dnn1)}),

pn,r ming jej, wy > /10g N/T + (logN)/N.
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The above assumption is not as complicated as it looks, and is
satisfied by many examples. For instance, the Lasso penalty sets
wj = 1foralli,j < N.Hence ny = fr = 1. Then condition
(i) of Assumption 3.4 follows from Assumption 3.1, which is also
satisfied if Dy = O(N). Condition (ii) is also straightforward to
verify. This immediately implies the following lemma.

Lemma 3.1 (Lasso). Choose w; = 1 foralli,j < N,i # j. Suppose
in addition Dy = O(N) and logN = o(T). Then Assumption 3.4 is
satisfied if the tuning parameter puy r = o(1) is such that

logN logN
T N

= o(un,1)-

This assumption is also satisfied by SCAD and adaptive lasso.
We will also verify this assumption for these two penalties in
Section 3.4.

3.3. Consistency of the joint estimation

We assume the parameter space for X, to be, for some known
sufficiently large M > 0,

F={Z: 1 Zlh <M, 121 < M}

Then X,y € I implies that all the eigenvalues of X,y are bounded
away from both zero and infinity. There are many examples where
both the covariance and its inverse have bounded row sums.
For example, for each t, when {uit}f’: , follows a cross sectional
autoregressive process AR(p) for some fixed p, then the maximum
row sum of X, is bounded. The inverse of X,o is a banded
matrix, whose maximum row sum is also bounded. In view of
Assumption 3.3, we define the parameter space:

O, = {A:87" < Amin(N"TA'A) < Amax(NT1A'A) < 8,
A3 1A is diagonal). (3.5)

Remark 3.1. The parameter space provides restrictions on the
lower and upper bounds of the loadings and the error covariance
matrix. These parameter restrictions are needed to prove consis-
tency. On the other hand, when computing the PML in practice, we
do not find it necessary to impose these bounds in the calculations.
As to be shown in Theorem 4.1 later, starting from a consistent ini-
tial value that belongs to the parameter space, the updated solution
in each iterative step is also consistent.

Our main theorem is stated as follows. The con51stency of
Z‘u is in terms of the weighted Frobenius norm L. ||F, which
is a commonly used assessment for the convergence of sparse
covariance estimators (e.g., Rothman et al., 2008; Lam and Fan,
2009). Moreover, it is natural to defig\e the consistency in terms
of the averaged estimation errors %HA — Ao||% = % ZL 1A —
Aoill?. In addition, the theorem presents consistency for the
general case where the weights wj; of the £;-penalizations satisfy
Assumption 3.4. By Lemma 3.1, it immediately follows that
the LASSO-penalty is included. In addition, we shall show in
next subsection that both adaptive LASSO and SCAD also satisfy
Assumption 3.4, hence the theorem below also applies to them.

Theorem 3.1. Suppose logN = o(T). Under Assumptions 3.1 and
3.4, the penalized ML estimator satisfies: as T and N — o0,

1 ~ 1 ~

— 12 — Zwl? =0, — A = Agl? =T 0.
N” u uO”F N” 0||F
Foreacht <T,

Iif; — fill =" o.

Remark 3.2. In the high-dimensional penalized likelihood litera-
ture, to establish the consistency one usually constructs a neigh-
borhood of the true parameters (Ag, Xy9) € U (e.g., Rothman
et al,, 2008; Lam and Fan, 2009), and show that Li(Aq, X)) <
inf(4, x,)cou L1(A, X)) with probability approaching one, where
oU denotes the boundary of the neighborhood and L,(A, X,) is
the objective function. This strategy however, does not work here
due to the technical difficulty in dealing with the term (AA’ + X))
in the likelihood function. This is because its largest r eigenvalues
are unbounded and grow at rate O(N) uniformly in the parameter
space. In the proof of Theorem 3.1, we use a new strategy to analyze
the penalized likelihood function involving diverging eigenvalues.

3.4. Two examples

We present two alternative choices for the weights: one is
adaptive lasso, proposed by Zou (2006), and the other is SCAD by
Fanand Li(2001). Both weights depend on a preliminary consistent
estimate of each element of X4. A simple consistent estimate for
each element can be obtained by the principal component (Stock
and Watson, 2002).

To simplify the presentation, we will assume that Dy = O(N),
which controls the number of off-diagonal large entries of X.
Moreover, we assume the small and large entries of X, are well-

separated:
max{| Zyo,5 : (i, )) € 1} K oor K min{|Zyo ] :

where throughout the paper, we write

EuO,ij € _]U}!

log N 1
f

Let the initial estimate E* i = Rij, where R;; is the PC estimator
of X0 ;;. The adaptive lasso chooses the weights to be,

wr =

(Adaptive Lasso) :  wjj = (IE;“,UI +8r)71, (3.6)

where 67 = 0(1) is a pre-determined nonnegative sequence. The
additive 6r was not included in the original definition of adaptive
lasso in Zou (2006), but is used here to prevent w; getting too
large if | X | o y| is very close to zero. This small adjustment makes
the estimator less sensitive to the initial PC estimate. The adaptive
lasso has been used extensively in the high dimensional literature,
see for example, Huang et al. (2008), van de Geer et al. (2011) and
Caner and Fan (2011), etc.

Another important example is SCAD, which is folded concave as
defined in (2.5).

The following assumption is needed to ensure the good
behavior of w;; for both adaptive lasso and SCAD.

Assumption 3.5. Assume that E||\LFN Zf':] Aitiel|> = 0(1) and
E(J 2oiss (tiettis — Eugeu))” = O(1).

We have the following theorem.

Theorem 3.2. Suppose either the Adaptive Lasso or SCAD is used for

the weighted-{£ penalized objective function. Also, suppose logN =

o(T), Dy = O(N), Z(U)EJL | Xuo,ijl = o(N) and Assumptions 3.1-3.3

and 3.5 hold. In addition, assume the tuning parameters are such that:
(i) for Adaptive Lasso,

Z |2u0,ij|
(i.j)€],
or “T < 8 < or, (3.7)

0 Ly L or. (3.8)
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(ii) for SCAD:

logN 1/4 log N 172
+ Lunr L mm [ Zuo,ijl- (3.9)
T N #i, (i) €ly

Then Assumption 3.4 is satisfied, and

1 ~
N”Eu — Zuwlz >0,

Ife = fell =" 0.

1 = 2_.P
N||A—A0||F—> 0.

Like Lemma 3.1, an attractive feature of this theorem is that, if
bqth the upper bound of Z(,.,j)eh |Eup,ij| and the lower bound of
min;; 1)e]u | Xuo,ij| are known, [e.g., in the strictly sparse model,

ey, 1 Zu0,5l = 0, and assume mini;, ey, | Zuo 4l is bounded
away f?om zero as in MA(1)] then Conditions (3.7)-(3.9) do not
depend on any other unknown feature of X.

4. Implementations

4.1. Majorize-minimize EM algorithm

In this section we discuss the computational issues. Note that
even with a known A, numerically minimizing the loss function
with respect to ¥, is difficult, because log|det (A4’ + %)| is
concave in X, while tr (S,(AA’ + X,)7") is convex. Therefore,
the optimization is a concave + convex problem, and are often
solved approximately. One of the commonly used approaches is
majorize-minimize, which approximates the concave component
by a “majorizing” linear function of X, using the tangent plane.
Then the objective function is approximated by a convex function.

Updating %, 5

Suppose (A, X, k) is the covariance matrix in the kth iteration.
We now update X, by approximately minimizing L(Ak, ) +
N i . rwi| 2y j]. The tangent plane of log |det (AkAk + 2u)|
at X, = Eu,k is

10g |det (ZkZL + Eu,k)| + tr((zk;‘\;{ + 2u.k)_l(z‘u - iuk))
Then instead of minimizing the original problem, we minimize
(A + Zu) ™ (Bu = Zup) + tr (S(AA + Z)7)

+ D i rwil Bl (4.1)
i#j
with respect to X, which is now convex.

For the convex problem (4.1), many algorithms in the recent
literature on covariance estimations solve the problem column-
by-column, e.g., Friedman et al. (2008) and Rothman (2012).
However, we find that column-by-column iterating is slow
when the dimension of X, is relatively large. Alternatively, we
employ the projected gradient algorithm recently proposed by Bien
and Tibshirani (2011), which further approximates tr((Ax4; +

Eu,k)_l(z‘u - Eu,k)) +tr (Sy(zkz;< + Z‘u)_]) b
- 1 ~ ~ o~ o~
L(Eu) = 271'”2“ - Z‘u,k + t[(AI<A;< + Eu,k) !
- (Zk;{;( + Eu,k)_lsy(;‘\k;l\i + fu,k)_l]Hg
where t is the depth of projection (see Bien and Tibshirani, 2011).
Solving

1.
Zuk41 = arg min NL(Eu) + = Z N, T Wi | Xyl

i

yields an analytical solution: for B = fu,k — t[(ZkZ;{ + Eu,k)*] —
(AkA;c + EU-’<)_ISY(AI<A;< + Eu,k)_l]v

~_ |sign(By)(IBy| — punrwyt) 4 ifiFj
(2u,k+l)l,] - {Bij ifi =]
Here (x). = max{0, x}. Thus we gain a much faster iterating

algorithm than the column-by-column procedure. We note that
the trade-off between computational efficiency and the use of
approximations often exists in statistical computings of high-
dimensional problems. While we cannot expect solving such an
approximated problem yields a global minimum of our nonconvex
problem, existing research on marjorize-minimize algorithms
(e.g. An and Tao, 2005) shows that limiting points of such an
algorithm are critical points of the original penalized ML problem.
Updating A L

Given the current (A, X)), A is updated using the EM
algorithm (e.g., Bai and Li, 2012a,b). The EM algorithm updates the
estimator according to: for X y = AkA;c + 2y

Ak = Sy 2_1AkM !

M= A Z 1S5 A+ I — AL S, A

The algorithm is summarized as follows. Step 2 is the E-step
and step 3 is the majorize-minimize step. Note that the
majorize-minimize method in Bien and Tibshirani (2011) uses two
loops to update the covariance estimator until convergence. In
contrast, step 3 in the following algorithm only updates X, by one
step, which speeds up the convergence.

1. Set k = 0. Initialize ZO and fu,o.
2. Atstep k + 1, Agpg = AM™!, where M = 4],
~
I — A X, A,

-~

—1c 173
y’ksyxy,k Ak +
A=55A0 By = AL+ Bu
3. Still at step k + 1, for some small value t > 0 (fixed as 0.1 in all

our numerical studies), let

B—Euk_t( yk Eyigzsygyi;})s

2u,k+1 = ((Eu.k+1)i,j)Nst

where (Eu,kﬁ)u denotes the (i, j)th element of fu,kﬂ, given
by

sign(Byj) (|By

= — wiit ifi£j
Curs)ij = {B N, TWiE) 4 #J

i ifi =j.
4, Repeat 2-3 until convergence.

Although the algorithm does not impose the restrictions as
those of the parameter space, it can be shown that as long as
a consistent initial value is used, and belongs to the parameter
space, the updated solution in each iterative step is also consistent.
We formally state this result in the following theorem. For a
matrix A = (ay), let ||Allo = max;|a;|. Recall that my =
maxi<y ZJN:1 1{Xyo,; # O0}. For the asymptotic analysis of the

algorithm, we shall assume uy rmy — 0 and ,/"’%N = o(un.1)-

For technical simplicity, in the following theorem, we focus on the
SCAD weights.

Theorem 4.1. Suppose at step k, (Zk,
(@) Ak = Aolloo = 0p(n 1),

(i) | Zyk — Zuolloo = 0p(un,1),
() 12, Il <M, [ Zyklln < M.

Eu,k) satisfy:
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Then at step k + 1,
| Akr1 — Aolloo = 0p(un,1), 1 Zukr1 — Zuolloo = 0p(ian,1),
| Zukr1 — Zuollt = op(un,rmy),

and | X, ¢ 1l < 125 1 +op(unrmy), 1 Zupallt < 1 Zuolli+
op(pn,TMN),

Al Ag Al A
)\min ( (I)\] ) - OP(MN,T) < )\min (I@r;\]

A/A\/ Z’+] /AO
< Amax (’<+1N< < Amax ( (1)\1 ) + OP(PLN,T)~

Note that when N, T — o0, many existing loading estimators
satisfy condition (i): e.g., PC and generalized PC (||A — Agllec =

Op(4/ IO%N + ﬁ) for PC-based estimators, see Fan et al. (2013), Choi
(2012)). Also, the thresholded covariance estimator of Fan et al.
(2013) satisfies conditions (ii)(iii) (for any un,r > / IC’%N + ﬁ).
Therefore, they can be used as the initial estimators at step k = 0.
Moreover, given the nonlinear objective function, it is beneficial to
adopt various starting values from pre-estimators to find the global
optimizer.

It is important to show that the algorithm being employed
indeed converges to the defined estimator. This involves showing
that: (i) the algorithm converges; (ii) the limiting point of the
algorithm is also a stationary point of the penalized-ML problem,
and (iii) the stationary point that the algorithm converges to also
satisfies the restrictions in (3.5). In fact, (iii) is partially achieved
by Theorem 4.1. The remaining task is to show the convergence
point also satisfies the restriction. In addition, Lemma D.2 in the
Appendix shows that (ii) is also achieved. Finally, we acknowledge
that proving (i) is theoretically important and yet challenging. We
shall leave it for the future research.

4.2. Choosing the tuning parameter by cross-validations

We suggest choosing (y 1 based on K-fold cross validations,
which is also a common practice in the literature on estimating
large covariances using penalized methods (e.g., Bien and Tibshi-
rani, 2011 and Xue et al., 2012). For a given index set of valida-
tion data A C {1,..., T}, let Sy 4 = [Aly" Y, VeV, which is
the sample covariance calculated using the validation data. Here
|4 |o denotes the cardinality of 4. Let A(AC, u), X, (A€, u) denote
the estimated loading and covariance matrices using the training
data in A, based on a tuning parameter uyr = p. Partitioning
{1,..., T} into K subsets A1, ..., Ax, we would like to choose a
value uy r = p that minimizes

1Ten, ~ ~
o D LCACAL 1), SuCAL 1), Sya)
k=1
where
~ = 1 FOS
L(A, 5y, S) = Nlog|det (A4 + 5|

+ %tr (@A +Z)7).

5. Numerical illustrations
5.1. Simulation result

We present a numerical experiment to illustrate the perfor-
mance of the proposed method. The data was generated as follow-

ing: {eit }i<n ¢ <r are both serially and cross-sectionally independent
as M(0, 1). Let

Uy = ey + aseye, Uz = e3 + azey + breyg,
Uiy1,e = €ir1,c + Gi€ie + bi_1ei_1¢ + Ci2€i_z ¢,

where {qa;, b;, c,»}fil are independently from 0.7/ (0, 1). Let the
two factors {fi;, for} be i.i.d. (0, 1), and {A; 1, A2 }i<y be uniform
on [0, 1]. Then X4 is a banded matrix.

We apply the SCAD penalty for our joint estimation, with
various choices of the tuning parameter puy r. The estimator
is compared with three other competing methods: (1) the
PC-estimator, (2) the estimator of (unpenalized) heteroskedastic
ML, denoted by HML, and (3) the feasible efficient PC (denoted
by EPC). The EPC uses the generalized PC method combined with
PC-based covariance matrix estimator of Fan et al. (2013), which
was formally studied recently by Bai and Liao (2013). Note that
HML estimates X, to be diagonal, which solves:

Uy = €,

. 1 / 1 / -1
Eu.ijr:rlolgri# m/:n N log|AA" 4+ Xy + Ntr(Sy(AA + X)) ). (5.1)
In our simulation setup, X, is non-diagonal, so HML does not
take the idiosyncratic cross-sectional dependence into account.
Moreover, the EPC combines the generalized PC method of Choi
(2012) with the thresholded estimator of X,. Specifically, it
estimates the factors by the principal components of the T x T
matrix Y’ X7Y, where the covariance estimator X, ! is recently
developed by Fan et al. (2013). In our simulation, we tried four
thresholding parameters for estimating X, ! using Fan et al
(2013)'s approach: C = 0.05, 0.1, 0.5, 0.7, and find that C = 0.5
and 0.7 yield better performance, which are reported here.

For each estimator, the smallest canonical correlation (the
higher the better) between the estimator and the parameter is
used as a measurement to assess the accuracy of each estimator.
We employed two pre-estimators as starting values, PC and HML,
to compute the proposed PML. Both starting values yield the
same numerical result. Table 1 lists the results based on one
thousand replications. When N is relatively small, it is clear that the
ML-based methods (proposed PML and HML) perform better than
the PC-based methods (PC and efficient PC). Taking into account
cross-sectional dependence, the PML further outperforms HML;
the latter treats X, to be diagonal, without penalizations. When N
is relatively large, it is hard to see whether PML or EPC dominates
the other; both methods estimate X,y consistently. This further
demonstrates that the ML-based method is desirable especially for
relatively small N, and is also very competitive for large N. We
point out that HML coincides with Doz et al. (2011) for static factor
models.

5.2. Forecast based on simulated data

This section numerically illustrates the improvement of time
series forecast based on efficient estimations of the factor model.
As in Stock and Watson (2002), we aim at forecasting a time series
model with a single factor:

Xep1 = Bf + e, fi = pfic1 + e,

where the unknown factors can be learned from a factor model:
Ve = Afe +ue.

We set 8 = 2, and p = 0.5. The data generating process for A
and u; are the same as those in Section 5.1. We conduct one-step-
ahead out-of-sample forecast m times using a moving window
of a fixed size T. Here T is also the sample size for estimations,
and in our numerical study T = 50, 100 are used. We simulate
m + T observations in total. For eacht = 0,...,m — 1, we
use the data {(Y¢+1, Xt+1)s - - - » V1, Xe47)} to conduct one-step-
ahead forecast of X, 1. Specifically, we estimate the factors using
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Table 1
Canonical correlations: the larger the better. Simulation of Section 5.1.
PML EPC HML PC
T N un,r = 0.08 unr =02 unt =CV c=07 C=05
Loadings 50 50 0.395 0.398 0.394 0.309 0.298 0.369 0.277
100 0.605 0.600 0.596 0.483 0.455 0.552 0.424
150 0.656 0.655 0.654 0.638 0.600 0.609 0.468
100 50 0.424 0.447 0.461 0.292 0.283 0.368 0.263
100 0.756 0.748 0.743 0.664 0.625 0.664 0.554
150 0.845 0.847 0.846 0.834 0.821 0.822 0.781
Factors 50 50 0.394 0.400 0.395 0319 0.307 0.354 0.276
100 0.708 0.705 0.698 0.559 0.609 0.629 0.464
150 0.838 0.838 0.836 0.788 0.731 0.763 0.573
100 50 0.489 0.503 0.513 0.379 0.373 0.439 0.358
100 0.823 0.816 0.798 0.715 0.666 0.674 0.547
150 0.938 0.944 0.938 0.927 0.905 0.887 0.817

Averaged results based on one thousand replications are presented. PML represents the proposed method. j4y r = 0.08, 0.2 represent the tuning used forPMLand uyr = CV
is the tuning chosen by 5-fold cross-validation ; C = 0.7 and C = 0.5 are the thresholds used to estimate X, (Fan et al., 2013).

Table 2
Methods.

Name Short description

PML Proposed penalized ML

PC Principal components

HML ML with diagonal X, solving (5.1)

DOZ Kalman smoother, proposed in Doz et al. (2011)

EPC Weighted principal components with Fan et al. (2013)’s estimated

x,) as the weight matrix

{¥t+1, ..., Yexr}, and obtain {fi11, ..., frrr}. The coefficient 8 in
the forecasting regression is then estimated by the OLS in the
regression of {X;42, ..., X¢yr} onto {fey1, ..., frar—1}, denoted by
Beyr. We then forecast X,y 711 by Xeprq1e47 = Bearfeqr. The

forecasting error is then (x¢17141 — 3<}+T+1|t+r)2. Such a procedure
continuesfort =0,...,m— 1.

Five methods are compared: PML, PC, HML, DOZ, and EPC.
In particular, the DOZ method, proposed by Doz et al. (2011),
applies the Kalman smoother for estimating the state space f;. The
Kalman smoother takes into account the dynamics in f;. In terms of
estimating the state variable f;, it can be shown that HML and DOZ
estimators are asymptotically equivalent under large N, despite
that the latter takes into account the dynamics in f;.

For each method M, we calculate the mean squared out-of-
sample forecasting error:

m—1

1 ~
MSE(M) = — D @i = Resrgesr)s
t=0
and report the relative MSE to the PC method:
MSE (M)
——, M = PML, EPC, HML, DOZ.
MSE (PC)

The results are reported in Table 3 for m = 50. Because the cross-
sectional correlations are taken into account, PML and EPC perform
significantly better than PC. This demonstrates that more efficient
estimations of the factors/loadings also result in better forecasts
in this model. The improvement of PML is more significant for a
relatively small N. We note that PML is also competitive when the
tuning parameter is chosen by the 5-fold cross-validation (uy 1 =
CV). When N = 150, it is hard to see whether PML or EPC
dominates the other. This result is in contrast with Luciani (2014),
who uses a different method to incorporate the cross-sectional
correlations in the errors u;.. More specifically, Luciani (2014) uses
PC or unpenalized ML to estimate the factors and the residuals Uj;.
The forecasts are constructed using both f; and all residuals T;; as
predictors, but with LASSO penalty on the regression coefficients
for the residuals.

5.3. Diffusion index forecast based on real data

This section compares the impact of how factors are estimated
on real-data forecasts. We present the forecast results of the
industrial production based on real-time macroeconomic time
series of the United States. The dataset consists of 131 series of
monthly data spanning the period from 1959 to 2007 (with a
total of 7 = 528 sampling periods), and was previously studied
by Ludvigson and Ng (2011). Using the information criterion,
Ludvigson and Ng(2011)finds eight factors. We adopt the diffusion
index framework as in Stock and Watson (2002) to model the
multi-step ahead variable:

h

X = o+ Bufe + Vinke + -+ VinXe—t + €0 Ve = Afy + Uy,

where !, = 13! x.; is the h-step-ahead variable to be
forecast, defined in Stock and Watson (2002), and is specified to
be the industrial production.

Similar to Section 5.2, forecasts of x{",, are constructed based
on a moving window with a fixed length (T = 422 = 0.87). For
each fixed window, the sample data of y, are first used to estimate
a time series of factors, using one of the five methods in Table 2.
We then forecast x%.,, by

~h ~ i ~ ~
Xp iy = o+ Bufr + Vinkr + -+ Vinkr—1,

where the coefficients are estimated by regressing x’g Ly onto a

constant,ﬁ and x; (and [ lags). For the proposed PML, the tuning
parameters are selected using the 5-fold cross-validations.

As noted in Boivin and Ng (2005), how the factors are estimated
can affect the mean-squared forecast error. The out-of-sample
relative forecast MSE for each method (relative to the PC) is
reported in Table 4. We report results for h = 1, 12,24,r = 7,8
factors, and I = 1, 3 lags. It is observed that in 1-period-ahead
out-of-sample forecast, the differences across methods are not
so strong as to immediately favor a particular method, which is
consistent with the findings in Boivin and Ng (2005) and Luciani
(2014). In particular, Doz et al. (2011)’s method is based on a
Kalman filter, which models the dynamic factors using a VAR(1)
model. Boivin and Ng (2005) also noted that dynamic factor models
do not forecast better, and our finding is consistent with theirs.
We also observe that in 12 and 24 period-ahead forecasts, using
eight factors is significantly better than using 7 factors for the PML
method. On the other hand, forecasts of long horizons may be less
reliable due to the potential loss of the stationarity.
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Table 3
MSE (M) /MSE (PC).
T N PML EPC HML DOz
unt = 0.08 unt =02 unt =CV C=07 C=01
50 50 0.657 0.647 0.642 0.865 0.873 0.655 0.669
100 0.801 0.732 0.771 0.852 0.833 0.852 0.856
150 0914 0.879 0.901 0.943 0.940 1.008 0.992
100 50 0.616 0.642 0.609 0.756 0.751 0.799 0.837
100 0.666 0.686 0.616 0.761 0.768 0.794 0.814
150 0.817 0.863 0.887 0.853 0.917 0.925 0911
Table 4 Appendix A. Technical lemmas
Relative MSE for out-of-sample forecast: The benchmark method is PC.
PML EPC HML DOZ Define
1-period-ahead forecast MN T
One lag 7 factors 0.959 0.989 1.068 1.068 QX)) = 10g |2l + tr(SuE N+ —= Z wij| Xy jj|
8 factors 0.957 1.013 1.070 1.035 i#]
Three lags 7 factors 0.947 0.992 1.066 1.060 1 1
8 factors 0.944 1.012 1.068 1.027 -1 MN T
——log | Zuol — —tr(SuZye)) — =2 Y wiil Tuo i, (A1)
12-period-ahead forecast N N i
One lag 7 factors 0.999 0.979 1.129 1.049 1
8 factors 0.642 1.009 1.052 1.029 _ /=1
Three lags 7 factors 1.036 0.948 1.154 1.051 Q(4, ) = N tr(AOEu Ao
8 factors 0.631 0.993 1.053 1.050 , 1 , ’ 1 1
24-period-ahead forecast — Aoy A(A 2y 474 2y AO) (A2)
One lag 7 factors 0.813 0.853 0.881 0.951
8 factors 0.640 0.948 0875 1.002 Q(A, XZy) = log [AA"+ 2| + tr(Sy(AA + 207
Three lags 7 factors 0.822 0.946 0.893 0.953
8 factors 0.625 0.942 0.875 1.021 1 (S 2_1 l 5 A S A3
——tr ——lo - . .
The tuning parameter uy r for PML is chosen by 5-fold cross-validations. N (Su u ) N g12ul — (4, Z) ( )

6. Conclusion

We study the estimation of a high dimensional approximate
factor models in the presence of cross sectional dependence and
heteroskedasticity. The classical PC method does not efficiently
estimate the factor loadings or common factors because it
essentially treats the idiosyncratic error to be homoskedastic and
cross sectionally uncorrelated. For the efficient estimation it is
essential to estimate a large error covariance matrix.

We assume the model to be conditionally sparse in the sense
that after the common factors are taken out, the idiosyncratic
components have a sparse covariance matrix. This enables us
to combine the merits of both sparsity and high dimensional
factor analysis. The method is based on the penalized maximum-
likelihood, both involves regularizing a large covariance sparse
matrix. Our method allows data-dependent adaptive penalties,
such as adaptive Lasso and SCAD. We establish the consistency of
these estimators.

Because the first order condition of the likelihood function
is highly nonlinear in (A, X'), and there are r fast-diverging
eigenvalues (at order O(N)) in the involved covariance matrix
Ag Ay + Xy due to the pervasiveness condition, it is challenging to
obtain the optimal rate of convergence and limiting distributions
of the proposed estimators directly. We shall leave it as a future
research direction. Finally, it is important to show that the
algorithm being employed converges to the defined estimator. We
shall leave it for the future research.
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Define the set,

s ={(A, Zy) 0 87" < Amin(NTTA'A) < Amax(NT'A'A) < 6,

1< Amin(Zy) < Amax(Xy) < 8}

We first present a lemma that will be needed throughout the
proof.

LemmaA.l. (i) max;j<, |+ > (_, fifi — Eficfic| = Op(V1/T).
(if) max;jen |2 Yor_, tiettie — Eugettie] = Op(y/(Tog N)/T).
(i) maxi<r je |+ Y1_; fiethiel = Op(+/Aog N)/T).

Proof. See Lemmas A.3 and B.1inFanetal. (2011). O

Lemma A.2. Under Assumptions 3.2 and 3.3, forany § > 0,

log N log N
sup  |Q3(4, Zy)| =0 N VT |

(A, Zy)eEs

Therefore we can write, with the O(-) uniformly over Zj,

1
log|AA + Sl (S, (AN + 5)” 1

—tr(SuZ‘ Dt — log|2|+Q2(A =)

logN logN
0] J— -
+ < N + T

Proof. First of all, note that [AA" 4+ X, = |
and sup 4 z,)cz, 3 log |l + A'X; 1 A] = 0 (*EX

(A4)

| x |l + A'Z 1A
) hence we have

0g + 0og + s .
N ! N ! N

where O(+) is uniform in &5. Eq. (A.5) will be used later in the proof.
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We now consider the term N~'tr(S,(AA’ + X,)~1). With the
identification condition % Zt Jifl = L, f = 0,and S, =

T Zt:l uelly,

1< B} _
Sy =7 D V=N =P = Aoh;+5,
t=1

7
1< 1<
A,E u A,E u ) —ud.
" °T t:lf[ t+< °T t:lf[ t)

By the matrix inversion formula (AA” + X)7! = X! —
SOAAL+ A ZTATIA ST
1
Ntr(Sy(AA/ +x0hH
— 1 7 y—1 1 —1
= Ntr(AOEU A()) + Ntr(SuEu )
—A1+ Ay + Az — Ay — As, (A.6)

where A; = N tr(Ag A Z, AU + A ST A)TTAES T, A =
r(E Y, Adfu(AA + 2)7) As = Ftr(E S uf, Ap(AA’
+2u)—1) and Ay = R tr(Su X AU + A E; 1A) 1A' 2 1). Term
As = N~ 'tr(u' (AA + Z)~ 1) = 0p((log N)/T) uniformly in the
parameter space, and hence can be ignored. Let us look at terms
A1, A, A3 and A4 subsequently.
Note that Apax(X,) and NA_
above uniformly in Z, we have,

sup  Amax[(A'Z 1A

1 (A’A) are both bounded from

min

(A, Zy)e&s
Amax (Z
< sup Imax(Z) ON™Y, (A7)
(A, Zy)eEs )\min(A/A)
sup  Amax[(r + A,EJ1A)71]
(A, Zy)eEs
< sup Amal[(A'ZTA)TI=0NTH. (A8)
(A, Zy)EEs

In addition, || A|r = O(NV2N"/2), Anax (2, 1) = O(1) uniformly in
Zs,and || Ao|lr = O(N'/?). Applying the matrix inversion formula
yields
A= LA s AN S ) A S A
1=y 1(Ag X, AN ZA) x Qo)
1
- Ntr(Agzu—lA(A/xu—lA)—‘(l, + A ZTATTA S Ag)

1 1
= Ntr(/x;)zu—lA(A/zu—lA)—l/1/2;1/10) +0 (ﬁ) . (A9)

where O(-) is uniform over (A, X},) € Zj. In the second equality
above we applied (A.7) and (A.8) and the following inequality:

1 /-1 /y—1 -1 /y—1 —1 4/ y—1
NEAE AW AT+ A DT T AE Ao

T w1 42 /=1 4y—1 /y—1 4y—1
< NIIAOEL, AllpAmax[(A" 2" A) ™ TAmax[(r + A X7 A) 7]

=O0(N7h).

By Lemma A.1(iii), and Amax ((AA" 4+ Z) ™) < Amax(Z; 1) = 0(1)
uniformly in &,

sup  |Ay|
(A, Zess

IA

1 / / -1
NIIAO(AA + 2 lr

log N
o 5.

1 T
72
t=1

(A.10)

log N

Similarly, sup4 s,yez, A3l = Op(,/=7~). Again by the matrix

inversion formula,
1 —1 /I y—1 —1 4/ y—1
Ay = Ntr(SuZ‘u AN ZTAHTTA ST
! STANZTTATT U+ AT AT IA T
_Ntr(su L AAX T A)TA+ A v )

The second term on the right hand side is of smaller order
(uniformly) than the first term, because it has an additional term
(I+A’ 21 A)~!, whose maximum eigenvalue is O(N~!) uniformly
by (A.8). The first term of A4 is bounded by (uniformly in Z5):

C _ _ _
§ISeZy TAIFOIN YA 2 F

log N 1
r N) ’
where we have, Amnax(Sy) < Amax(Zw) + ISy — Zullr = 0p(1 +

N/TogN/T).Hence sup , s, cz, |Asl = O(T~"/2(logN)'2+N~").
Results (A.5) and (A.6) then yield

=< O(Nil))tmax(su) =0 (

log|AA + 3+ tr(Sy(AA +307hH

1

—tr(A ol A0)+—tr(s o ‘)+ log|2|

_l / -1 I v—1 —1 4/ yv—1
Ntr(AOZ‘u AN ZTTATTAE T Ag)

log N log N
0
+ ( - )

1 1
—tr(S )+ =

10g|2 |+ Qx(A, X))

log N logN
0] .
. (N i )

O

Let
LC(A5 Eu) = L1(A7 Eu) — N~
—Nunr Z wij| Xy, -
i#j
Then the minimizer of L. is the same as that of L;. This implies

Lc (A E) < Lc(Ag, Xyo). Recall the definitions of Q;(X,),
Q2(A, X)) and Q3(A, X)) in the Appendix. Then

Lc(Aa Eu) = Q](Eu) + QZ(A, Z‘u) + Qg(A, Z‘u)-

Mog | Zuol — N7'tr(Su Zg")

Lemma A.3. There is a nonnegative nonstochastic sequence 0
dr = _O(N"'logN + T~'?(logN)"?) such that 0:(Z)
Q2(A, X)) < dr with probability one.

Proof. We have Qz(Z, fu) > 0. In addition, Qy(Ag, Xy0)
Q1(Xy) = 0. Hence
QS + Q(4, Z) = L(A, 5) — Qs(4, Z)
Le(Ao, Zuo) — Qs(A, Zy)
= Qs(Ao. Zuwo) — Q3(4, Zy).
By the definition of ®; x I, there is § > 0 such that ®, x

I' C Ej. The result then holds for dy = 2sup|Q3(A, X})| by
LemmaA.2. O

+ 1A

IA

Throughout the proofs, we note that the consistency of A
depends crucially on the consistency of the following quantity:

J= A=A S AT A
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LemmaAd4. (i) Ay ' Ao — (I, —)A'Z; AU, — ) = 0p(N)
(ii) First order condition: A (AA’ + Eu) (Sy AA — Eu) =0.

Proof. Since LC(A, Z‘u) < L:(Ag, Zyo), and Q1(Xyo) = Qz(Ao,
Xw) = 0, also Lemma A.2 proves that Q3 = (N 'logN +
T~2(logN)"/?) uniformly over Zj, there is a nonnegative
sequencedr = Op(N~"log N+T~"/%(logN)'/?) suchthat Q; (Z,)+
Q(4, Z,) < dr.Hence Qi(2) + Q:(4, Z,) < dr = op(1), given
thatlogN = o(T).

On the other hand, Lemma B.2 implies there is a stochastic se-
quence e = op(1) so that Q;(X,) > er (The proofs of Lem-
mas B.1 and B.2 do not depend on Lemma A.4.) This then implies
0< Qz(Eu, A) = 0p(1). On the other hand,

- - 1 -
(X, A) = Ntr[Agzquo

The matrix in the bracket is semi-positive definite. Hence
1 r -1 1 -1 ’
NAOZ‘H Ao — (I —])NA VAU —)) = op(1). (A.11)
Finally, the desired result follows from Lemma B.4.

The first order condition in part (ii) is a straightforward
calculation. O

LemmaA5. (i) A'S;'(S, — AA' — 3,) = 0.
() J =1,)(J =1.) = I, = Op(N~1 + /TogN/T).

Proof. (i) Using the matrix inverse formula, we have A (AA’ +
)=+ A Z 1A Z‘ 1 Thus part (i) follows from the
first order condltl/gnin Lemma A 4,
(i) Let H = (A’X 1 A)~1. Part (i) can be equivalently written
asJ +J —JJ + K = 0 where

1 T PR PR 1 T
K=Jc Y S AH + HA'S, = > ufl
t=1 t=1
1 T PR PR 1 T
= > fuZ;AH — HAS > uf
t=1 t=1
—HA'Z (S, — Z,) T, VAH.

Note that for A, %) € Es,H = 0p(N"1),] = 0p(1) for each

element, | £ 1| = 0p(1), | Allr = Op(N'/2), hence

T, =i~ 1
HT > fuE;VAH = >
t=1 t=1

logN

Moreover, IS.11? = Op(T IN?logN + 1), which implies HZ o
SuZ;VAH = Op(N~'4+T"2(log N)'/?). Also, HA'S ' 5, 5 ZH
= H = Op(N1). Therefore the last term in K is Op(N +
JIogN/T). Thus K = Op(N~' 4+ T~/2(log N)/?). It then implies
(i). O

< 0Op(N"'?)

F

Lemma A.6. Given that logN = o(T), we have ] = op(1).

Proof. By our assumption, both A'S; A and A}, X' A are diago-
nal. Moreover, the eigenvalues of N™'A’Y'A and N A ' A
are bounded away from zero. Therefore by Lemma A.4(i) and

Lemma A.5(ii), there are two diagonal matrices M; and M, whose
eigenvalues are all bounded away from zero, such that

(Ir =DMy =) = My + 0p(1),

Jg- Ir)/(, —I) =1 +o0p(1)

Applying Lemma A.1 of Bai and Li (2012a,b), we have | = o0p(1)
and My = M, + op(1). We also assumed A and Ay have the same
column signs, as a part of identification condition. O

(A12)

Appendix B. Proof of Theorem 3.1

Note that the theoretical results of our paper are only about
the consistency of the estimated A and X, although some
convergence rate of the covariance estimator is presented in
Lemma B.2. The presented rate is not minimax optimal, and
we would like to understand Lemma B.2 as a guarantee of the
consistency.

Throughout, let (recall that Dy = Zi# @pery D-
A=Z -3, K=Y |Zwjl
(.)elL

Lemma B.1. For all large enough T and N,

1 2
NQl(Eu) = l/LNT min Wij E |Eu ij — o, u| +C||A||F
(.)€l
()53
_ZMN.T max w,jl(T
- DelL

log N
- (O <\/ ) VN +Dy+punT L max wl]\/DN) Al
U

Proof. Let 2 = X', 2 = =, .Forany ¥,,let 2 = ¥, Define
a function f (t) = —log |$2o + tA| + tr(Sy (20 + tA)),t > 0.Then
—log |£2] + tr(S5,$2) = f(1); —log |82 4 tr(Su$20) = f(0); and

NQi(Zw) = F(1) = F(O) + puwr Y wijl Dl

i
— v Y Wil Zuo ] (B.1)
i#f
By the integral remainder Taylor expansion, f (1) — f(0) = f'(0) +

f(;(l — t)f”(t)dt. We now calculate f’(0) and f”(t). We have,
f(t) = tr(SyA) — tr(($29 + tA)~'A), which implies,
F1(0) = tr((Sy — Zuo)(2 — £20))

= tr(2o(Sy — Xu0)2(Zyo — X))

=) (20(Su — Zu0)R)i(Zuo — Sy

ij

Note that both [£2]l; and ||.(2||1 are bounded from above for
20, Z‘ € I'. By Lemma A. 1(11) max;; | (£20(Sy — EuO)Q)U|
max;; [y — Zu)yl120ll1 12111 = Op(y/TogN/T). Therefore,
If'(0)] = Op(4/logN/T) Zij | Xyo,ij — Zu,ijl. In addition,

f(t) = tr((20 + tA) TA(20 + tA)T1A)

vec(A) (20 +tA) ' ® (20 + tA)~

Tvec(A),

where vec denotes the vectorization operator and ® denotes
the Kronecker product. Since both (A 2) and (Ao, X0) are
inside @, x I', supy<;<; Amax(tz + (1 - t)Euo) is bounded
from above wh1ch then 1mphes info<r<1 Amin[(20 + tA)7!] =
info<t<1 A (tZ +(1-— t)Z‘u0 ) is bounded below by a positive

max
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constant c. Hence info<,<1 f”(t) > c||A||2. From (B.1) and f(1) —
f(0) = —|f'(0)| + cl|AlI}, we have

NQi(Zy) > w1 Z wi| Xyl — Nt Z wij| X, il
i#j i#j

[log N
+C||A||1%_OP< T >Z|2u0u_2uu|

i
= UN,T Z wij| Xy il + Z wij| 2y i

()3 i#), (i.j)ely
log N
— i Y wil Zuo il +cl A7 — Op
i#j T

~ log N
X Z |Eu0,ij - Z‘u,ij| - OP ( T )
Zuo,ij€lu
X Z | Zu0,ij — Zuijl-

(.)el
Since | Xyl > [Zuj — Zuo il — [ Zuoiil, and Y wij| Zuojl =
Zi#(i’j)eju wij| Zyo | + Z(i’j)eh wij| Zyo,iil- It follows that

NQi(Xy) = un,t Z wij| 2y i — o,
(i€l

log N -~
—Op< T) > 1Zwi — Zugl +clAl}

D€l
log N ~

— MUN.T Z wij| Zuo,ij| — Op ( T ) Z | Zu0,ii — Zuijl

Zuo,ij€lu

(.Del

—pwr Y will Zuogl = [ Zuill = pwr Y, wiil Suo il
i), (i) €y (NS}

logN ~
(MNT (Irgl)lel} wi — Op (,/ T)) Z [ Zuij — Zuo,ijl

(.)€l
log N
+ellAllf = 2wy Y wfj|):uo,fj|—op( = )
(.)€l
X Z [ Zuo.i — Zuil — N1

Zyo,ij€lu

X Z |2u0,ij - Z‘u,ij|

i#j, (L) €ly

1
~MUN,T mm Wij Z |2uu_zu01]|+c||A”F
2 (e

log N
—2puN 1 (“J’)a’j( wiKr — Op <\/ T) v N + Dnl|Allf

— UN,T #n(m)xj wii|| AllFy/ Dy,

max = w;
i, (L) ey

which implies the desired result. O

The following lemma presents a non-optimal rate of conver-
gence, which is for the consistency only.

Lemma B.2.
L S0 — Sl
N u0 ullp

1
=0p max w;Kr + log N + max w2D
(N (MNT(U)J okr +10gN + pi Tigipey N))

Dy log N log N
0) .
: ( NT VT
Proof. Lemma B.1 implies

NQi(Z) > cllAllz — 2un,r max wyKr
((N)ISI/3

logN
- ( (\/ )\/N +Dn + pnT #n(m)x] wu\/DN) IA|lE.
U

Lemma A.3 gives NQ;(Z,) < Op(logN + N./Tog N/T). Hence we
have

(N + Dy) logN
1A]7 = Op (,/; +

+ Op <uN,T (m)ax w;iKr + logN + N,/logN/T)
ij)€lL

=0P<(N+DN)logN+ . ,

max wiiv/Dn
i GDely )

My r Mmax  w;Dy
T TidiGpey U

+ UN.T (m)ax w;iKr 4 log N + NdlogN/T)
N)S/3

Dy log N
= Op i—l—,uz max  w;Dy
T NT ik ety

+ N, T (m)«El)]( w;iKr 4+ logN + NdlogN/T).
el

Note that X, — Su = quEL,o. Hence the desired result follows
from || X, || < M almost surely and || Xo|| < M.
In addition, it also implies

20N,T

~ 1
Q(Zy) > cﬁnAn% -

1 logN MN,T
— | =0 N+ Dy + —— max w;vD
(N P( T ) NN e Wiy D )

X A”F
Combining with NQ; (fu) < Op(logN + N./logN/T), we have

max w;;Kr
I

1
YN
Nll 7

1
= 0p ( (MN,T max w;Kr + logN 4 2,  max wUDN))
N (.)€l AL ()EY

Dy logN logN
o)
P( Nt VT
22 wiKr = o(1), and

the third term on the right hand side is also straightforward to be
verified as op(1). .
Finally, recall that A = X!

1
Euo ’

DA Ol

1 1 »
N”Euo - N”Euo(zuo -

A

< 1o
12wl 2ull 5 1 Al

Hence %HE,JO — EHH}% has the same convergence rate as that of
%HAH% dueto || Xpll <Mand || X, <M. O
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LemmaB.3. N~' 3" [Zuij — Zuo il = op(1).

Proof. Lemma B.1 implies

1
ST min wy D 1505~ Sl
e

< NQi(Z,) + 2,7 Mmax wyKr
(NS5

log N
+<OP (ﬁ g )\/N+DN+MNT¢H(‘13)X] wy\/DN>
i#.(i.)ely

X Al

(B.2)
We have NQl(fu) < Op(logN + N/logN/T). By Lemma B.2,

Dy log N
lAllr = Op (ﬂ ———— +ungr max  wjy/Dy
T i#. (1) ely

log N /4
Op \/MN.T max w;Kr + /logN + +/N
(el T

which implies the desired result under Assumption 3.4. O

LemmaB4. N~'A,(Z; " — £.1) Ag = op(1).

Proof. Let Ay = 3, — X0, & = Ay S0 = (&, ..., &),andV =
X' A. Since the ¢; norms of ¥, ! and X' are bounded away

from infinity, we have, sup,_y ||T/\,-|| = Op(1) and sup,y &l =
0(1). Then
1 ’ -1 -1
NAO(EuO — X, Ao
1
:NEAI Z SIVA1U Z ?;',VA“]

(l JEL Zuo ii€lu

( )Z |A11]|+OP< ) Z |A1,ij|~
(i)l Zuo.ij€lu

The first term on the right hand side is op(1) by Lemma B.3,
and the second is bounded by N~ 1||E — XwllFa/N + Dy (using
Cauchy-Schwarz inequality). By Lemma B.2,

N + Dy
N2

~ N + Dy
) il =0p| —— max w;ik;
| Zuo — u||p P( N2 (MNT(])EIL kT

+logN + pu? ; max wi?DN))
©iAL D

N + Dy Dy log N log N
0] N
TN P( R

which is also op(1) and Assumption 3.4. Hence the result
follows. O

Proof of Theorem 3.1. N™1[| 2, — Zyo |2 = op(1) follows from
Lemma B.2 and Assumption 3.4. On the other hand, Eq. (A.11) also
implies

LA A0S @A = Ag) —JLHY = 0p1
N( —Ag) X, (A — 0)_JN J =op(1).

where H! = A'S-"A = 0p(N). By Lemma A6, N"JH™J’
op(1). Hence N"1(A — A )f‘ (A — Ag) = 0p(1), which implies
the c0n51stency N~ 1||A Agll? = op(1) because the eigenvalues
of 2 ! are bounded away from zero. 0O

To prove the consistency ofﬁ, we note that
fo—fo=—Th+ ASATAT W - ).
Since ] = op(1) by Lemma A.6, and u is of smaller order than u, for
each fixed t. Henceﬁ fi = 0p(N~ 1)A E Tu, +op(1) Moreover,
since | ;|| and || 2, || are both Op(1) and Al = Op(N'/2) by
the restriction of the parameter space ®; x I', we have
N71 || (Z/E;l
<N'@

— Ao Z o uellr

— A)Z el + NTNAE = 27 Duellr.

The first term is bounded by N=U|A — AlpllullOp(1) =
Op(N~V2H+1/2)N~ 1/2||A A”F op(1). On the other hand let &
be the i th column of A’ 2 1 and ejc be the jth entry ofE u;. We

have max; ||$,|| = Op(1) and max; |ej:| = Op(logN).

-2, )Ut =N~ Zgzejt(zu Eu)
ij

< 0p(logN)N™" |55 — Zyl + Op(log NN~ > | =5 — 5
Ju Ju

< 0p(logN)N™" " | 55 — 5]

Ju
> lFv/N + Dy.

+0p(log NN 2, —
It follows from (B.2) that the first term is op(1). In addition,
it follows from Lemma B.2 that the second term is also op(1).
Therefore,

ﬁ _ft = OP(Nil)Aé)Eu_O]ut + Op(l)

-1 -1
NTA(Z]

N
Op(N™") D &itlic + 0p(1) = 0p(N™"/%) + 0p(1)

i=1

= Op(]).

Appendix C. Proof of Theorem 3.2

Let >* . be the PCA estimator of Xy0,ij- Write

u,ij

Re = max |2
i<N,j<N

where wr :J'O%N + ﬁ

We now verify Assumption 3.4 for the adaptive lasso.

— Zuo,ijl = Op(wr)

Lemma C.1. For adaptive lasso,
(i) mini;, i jyejy | Zuo,ijl MaXixj i jejy wij = Op(1).
(11) (ST max(i.j)eh w,‘j = Op(]).

Proof. By the assumption that min jej, | Zuo,ijl > @r, we have
result( ). For any (i, j) € jL, the following inequality holds: §; !

U_ < | Zuoijl + 1 2w — X)) u| + 67, which then implies result (11)
due to the assumptions that 7 = o(wr), and [ X, ;| = O(wr) for
i,j) € O

Proof of Assumption 3.4 for adaptive lasso

Note that
max (81 + |2 D™' 8r + max | Xo ;| + Re
_iAGDEY (NS = op(1)
- = . — Up )
min (8 + | Z*)~1 min |y ;| — R
<i,j)eJL( i) i ey
max wjj max 6 + |2 D ot + Re + max | X j
((M)S)]3 _ (pe < (.)€l
T= = <
min wy min ((ST + |2ij D or

(el (el
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By the assumption that Dy = O(N),

, T N < T )”4 N N
¢ = min —, | — —
logN Dy \logN Dy /Dy logN
T \/* N
min P — , .
> (logN) log N

Hence nr = Op(¢). Moreover,

1 1
ﬂrﬁ Z | Zuo,iil < N

(pel

D 1 Zu0l(1+ 871 (Re + max | Zo ).
dDel (hel
This together with the lower bound assumption on §7 yields
Assumption 3.4(i).
For part (ii), note that nr = op(1) implies that with probability
approaching one,
, N2 N2 _,
min {N, —, —n;" ¢ =N,
Dy Dy
N N N N
min { —, —Nr =4 —-
Dy’ \ Dy’ Dy Dy
By Lemma C.1(ii), (recall that Ky = Z(,-J)eh | Zu0,ij|) and the lower
bound 8t > wrKr/N, AN, T MAX( j)ej; w,-jKT = OP(MN’TCS;lKT) =
op(wrd; 'Kr) = 0p(N).

By the assumptions that Dy
wr, We have

= O(N) and min,-#(i’j)eju |2u0,ij| >

-1
Un,T  Max wu—MNTOP( min | Xy ;)

i )ely #i, (L) ely
= Op(un.ror ") = 0p(N~""%) = 0p(y/N/Dy),

due to the upper bound on puy r = o(wr). Finally, with probability
approaching one,

UN,T Min wy

+ min B “Z)T > /10gN/T + (logN)/N.
€JL

sz + Re —

Proof of Assumption 3.4 for SCAD

Since ,LLN,T/ mini#(i,j)eju |R,]| = Op(l) and max(i’j)eh |RU|
Op(un.T), itis easy to verify that with probability approaching one,
MaXiz ey Wi = 0, Mingjey wyj = MaX(je, wyj = 1. Hence
nr = 0 and Br = 1. This immediately implies the desired result.

Appendix D. Proof of Theorem 4.1

Recall that Ay, = AM~!, where M = AkZ‘y kSy Ak + 1 —
A2, 0 A,
A=S,2 A Zyi=Ahp+ e
Lemma D.1. (i) IS, — Zyklloc = 0p(1en.1),
(i) Ayt (A4 A) = Op(N1),
Gi) 1 + AZ AT = 0p(NTY,
(iv) T3 A = Zoa Ay + A Z, i A~ Hence || 2! Axllse <

||§;,}Ak||ooop<w n.
W) IM™" = I loo = 0p(un,7),

i) 12,41l = Op(1).

Proof. (i) On one hand, note that for the sample covariance Sy,
and X, = AgAp + Xy, under our conditions, ||S, —

Op(4/ “’%N) (e.g., Fan et al., 2008). On the other hand,

2y,0||oo =

[ Zyk = Zyolloo < 1AkA, — AgAgllos + 1 Zuk — Zuollo

= op(n.T)-

Hence the result follows from the triangular inequality and that

VY = o(uw ).

(ii) Note that

1A -~ 1 -~
HNA;‘Ak - NAE)A = Op([| Ak — Aolleo) = 0p(n,T)-

) AL A _
Since Amin (%) > 871,

1 Ay Ao 1~ ~
mm(A Ak) =< N )Lmin N - NAkAk

1
N((S + 0p(in,T))-

L
N0

g

(Eu K >

(iii) It follows from ||§u,k||1 < M that kmin(Z‘ ) = A,
M~1. Hence

10 + A2t A0 = AginUr + A 204 A)
< mln(A AN
(A A) = Op(N7Y).

max

u,k

o CrAn

| /\

mm

(iv) The desired equality follows directly from the matrix
inversion formula:

min

):y‘,} = 2;,} S A + A ):u AYTTA S

u,k uk*

(D.1)
(v) We first bound [|M — I, |c. Note that M — I, = A} 3, ! (S, —
Ey,k)Z‘_,:Ak. So Lemma D.1 implies
IM = Illoo < N21ISy — Zy illoo | 2y ¢ AxllZ,
< ISy — EykllooIIEJ,}AkIIi<>
= ||Sy 2—:y I<||oo||2 || ||AI<||§Q = 0p(iUN,T)-

u,k
Hence Amin(M) = 1 — op(un,7), yielding Mo < M7 =
At (M) = 0p(1).So0
IM™' = Illoe < 7IM = L ooIM™ oo =
(vi) Note that

1A, + A Z, LA Al

u,k

0p(UN,T)-

< AR U + A Zy A~ llooNT?
— 0p(1).
Hence by (D.1) and that |2} [l; = Op(1),
I|2_1||1 < IIE el + |I2ukI|1
x | Ax(l; + 4] Eu kAk) 7y ||1||2uk||1
= 0p(1). O (D.2)

D.1. Proving || Ayt — Aolloo = 0p(in.7)

Recall that A = SyEy JArand Ay =AM,
Step 1: proving || A1 — Alloo = 0p(n.7)
We first show ||A||c = Op(1). By Lemma D.1,

IAlloe < 1Sy lloc 125 ArllocN < 1Sy lloolI 5k ArllacOp (1) = Op(1).
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Hence still by Lemma D.1, we have
1Aksr = Alloo = IAM ™" = 1)l
< AllooIM™" = I lloor = 0p (e, 1).-

Step 2: proving || Zk
By Lemma D.1(i)(iv),

— Alloo = 0p(n,1)

1Ak — Alloo = 1Ak — Alleo = 1Sy — 2y 2, Alloo

y, k
= 0p(iN,T)-

IA

”Sy - yk”oo” yk Ak”oo

The desired result then follows from the triangular inequality
and that | Ay — Aolleo = 0p(tin.1).

D.2. Proving || Xy k1 — | Xkt — Zwolli =

0p (pN,TMy)

Zwolloo = 0p(un,T),

To simplify the technicality, we consider the case

max | Xyl =0, min| Xy ;| > unr.
ijejr ijeJy

Recall that Eu k1 1S obtamed by applymg soft thresholding on
B = X, — (G, where G := Z‘ i z, ,<Sy2 ! We also prove
only for the scad weight, since 1t is asymptotlcally unbiased (in
the sense to be described below). The proof for the adaptive lasso
will be quite similar except that t has to be chosen as a decreasing
sequence ty. t.

Step 1: proving [|Glloc = 0p(1tn.1)

By Lemma D.1(vi), IIZ‘*,: 1 = Op(1). Hence

||G||oo = || yk(sy Eyk) k”oo
< IIEy_,3 121ISy — Zy.illoo = 0p(iw,1)-

Step 2: proving ||B — Xyl oo = 0p(pn.1)

Note that [|B — Zyglloo < 1w — Zuolloo + El1Gllse = 0p(in 7).

Step 3: proving || Z, i1 — Zuolloc = 0p (in.1)

Consider three cases:

Case 1:i =j: (,\Eu,kﬂ)ij = B;

In this case, [(Zy k+1)ij — Zuo,ijl < IIB— Zuollooc = 0p(in,T)-

Case 2:i #j: (i,)) € J;.

In this case, Xy ; = 0, and max jej, |Bjj| = op(un,r). For scad,
note that with probability approaching one, w; = 1V(,)) € Ji,
hence |B;| < un,rwjt forall (i, j) € J, with probability approach-
ing one. This implies,

P((Bure)i =0, V(. j) €p) > 1,
P(|(Zuis )i — Zuogl =0, V(i) €Jp) > 1.
Case3:i#j:(i,j) €Ju
Note that with probability approaching one, the scad weights
satisfy: maXi (ijyejy Wij = 0. Hence P(|B,‘j| > a),-jtp,N,T, V(l,]) €
Ju) — 1,and
P((Buks)i =By, V(0. J) €Jy i) — 1.

We see that the soft thresholding with scad weights is asymptoti-
cally unbiased.

This implies, with probability approaching one, maxi;, . jejy |
(Zuk+1)i — Zo,ijl = MaXi i jejy 1Bi — Zuo,il, yielding

(D.3)

- max |(2u,k+1)ij - 2u0.ij| = op(UN,T)-
i, (i) €ly

Summarizing steps 1-3, we conclude

| w1 — Zuolloo = 0p(un,T) = 0p(in,T)-

Step 4: proving ||§u,k+l — ol = op(un,Tmy).

We have:
| Zukr1 — Zuollt < max Z |(2u k+1)u 2o, U|
=P JipeElL
+ max > i -
i Z |( uk+1)u uO,zj|
P jidely

By (D.3), the first term on the right hand side equals zero with
probability approaching one. The second term on the right hand

side is bounded by (recall that my = max;<y Z}Ll WXy #0})

ZuollooMn = 0p(un,TMN).

Thus ”Eu,k+1 — Zyollh = op(uun,rmy).

” Zu.k+1 -

D.3. Bounding ||f;,}+1||1, ||f‘u,k+1||1 and eigenvalues of N~ v

k+1
At
First of all,

||2u.k+1 ”1 = ||2u,k+1 - 2u0||1 + ”EUOHI
| Zuollt + op(un,Tmn).

Secondly,
121 — Zao i = 120 Cuksr — Zu0) Zgg I
< N Zurer = Zwoli 1 Z 12 + 1 Zuksr — Zuolls
2 ”2u k1~ 20 ||1||2u0 II1,

which implies (1 — op (n, rmn) | 2y by — Zig' 11 = 0p(in ).

Hence

12l < 12 = Zlh + 125

||2u0 I + op(un,Tmy).

—N~"Ay Aol = Op (I Ak — Aoll) =

Finally, from ||N‘1Z;(+1Zk+1
op(un,1), we conclude that

)\max(N_lz;c_HZkJr]) = )\max(N_lAE)AO) + op (H«N,T),
and
)\min(N71Z;<+1Zk+1) = }\min(NilAE)AO) - OP(MN,T)~

The following lemma shows that the proposed algorithm, if
converges, will converge to a stationary point of the penalized ML
problem.

Lemma D.2. Suppose {Ay, ) converges to (A, £,) as k — oo.

Then

Sy, — )2, 'A=0, 2, =AA+ 53,

(Z,1 = Z,718, 5 4 v rwipy = 0,

pij = sign((Zw)y) if (Zu)y # 0.

That means, (A, X,) satisfies the Karush-Kuhn-Tucker (KKT)
conditions of the penalized ML problem.

Proof. By the iteration, we have A = S§,5'AM™', M =
NS85 VA +1— AT A, whichis equ1va1ent to

S Z A= AWNE S, E A+ - ALA).

The left hand side is (S, — %) &, ' A+ A. The right hand side equals

AAETNS, — S E A+

= ANE NS~ E)E A+ A

=3 -2, 'S, - 55, A+ 4

=& - )5 A- 5,515, - 55 A+ A
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Hence £,5,'(S, — £,)X,' A = 0, which is equivalent to (S, —
%) &, A =0.Notethat £ 'A = T A(I+ A’2 " A)~". Hence
S =& 'A=0.

On the other hand, X, ;41 solves the problem

1 - I
min EHZJU - X+ t[Z‘y,,z - Ey’IESyZ‘y,;:]H?

+ ZMN,TWU|Eu,ij|,
7

whose KKT condition is, for B = ’Z‘\u,k - t[f;,: - f;,:syfgkl],

1 ~
?(Eu,kﬂ = B)ij + unrwiypoy =0,

o = sign(Zyis1)y) if (Suspr)i # 0.

Let k — oo, we have, for B = X, — t[£" — £,7'5, 5], and
some pj; such that py = sign((Z,)y) if (Z)y # 0, 1(Zy — B)y +
un,Twiip = 0. It simplifies to

(&, = 218,55, Dy + i rwipy = 0,
pij = sign((Zu)y) if (Zu)j # 0,
which is also the KKT condition for the penalized ML

min le log |[det (AA" + 2,)| + %tr (Sy(Aa + )7

+ ZMN,Twij|Eu,ij|~
Z

Therefore, (A, £,), if exists, is a stationary point of the
algorithm. O
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