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High Dim. Factor Model

Yi=Nfi+up i<Nt<T

e f;; common factor

@ A;: loading

@ uj: idiosyncratic component, correlated across i
@ y;: is the only observable.

Approx. factor model: ¥, = cov(u;) is high-dimensional,
non-diagonal
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This talk

@ Estimate factors and loadings efficiently
PC=argminy,  ¥; 1(vit — Ajf;)?
ignores cross-sec. hetero, corr. of uj

@ Estimate large covariance ¥
Key assumption: Sparsity

© Understand the impact of large covariance estimation
on statistical inference
Improve efficiency, but technically challenging when N > T
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Maximum likelihood Estimation

cov(y;) = Acov(f)N + X,

e Suppose y; ~ N(0,cov(y;)),
Suppose cov(f;) = I: identification, reduce # parameters

o log-Likelihood: Bai and Li 2012

’
LINZ,) = —Nlog|det(/\/\'+2u) (Sy(M\W+%,)™)

| — —tr
N
e Highly non-trivial:
(1) highly nonlinear for A, (2) too many para. in ¥,
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Estimating >,

@ RunsVD:S, =Y, MEET =3k, i,éjéjr Y0 ke i,éjéjT.
@ Compute Z]P:K-H Ak/éjéjT = (%)
© Apply (adaptive) thresholding (Cai and Liu, 11):
o = (sj(#))-
sj(+): hard, soft, SCAD, adaptive Lasso,...

Assume X, to be sparse, Fan, L, Mincheva (2013) showed:

o logN 1 logN
150 =l = Oplmuy/ 5=+ mu o) ~ 0s(y =)

finite-sample positive definite
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Impact of large covariance estimation on inference

o Likelihood: 1log|det(AN +3,)| + L tr(S, (AN +£,) 1)
@ Incorporating covariance matrices often improves efficiency

o1

6=1f(Dr,x,"), 6 =fDr,%,)

VT(6—80) — Gaussian

e Effect of estimating 2, is negligible:

VT -8%) = VTA(T," — 5y A2+ 0p(1) = 05(1)

J. Bai and Y. Liao Factor Analysis



@ Goal: to show

=1
VTA(Z,' — %, )Az2 = 0,(1)

@ Classical low dim. problems, consistency suffices
o1
1Z,' =%, || = 0p(1), e.g., efficient GMM

@ However, in high dimensions (N > T), Highly NON-trivial, even if
o1
|X," =%, || achieves the optimal rate, nearly root-T.

Optimal “absolute converge” is restrictive for inference when N > T

@ For efficient factor analysis, we need
T , ~—1
VTN, 5, A = 0u(1)

However, < YT [|A[2]|S, " — ;|| ~ Op(*F x N x =) # 0p(1)
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e For inference in high-dimensional models, need to directly
evaluate “weighted convergence”

~—1
VTA(Z, —X, M)A

e Intuition: averaged error converges faster
weighted convergence A¢(X," — )Ej )A; is faster than
“absolute convergence” || 4|42 [|1Z; 1 — £, |-

@ need sparsistency: with probability approaching one,

If Ou,jj 75 0, 6,’/ 75 0;
If 6,7 0,68;=0
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A =arg minlog |det(AN + £,)| +te(S, (M +£,)~

f= argmln( —Af) 2_1(y,—f\ft)

Theorem: V; < N, t < T,

ﬁ(i,-—?»/-) ﬁzfruﬁ+0p(1)

VN —1) = IZQUJH'% )

logN mpy

Ai— Ml = =~ N
max %y =2l = Op(mwy/ ==+ 75
A logN  mp r
ft—1f| = \/——+—=)(logT
TSaT)'(Ht IH Op(mN T +\/N)(Og )
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Alternative: Penalized maximum likelihood

e Estimate A, %, simultaneously, max:

’
—Nlog|det(/\/\’+2 )|——tr(Sy(/\/\'+Z )— Y wjloul
i#]

e weight wj: Lasso, adaptive lasso, SCAD, MCP....
e Still, technically highly non-trivial

1 ~ 1 -~
N”/\_AHZ = 0p(1), N”ZU_ZUHZ = 0p(1)

Jushan and | spent months to prove this.
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Numerical Examples
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@ 4 estimators are compared:
PC: minY, (it — Ajf;)?
diag ML (Bai and Li 12):
—log |det(AN +diag(X,))| — tr(Sy (AN + diag(X,)) ")
two-step —log| det(AN + £,)| — tr(S, (AN +,)~ 1)
penalized ML
—log | det(AN +X,)| — tr(Sy (AN + X)) — X wylou
@ Algorithm: either EM (Bai and Li) or EM+Majorize
minimize (Bien and Tibshirani 11)
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Penalized ML
PCA DML Y=1 Y=5
T N ur=0.08 ur=0.3 | ur=0.08 ur=0.3
50 50 | 0.205 0.199 0.212 0.222 0.230 0.234
50 100 | 0.429 0.558 0.591 0.613 0.627 0.631
50 150 | 0.328 0.470 0.494 0.495 0.515 0.507
100 50 | 0.496 0.519 0.560 0.537 0.558 0.537
100 100 | 0.394 0.574 0.621 0.648 0.648 0.658
100 150 | 0.774 0.819 0.837 0.829 0.840 0.836
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Testing CAPM

Yie = 0 +Nif+up, Ho: o =0,Vi

o Wald test cT&'Y,, @, under Hy:
cT&/'L, ' —N

V2N

~—1
e Replacing with >, is difficult:

—92((0,1).

o ~—1_. R _ ~—1
TOC/(ZU1 _Zu )0(‘ < T“OCHZHZU1 _Zu H 7&0 (1)
V2N - V2N P
N 1 1 _ /N
T x 7 X 77 X TRENVT
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Summary

Factor analysis

e Taking into account cross-sectional hetero. and corr. via
—1
>,

Covariance estimation

e Estimating large error covariance is important for factor

analysis and panel data models

e Effect of estimating covariance on inference is negligible,
but tech. non-trivial
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