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Abstract

This supplement contains all the technical proofs of the main paper.
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A Technical Proofs

Throughout the proofs, we use C' to denote a generic positive constant. Recall that v, (H)
and Vpmax(H) respectively denote the minimum and maximum nonzero singular values of
H. In addition, Pp, = A(A’A)"'A’ and M = I — P, denote the projection matrices of a

matrix A. If A’A is singular, (A’A)~! is replaced with its Moore-Penrose generalized inverse

A~

(A’A)*. Let U be the N x T matrix of u;. Recall that R = dim(f;) and r = dim(f;).

We use ||A]| and |A||r to respectively denote the operator norm and Frobinus norm.
Finally, we define |A|/» as follows: if A is an N x K matrix with K = R or r, then
|A |l = max;<y ||A;]| where A; denotes the i th row of A; if A is a K x N matrix with
K = R or r, then ||A||cc = max;<x ||A;|| where A; denotes the i th column of A; if A is an
N x N matrix, then ||A||s = max; j<n |A4;;| where A;; denotes the (4, j) th element of A.

Throughout the proof, all E(.), E(.|.) and Var(.) are calculated conditionally on W.

A.1 A key Proposition for asymptotic analysis when R > r

Proposition A.1. Suppose R > r and T, N — oco. Also suppose G is a T x d matrix so
that E(U|G) = 0, #||G||* = Op(1), for some fized dimension d, and Assumption 2.1 - 2.4
hold. In addition, for each K € {Ir, Mg}, suppose Apin(zF'KF) > ¢ > 0. Then

(i) )\min(%f"Kﬁ) > cN~1 with probability approaching one for some ¢ > 0,

(i1) B/ (AFKR) | = Op(vhy + /), and [H(AFKEF) " H = 0p(1).

(iii) |H'(LF'KF)'H — H'(HLF'KFH') " H| = Op(sz—+ 7). and G/(Pg — Pr)G =
Op(fr— + 7)-

Proof. The proof applies for both K = I and K = Mg. In addition, the proof depends on
results in the later Lemma A.1; the latter is proved independently which does not depend
on this proposition. Write vy, := vmin(H), and vpax 1= Vimax(H).
First, it is easy to see
F=FH +E.

where E = (e, -+ ,er) = %U’W, which is T' x R. Write

1 1 1 1
A= —EEE+ —HFKE + —EKFH + —(EE-EEE) + A
T + T + T + T( )+ A

where A; =0 if K =1y and A = —%E’PGE it K=Meg.



(i) We have
1., 1
—FKF = —_HFKFH' + A.
T T *

By assumption )\mm(lEUU’) > ¢p, SO /\min(lEE’E) > )\min(lEUU’))\min(%W’W) >
coN~1 for some ¢y > 0. In addition, Lemma A.1 shows = (E’E EEE) + A, = OP(WT)'
Hence | +(E'E — EE'E) + A;|| < $ A\ (7 EE'E) with large probability. We now continue
the argument conditioning on this event.

Now let v be the unit vector so that v/ %f" KFv = Amin ( F Kf‘) and let

1
T

1
0 = TV’HF/KFHIV.

Because VA F'KFv = n?2 + v/Av. we have
T v 9

1
)\min(_

F'KF) > n? + 2v—HFKEv + —
T )_m+vT +

2N

If vVH = 0 then )\min(%f‘/K]/F\‘) > 2o If v'H # 0 then 12 # 0 with large probability because
%F’ KF is positive definite. Now let

2

2
. Ty —-1/2 /1 / /1 / My
X = (1200 _HF'KEv., 2v—HF'KEv = X .
A M v TN

Then
o, o
TN + 2N’

Suppose for now X = Op(1), a claim to be proved later. Then consider two cases.

In case 1, n? < 4]X]| 77“ . Then |n,| < 4|X|F and

1~  ~
/\min(?F’KF) >ni+ X

1~ Co 1 &
—_FKF >—— My 2 > 0
) Xl |\/__2N 44X |TN_4N

)\min
(T
where the last inequality holds for X = Op(1) and as T" — oo, with probability approaching

one.
In case 2, n7 > 4| X[/ 7%, then
1~  ~ 3 Co
Amin(=F'KF) > n? — | X — >
(7 )2 m =X N+2N_477”+2N_2N



In both cases, )\min(%f" KF) > ¢o/N for some o > 0 with overwhelming probability.
It remains to argue X = Op(1). By the assumption Ay (+F'KF) > ¢ > 0, we have

1
n? > Amin(TF’KF)v’HH’v > c|v'H|?.

In addition, Lemma A.1 shows || +F'E||? = Op(7x) and || G'E|* = Op(5y). With the
condition 7| G||* = Op(1), we reach || F'MgE|]* < Op(7x) + [F'G(G'G) || : G'E|]* =
Op(7~)- Therefore || F'KE||? = Op(5~) and consequently,

1
(X < 4T Ny, 2 |[VHIP|ZFKE|* < Op(1)n, " [VHI® < Op(L)e™|[VH||[IVH|* = Op(1).
(i) Write H := H(AF'KF)"/? and S :== JEE'E = + W', W. Then

1o~ 1 1 1
—FKF=HH + -S+ —HFKE + —E'KFH + A Al
T + NSt + 7 + A, (A1)
where we proved in (i) that | Ag|| = || z(EE-EE'E)+ A, | = Op(5% 7). Also all eigenvalues
of S are bounded away from both zero and infinity. In addition, H is a R X r matrix with
R > r, whose Moore-Penrose generalized inverse is H = (AF'KF)"'/2H". Also, H is of
rank r. Let

H =U;(Dy,0)E}

be the singular value decomposition (SVD) of H’, where 0 is present when R > r. Since
Amin(FF'KF) > ¢ > 0, we have Apin(Dg) > inin where vpin := o (H).

The proof is divided into several steps.

Step 1. Show |H'(HH' + £I)H| = Op(l/_-(Qj_2)) for any fixed @ > 0 and j =1, 2.

min

Because Apin(Dg) > cVmin, for j = 1,2,

a . a _9;
| B (R + D 7H| = [U(DL(DF + D7, 0)U% || = [DF(DF + =1~ < [Dg 7).
Step 2. Show |H'(HH' 4+ +S)"'H| = Op(1).
Let 0 < a < Amin(S) be a constant. Then (HH' + £I)~! — (HH' + +S)~! is positive
definite. (This is because, if both A} and Ay — A, are positive definite, then sois A;'—A; ')
Let v be a unit vector so that vVH'(HH' + +S)"'Hv = |[H'(HH' + +S) 'H||. Then

o 1 _ L _ o _
| E(HEL + —-8)'H| < vE'(HE + %I)*le < ||H(HH + %I)*lHH.



The right hand side is Op(1) due to step 1.

Step 3. Show ||[H'(HH' + £S)~!|| = Op(vy1).

Fix any a > 0. Let M = H'(HH' + £1I)~'. By step 1, |M|| = |H'(HH' + 41)2H||'/? =
Op( So

mm)

[ +8) Y < M|+ BT+ 48) ! - M)
N N
1 a _ 1
—S - —1 HH/ _S -1
! (S~ D + 59
< M+ M G )

<® M1+ 0p(1)) = Op(

=0 M| + | B (HE + 1)

mln)

(1) used A" — Ay = AT (Ay — A)ASY (2) s from: |[(HH + £S)7Y < ALi(+S) =
Op(N).

Step 4. Show [H'($FKF) ™| = Op(vh, +/5).

Let A := HH' + LS. By steps 2,3 [HA™!|| = Op(v,;,) and [HA™'H|| = Op(1). Now

mln

Hﬂ’(%ﬁ'Kf) —~HA Y| = |HA" (TFKF A)(TFKF) 1

N N

<® Op( Vinax(H)

< W)H( FKF) | =% Op(

In (3) we used %f"K]/F\‘ — A= Op(Nf + |[HF'KE|) = (N\f + ope) = Op(48%); in

(4) we used (%f"Kf‘)_l = Op(N) by part (i) and Vpax < CVpin. Hence

3

T/ 1/\/ Y\ — N
B EKE) ™| < 0p () 20) + [HA™| = Op(vgh +

Thus ||H/(1FKF) H < ||(1FKF) 1/2||||H’(% KF)~!||, which leads to the result for
[F(AFKF) | = Op(h, + /%),
Step 5. show H'(LF'KF)"'H = H'(AHF'KFH' + 18)"'H + Op(
Because ||[HA™!|| = Op(

1 1
Vmin\/ﬁ + T)
v and [[HA'H| = Op(1) by step 3, (A.1) implies
T 1 1 il sremc L sien —117
|H (= FKF) H-HA 'H|| = |H(=FKF) '(=FKF - A)A 'H||
T ) ) T T
< HFI/A*FI(fF’KF)*1/2

_ 1~ o~
HIE AT A (FKE) ' H|

14 . o1 1 S PSS
_F'KE(=FKF)'H|| + |HA"' =E'KF(=FKF) ?H (=FKF) 'H|
T T T T T



1 . 1 N, 1
i+ IR ] =0 0n( 0+ = Or(o— b )

(5) follows from step 4 and v, > N~/2. Then due to ||(+F'KF)~'/?|| = Op(1),

Op(vy,

1 1
—+_
Vmin\/NT T

In addition, step 3 implies |[H'(:HF'KFH' + +S)""H|| < Op (v} /max) = Op(1), so

1~ 1 1
H’(TF’KF)‘lH = H’(?HF’KFH’ + NS)‘lH + Op( ).

1 1

ijnm + T) = OP(l)

1~
B FKF)H] = Op(1 4
(iii) The proof still consists of several steps.
Step 1. H/(LF'KF)"'H = H'(AHF'KFH' + 1S)""H + Op(

It follows from step 5 of part (ii).
Step 2. show H'(HH' + +S)'H = H'(HH')"H + Op(5>—) where H = H(7F'KF)"/2.

Write T = H/(HH' + £S)~'H — H'(HH")*H. The goal is to show | T|| = Op(-5—). Let

min

1
mmva +7)-

v be the unit vector so that |v'Tv| = ||T||. Define a function, for d > 0,
'Y (LTI’ d —113
g(d) :=v'H(HH' + NI) Hv.

Note that there are constants ¢,C > 0 so that & < Amin (
have g(C) < v'H'(HH' + +S)'Hv < g(c). Hence

S) < Amax(+S) < 5. Then we

1 L
N N

IV'Tv| < |g(c) — vH'(HH)THv| + |¢(C) — v'H'(HH') "Hyv/|.

Recall H' = Uyz(Dg,0)E; is the SVD of H' and N~'A_} (D%) = op(1). Then for any
d € {¢,C}, as N = o0, g(d) = v'UzD%(D% + 4I)"'U/,v Ly viv = v'H'(HH')*Hyv,

where we used H'(HH')*H = I, easy to see from its SVD. The rate of convergence is

d d
N1 NDHQH = Op(

1
Nz)'

Imn

d
|D5 (D + D — 1l < [Dy (D +

Hence [v'Tv| = Op(5;2—)-

In in

Step 3. show HH'(;F Kf‘)—lH ~H/(H7FKFH')'H|| = Op (57—

+ 7). By steps 1 and



1~ ~ o 1 1 1
H(-FKF)"'H = HHH +—-S) "'H+0p(——— + —
= (=FKF)"'?H(HH + —S) 'H(=F'KF) 2 + Op —
=) (TF’KF)-1/2H’(HH’)+H(TF’KF)—V2 + Or(5 +- INT +7)
e 1 1 mln mln
= H/(HH)™H =),

where (6) is due to Apin(7F'KF) > ¢ and step 2.
Step 4. show %G’PAG 1GPFH/G+OP( +%)

Hl in
A~

By part (i) |[H'(+F'KF) || = Op(,

mln

\/7) and that 1G'E = OP(\/——)
1 / 1 / 1y —1 / 1 e — 1 1 o —1 /
~G'P;G = —GFH(FF)'HF G+ _GEFF)'EG+ _GEFF) 'HFG
1 o
+-G'FH/(F'F) 'E'G
1 ~,~ 1 1
= —G'FH(FF)'HFG+O0p(=+ ——
T (F'F) r(g . ENT)
1

1 1
= GFH(HFFH)'HF'G + Op(5-5— +

N2, T>’

mln

where the last equality follows from step 3. n

The proof of Lemma A.1 below does not rely on Proposition A.1, as it does not involve
H or F. Also, let E = (eq,--- ,ep) = %U’W. In addition, we shall use the following
inequality tr(W'EXW) < R|[W|?|| 2| for any semipositive definite matrix X, whose simple
proof is as follows: let v; be the ¢ th eigenvector of W XW. Then

R R
H(WEW) =Y viIWEWy; < |2 D |[Wv,|? < | S]]|W]R.

i=1 i=1

Lemma A.1. For any R > 1, (R can be either smaller, equal to or larger than ),
() IFERE| < § and [B] = Op(,/).

(i) E||zF'E|? < O(75), E H%G’EH2 < O(7), here G is defined as in Section 3.1
(iii) || 7(B'E — EE'E)|| < Or(557). | 7E'PcEl| = Or (7).

(in) | FUW < Op(y/ 7).



Proof. (i) By the assumption |7 EUU'|| = | Euu;| < E || E(uu)|F)|| < C. Thus

C

1
—EEE| = W' EUUW| < —[[W]?* <
|7 EBE] = < IWIP < 5

Also, E||E|? < t EE'E < R|EE'E| < <Z.
(ii) Let fy, be the k th entry of f;,. By the assumption ST USSR NE ) B(uul | F)|| <

C,
1, )
El-FE[" = TQNQEHZW’utf’H <ZT2N2;;Efmfks (W, WW'y,|F)
< ZT2N2 ;;Efktfkstrw E(uu,|F)W
< ZTzNz ZZE|fktfksH|WHFH]E(utu )|l
s 1 t=1
S ) IS
s=1 t=1
C
<
= TN

Similarly, E[|7G'E||? < O(75)-
(iii) By the assumption that # Znng ZMm’nSN | Cov(wittje, Umstins )| < C,

3
M

1 1
E|—(EE - EEE)|> < > E( = D wiwg (i — Eugugy))?

k,q<R t=1 4,j<N

c 1 C
< TN2TN2 Z Z ’COV(uitujbumsuns)’ < TN2

t,s<T i,jmn<N

Next, by part (ii)

1

BGIPI(:G'G) ) < Op(my)

1
—E'PgE| <
IFEPGE| < |
(iv) E[|[+ UW|?> < L tr EWUU'W < £L||W||2 < &, where we used the assumption
that || Euu}]] < C.

]



A.2 Proof of Theorem 2.1

Proof. We shall first show the convergence of Pgy, — P, and then the convergence of
PPy — Py.

First, from the SVD H' = Ug(Dgy,0)E);, it is straightforward to verify that M' =
Uy (D', 0)E). Then from Proposition A.1, )\min(%M’f"f‘M) > coN " pin(Dy?) with
large probability. Hence Pg,, is well defined.

Next, it is easy to see H(HH')™H = I when R > r. Then F = FH + E implies

FM — F = E(HH')"H with M = (HH')*H. Since ||(HH')"H|| = Op(v-L), we have
T EM | = Op(—vih). P EM — B[ = Op(— sl
\/T \/_ mln ) T \/_ mln
where the second statement uses Lemma A.1. Then H%M’f"f‘l\/[ 7FF|| = Op( Wis vl 4
Ly-2). Thus (AM/F'FM)~! = Op(1) and
[(-MEEM) ™ — (EF) | = Op(—mamerihy + v (A2
T T P \/_ mln N mln °
The triangular inequality then implies |Psy; — Pr| < O p(ﬁu;ﬁln).
Finally, PgPgsy; = Payg gives
I
[PsPr — Pr| < [[Pa(Pr — Pay)l| + [Pey — Prll < OP(\/—Nmen)-
]

A.3 Proof of Theorem 3.1

Proof. Here we assume R > r. We let z, = (f/H',g})’ and § = (¢’H",3')". Then 8'z, =

Yignje- First, we have the following expansion

;5\I/Z\T — (SIZT = (3 — 6)//Z\T + CY/H+ (/f\T — HfT)



Now 8 = (Z'Z)"'Z'Y, where Y is the (T —h) x 1 vector of y,4s, and Z is the (T — h) x dim()
matrix of z;, t = 1,--- ,T — h. Also recall that e, = ft — Hf, = NW +. Then

4

P PURPN RSP
zr(6—90) = z'T(TZ’Z)_1 Z aq, where
a; = (fgstei,o)', a2 = : ZEy

1 1 /
as = (_a,H+T Xt: eteiy 0)/, ayq = _T zt: Zte;H—’— .

On the other hand, let G be the (T'— h) x dim(g;) matrix of {g, : ¢ < T — h}. We have, by
the matrix block inverse formula, for the operator My :=1 — Py,

A A A (LF'MgF)~
(fz’zM:( ! 2), where | Ay | = | —A|F'G(G'G)!

A, A
2 A, (+G'MzG) !

—_

Then ZH(LZ'Z)" = (€A, + g A, £rA, + gf-Ag). This implies
L, 5 1 :
zr(0—6) = (frA:+ g&“A,Q)T Z[etgt — e H" qf
t

~ 1 /
+(f,AH + g’TA’QH)T Zt:[ftgt — f,ejH" a]

o 1 l
+(f7 A2 + gérA:%)T Z[gtgt —ge;H .

t

It is easy to show H%Zt fiel]| + H%Zt gied|| = Op(\/if) and H%zt ee|| = (%)
Also Lemma A.1 gives %Zt e, = zE'E = Op(%), 7>, fie, = 7F'E = OP(\F> and

% D8l = —F E= Op( ) Together with Lemma A.2,

1 1
+
\/TN 1NVmin) 1
I[EAH + g ALH||Op(—=) + [[FrAy + g/ As||Op(——
HTll g:/i o H| P(\/T) 17 A5 + grAs|| P(\/T)
= OP(

N

7206 —8) = |[frA; + grAs]|On(

Finally, as |[H*|| = Op(vp,), o' H* (fr — Hr) = Op(vps,)ler]| = Op(vgh, N71/2).

10



Lemma A.2. For all R >r, (i) |Afr|| + |As] = Op(VN), and
[H Asfr|| + [|H Ao|| + [|Asfr|| + [|As]| = Op(1).

Proof. First, by Proposition A.1, [|A4]] = Op(N) and ||[AH| = Op(v;, + /%), and

7E'G = Op( =)
- 1~ ~ 1~ ~

Afp = (?F’MGF)*leT + (TF’MGF)*HfT = Op(V'N)

HAf, = H’(%f"MGf‘)leT + H’(%f"MGf‘)leT = 0p(1)
- /N

—A;, = AFG(G'G)!'=AEGGG) ! +AHFG(GG)™ =0p( =+ vil)
~-H'A, = HAEG(GG)'+HAHFGGG) ! =0p(1)

ALty = ALHEr + Aber = Op(1).

Finally, it follows from Proposition A.1 that +G'(Pg — Pra)G = Op(7 + 5-2—). Hence
|As]| = Op(1) since Apin( G Mpu'G) > c.
0

A.4 Proof of Theorem 3.2

Let €y, €,,€4, €y, Y, G and m be T' x 1 vectors of €y, €y, €g1y €y, Yi, 8 and n,. Let J
denote the index set of components in u; that are selected by either 4 or 6. Let U 7 denote
the N x |.J|o matrix of rows of U selected by J. Then

€y = MﬁjMfY, g, = MﬁjMfG.
A.4.1 The case r > 1.

Proof. From Lemma A.7

VIB=B) = VIIEE)EE ~e) + E&) En+ EE) (e, ~2)8)

g g

s 1 ~/ ~ 1 1/~
= OPU)ﬁ%(% —&y) + OP(l)ﬁsg(eg —€y) +0p(1) \/T"? (8g — &)
1 / —1 1 /
+(fegsg) —ﬁsgn
1
= 0, —=em +op(1) <5 N(0,0,"07,). (A.3)

VT

11



In the above, we used the condition that | J|$4|.J|21og® N = o(T) , T|J |3 = o(N?min{1, %, |J]|4})
and /log N|J|2 = o(Nv?,,), whose sufficient conditions are T'|J|§ = o(N? min{1, v, |J|3})
and |J|$log®> N = o(T).
In addition, ’0\;;83\/7(3 - 0) N N(0,1), follows from 52 := 7&,&, L, ;.
[

Proposition A.2. Suppose T = O(vi. N?log N), |J|2T = O(v/?
and |J|3log N = O(T), |J|3 = o(N) For all R >r,

(i) 10’0 — T8> = Op(|J|o"%Y) and | — 0], = Op(|J|o\/%N).
(11) |J|o = Op(|J]o)-

N*log N), | 7[5 = O(Nvjy, log N)

m1n

Proof. (i) Let L(8) := 7. 3_1_ (g — @yf — 0'6) + 7|6,
d=oalf — &+ (0, —1,)0, A=60-0.

Then g; = o, f; + 0'u; + ¢4, and L(é) < L(@) imply

T
1 . . ~
T D @A) +2(cg0 + )W A] +7(10]1 < 7161

t=1

It follows from Lemma A.5 that H%ﬁsgﬂoo < Op(y/"&X). Also Lemma A.4 implies that

T
1 - 1~ / 1~ / - 1~ / ~

1 ~ N
00 - U) UL
logN

logN 1 _1 logN+ ||o | o
‘TN

" N 12mn " Vimin TN Nymin Vmin'V NT

IN

Op(|J]o + | J]o

).

Thus the “score” satisfies ||%Z£1 2(eyt + di)Uy]|oc < 7/2 for sufficiently large C' > 0 in

7 = Co /8~ with probability arbitrarily close to one, given T = O(vl, N%log N), |J[2T =
O3, N? log N), |J]2 = O(Nv2,, logN) and |J|2log N = O(T). Then by the standard

argument in the lasso literature,

T

1 ~ T

T > (@A) + S Aell =
=1

mm

37
— A ]4.
5 1A

12



Meanwhile, by the restricted eigenvalue condition and Lemma A .4,

T T
R 1 1 ~~
Y @A) = Y (WA — AT - UU | 2 A3 (G — op(1)

t=1 t=1

1
T

+ IOgN) = op(1) (Lemma A.3). From

here, the desired convergence results follow from the standard argument in the lasso litera-

where the last inequality follows from |J|oOp (i~
ture, we omit details for brevity, and refer to, e.g., Hansen and Liao (2018).

(i) The proof of |J]o = Op(|J]o) also follows from the standard argument in the lasso
literature, we omit details but refer to the proof of Proposition D.1 of Hansen and Liao
(2018) and Belloni et al. (2014).

O

Lemma A.3. (i) H%E’U’HOO = Op( 1‘;%\][\[ + %)

(ii) |+ EPRE| = Op(), |+EPsU o = Op(\/ 57 + %)

() 130 U)(O Y + 2040 — U)o = Oplr -+ 55,
(iv) | 10T — AUV = Oplwl,  + o2%)

Imn N

A~

Proof. Let F = (f;,--- ,£7). In addition, B — BH* = —-BH'E'F(F'F)~! + UE(FF)~! +
UFH/(F'F)~!. Therefore,

~

HNOF + BH'E

U-U = BF -BF = )
+ UE(FF) 'F + UFH'(F'F) 'F + BH'E'. (A.4)

(B—B
— —BH'EFFF)'F
(i) We have

1 logN 1
”fUEHOO < kzr}?}\}f’ ZZ UigUje — Eultujt>wkj| +O( ) ( TN +N)

ii) By Proposition A.1 , Lemma A.1 , vy, > N2 and || £F'U’||, = Op log N
T

1
| ZE'PEE]

IN

1 = 2 ~= 1 =

H?ETKWFywaH+HfETmFFy?HFEH+HfETHKFTy?HFEH
1

< Op(=

1 SO !

|ZEPs Ul < [|ZEEFF) 'EV | + | -EEFF) HF U

1 o 1 S
+|ZEFH (FF)'EU | + || ;EFH (F'F) ' HF U

13



logN 1

(iii) We have ||H+|| = O(v, ). Also, ||F(F' )~ 1iﬁ\"|| < 1. In addition, by Lemma A.1,
I[(F'E)='F'||* = ||(F'F)~"|| < Op(§) and that |[H'(F'F)~'F|2 = |[H'(F'F)~"H|| = Op(4).
Next, by Lemma A.1, ||E| = Op(\/;), and max; ||b;|| < C. Substitute the expansion (A.4),
and by Proposition A.1,

1 . 1 ~
(U= U)(U ~ U)o + 2| 5(0 - U)U"||
I ) Vlloo + 2[5 |

IN

2 1 ’ 3 =
||?BH+E’U’HOO + ||TBH+E’EH+ B||s + ||TUE(F’F)‘1E’U’||OO
4 ~ 4 =
+||— H'E'E(FF) 'E'U| + ||— H+E’E(1«“’F)—1HF’U’||oo
3
+||( UE + TUFH’)(F F) "HF'U'|| + ||—BH+E FH'(F'F) {(HFU + EU)|»

+\|— H+EPP:U’HOO+H— BH'E'P;EH" B’ Hoo
1
! C

+Op( mm)H—E’EHH(F F) 'H||||F’ U’Hoo+H—UEHooH(F F)"'H|||F'U'||

IN

E'U'|oOp( mm)+H—E'EH0P( mm)+NH UEH2 +NH—E’EHH EU'HOOOP(

H—E'FH I (F'F) " HI||F'U'||o

mln)

3
+H:7UFHooHH'(F F)~"H|[|F'U’|l + Op(

C
+Op( mm>||—E'FH B (EE) HE' oo + O () | mEPEU |l + Op (v mm>u—E PLE|
1 logN
= Op(v2— ,
P(meN + T )
Also, 20U’ - LUV || < [|A(U ~ U)(U — U)o + 2| 4(U - U)U||o < Op(vi2t +
M)
£N).
]

Lemma A.4. For all R > r,

(i) || 6'(0 - U)U'||o, < Op(**
(ii) | LEPLF| = Op(5— + ),
(iii) | B0 |l < Op(y/ '8N + o), APl < Op(y/1%
(iv) | L0'UE| = |J60p(% + —42). | £6'UF| = M?)
(0) @y — H = |TsO0p(1+ /%) + Oplvh), H(@ — HY ay) = Op(uh e + /e +

v 2Ly,

min N

min ) | Jlo
I7UPEF o = E

Nlen

14
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Proof. (i) By Lemma A.3 |16/ (U—~U)U'||o < [|8]1[|2(U~U)U|| < Op(2N 4 7)1 o-

(ii) Note H'H*' = I, Lemma A.3 shows | A E'PgE| = Op(%), |AEPzU || = Op(y/'BY +

Y

z|-

1 1
+
NVmin V NT

1 1 / 1 / 1
IZEPeF| < [|ZEPEH" || + [ ZE'EH || + | ZEF| = Op( )

1 1 / 1 / 1
—UPsF < ||=UPsEH™" —UEH" —UF
| 7UPEFle < | ZUPEEH" | + | ZUBHY | + | -UF

log N 1
T * NVmin>‘

IN

Op(

(i) By Lemma A.3 || 1EU'||o = Op(1/*2Y + L) and (ii)

1~ 1 1~
||TUE||oo < ||_UE||00+||_(U_U)E“00
< ||—UE||c>o+||—BH+EP E||oo+|| L up, E||o<>+||—BH+EE||oo
log N 1
<
' = 011’ ( TN +1Nymin)
H;UFHOO < H—UFHOO+H—(U—U)FHOO
< H—UFHOOHI—BH*EP FHoo+H Lup, FHOOHI—BH*EFHOO
log N 1
< O
< Orf T +Nz/mm)

(iv) L0'UE = £-6/(UU' —EUU")W + L0’ EUU'W. So

R
E H—O’(UU’ EUU)W|? = Z N2T2 Var( Ze uu,wy,)
k=
ol
< N2T2||0H1miix Z Z | Cov(uittigr, Ujstys)| < ]\|f7|’0

q,v<N t,s<T

Also, || 18 EUU'W|| < maxjeny 3 [wi;[10]1 |2 EUU||, < O('ZR). Also,

1 , 1 C
#O'UF|* = — w EF'E(U'66'U[F)F < —||E(U'00'U[F)|,

C T C T
< fmgx;IE(H’utu;mF)! < fmtaX; | E(uau,[F)[1]|0]]1]16]]0 <

El

ClJ0o
T

15



(v) Since a, =

o~ +/
a, —H" a4

H'(a, - H o)

Lemma A.5. Suppose |J|o = o(N
(i) L[PeUBE = Op

(f" f‘)_lf"G, simple calculations using Proposition A.1 yield
= (FF)'FG-H"q,

-
= [JoOp(1 + \/g) +Op(Vpnin)

A~

)

— H'(FF) 'Ee, - H(FF) 'EEH" o, + H(F'F) '"E'U0 + Op(1/ =2)

_ o, S s 1
- OP(me N + T +VminN)'

mm) For any R>r

JIZ JIZ J
(S + 4+ ), FIPee, | = On()

~ o~ / =~ t]
F) 'E'e, — (FF) 'EEH" o, + (FF)'E'U0 + Op( @)

T

(i1) 13(0 = U)e,lloe = Op (45 + YEX), and | £0e, oo = Op(y/55) = |1+ Ue,

(1i1) )\min(%UjU'j) > ¢ with probabzlzty approaching one. %||Pﬁj€g||2 _
. S J|2 +umm J vt || B
fiv) L0 — U0 = Op(Uhtsia W Gl app o 01

%GIUPf‘Ey = OP(% —+ ‘J|0 + Vmin

1/2\J\3/4

VNT T TVNTO/

Proof. (i) By Lemma A.4 (vi) and Proposition A.1,

1
ZIPsUB|

1
~lIPge, |

|
a
|
=)
&
I

1 o~ o 2 BN

= TG’UE(F’F)‘IE’U’O + Te’UE(F’F)*HF’U’e
1 ~~

+T0’UFH’(F’F)‘1HF’U’0
J2 )2 JIo
A A

P(\J\O;Dgl\f) _

| o
T

g

F'F)'HFg,

< 0 + :
P( N T Vmin2N\/T)
1 NN e N ]_ ~, .
= L& E(FF)Ee, + e, E(FF) ' HF, + ngFH(F’F) 'HFe,
N 1 v 1
< O min O O
< Or(5p) +Or( f) ot r(7) = P(T)
- BH'E'E(FF) 'E¢, - -BH'EFH(FF) 'E’c, + UEFF) 'Ee
1 ~ 1 o 1
_fBH+E/E<FIF)7lHF/€g o TBH+E/FHI(FIF>71HFIEQ + fUE(
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1 e 1 SN 1
+5UFH'(F'F)'E'e, + UFH/(F'F) 'HF'e, + TBH*E'eg.

So by Lemmas A.1 and H%UEHOO = Op( 1‘;%\1[\7 —|—%), HT(U Ugylloo = OP( min, |- Vlog ).
Also, with [|[4Ug,|lc = Op(1/™8Y) we have H%ﬁngoo = Op(y/"&X). The proof for

|- Ue,|| is the same.
(iii) First, it follows from Lfmma A 4 that ||%[Ajfj/ _ %UU/HOO < OP(@ n %ﬁ;)
Also by Proposition A.2, |J]o = Op(|J|o). Then with probability approaching one,

1~ =~ 1 | ENPN 1 ~
)\mm(TUj ) > )‘min(foU/f)_HTUU,—fUU,HoJﬂO
logN v 2
> - Zmin >
1 iy e S LD
PG e l7 = - ;U’ (05010 5e, < 17 TP (7 0,07)

< = €U'H [7]o < O

|<]|010gN
T )

7|[Pg &y follows from the same proof.
J
(iv) Recall that |la || = [|6'B| < C. By part (i) and Lemma A.4,

1, e 1
FOU-U)" < Z[|6'BHEPs|* + —||¢9UP I* + ||‘9’BH+E’||2

T2 + v |J|o L
< O mm mm .
< ( N + T + NVT )
1 1
|- EPge, || < ||?E’Pfuquey||=op< 7

» L _ o 1l v
TQUPﬁgy < ?HOUPﬁ”Pﬁgy“—OP( T m+ VNT3/4

).

Lemma A.6. For any R>r
' U 0 lo T4z |2
(i) %HMﬁjU'a\P = Op(]J]o"%Y), %y\MﬁjUfeuz = Op(lZlosN | 13 1 1218,

N
(ii) 1€,Pg (U~ UY8 = |73\ / 5 0p (5™ + i),

T NV
LM TologN | Wlotvgh | vl [lgn 1R
T%MU}U/O <0 (O—+W e T % N2 );
- _ Jlolog N V/T170o |JlologN | |JlovIog N
(ii) [P, Ell = Op(y/HpeX + ST Loy B = Op(Moba 4 Uo/leedy,

17



Proof. (i) First note that Pg U0 = Uiy, where
J

m = (M, - ,my) =argmin ||U'(8 —m)| : m; =0, for j ¢ J.

Thus by the definition of m, Proposition A.2 and Lemma A.5,

1 ~ - log N

LMo, ToF ~ Ljoe-Um ||2sf||U’ OB < 0,715

1 10112 |J|010gN 1 012 |J|010gN+ |J|(2) |J|0 Vinin
M-~ < MIOES Ty = —

—143/2
vl J|olog N :
where we used % = Op( H(’%) by our assumption.

(ii) Let A =60 —m. Then dim(A) = Op(|J|o). Also, by Lemma A .4,

1 ~n 1 ~~ log N 1
A/_ r IA< A2_ I / <
L0~ UU)A < A7 400 - UU) | < 0620 +

mln

A ]o.

Also, ||A[]> < £|[U’A||? due to the spare eigenvalue condition on ~UU’. Then 5]- = 0 for
j ¢ J implies |[U'A|| < |U’(6 — 8)|| and Proposition A.2 implies

log N 1

1o —m|f < [JllA]* < U!o—HU/AH2 < o7 |07 AJ12 + Op( — TN glm)HAHQU\o
< o060 = OB+ On(55 + oA
VBB o, 1olog® Vb G,
The above implies ||@ — @3 < Op(|J|3%%8Y). Hence by Lemma A.5,
1P, (0-1)0 < | LelPg 100 - 0ol Y02 0,0
< |J|g\/mop<1°gTN + Njgﬁn)'
reiMo, 08 = 76,010 - < 17,0l -l < orETED)
—e)Mg U8 < —e)Mg U0+ —e(U — U)o — —e|Pg (T - U)6
< Opl(u‘”%"]j) + %9’BH+E’P§sy + %O’UPﬁsy + %0’BH+E’sy
— =P (- U)8
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[lolog N | Tlo+ Vs | Ve 13" | [log N |3

< 0
s Or(—7 VNT VNT3/4 T N2

)-

(iii) By Lemma A 4,

1~ [Tlolog N, \/T|J|0
[Po Bl < NO5H050) I OBl /17Ty < 0p(y/ BN 4 V-

[Jlolog N |J|0\/103N)
T\/N NVmin\/T

H—E Pg E| < II—E Pg_[lIPg El = Or(

Lemma A.7. For any R > r,

O 1ga |J3+|Jlolog N | |3+ B ~
(i) %Hsg —ggl|? = Op(F7 == + =0 me + mesz) = %Hsy — &%

B =N oe N Tlo+ =172 713/4 7 .
(it) 7€,(Eg—&q) = OP(U'OTog +! |Oﬁy'““‘ D |3‘/4 + logNN‘ £0 ). The same rate applies
NT fT min

to %slg(é\g —&g) , 71 (Eg — &), %Elg(gy —€,) and %5;;(/5\1/ —&y).
(iii) T€,€, = we€hey + op(1).

Proof. Note that €, = Mg MzG and G = Fa, + U0 + ¢,. Also, U= XMz implies
J
PﬁjPﬁ =0, and MﬁjMf =Mz — Pﬁj'
Recall that HYH =1 and F = FH' + E, hence straightforward calculations yield

é\g — eg = MﬁjU’H — Pi;:UIH + MﬁjMfFOtg — Pﬁj&?g — Pfsg /
MﬁjU/O — PfU,O — Pﬁjé‘g — Pﬁsg — (I — Pf — Pﬁj)EH+ ag. (A5)

3/2

It follows from Lemmas A.5, A.6 that +[[€, —e/||? = Oln:(|‘]|‘2)+uT|0 g N 4 |J|°+Vm““ + - lJlN\F)'

The proof for 7|, — &4||* follows similarly.
(ii) It follows from (A.5) and Lemmas A.5 A.6 that

1 N 1 1 1 1
Ts’y(eg —g,) = ijM U'e - TleyP FU'0 — ?eyPl p T.r-:yPFeg
€, EH" o, — —¢|PiEH" a, — —¢| Py EH"a,
Jlolog N |J —1/2) y13/4 log N |J[?
S OP(| |0 0og | |0+Vm1n Vhin | | og | |O )

T JNT JNTHL N T N

The same proof applies to other terms as well.
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(iii) It follows from parts (i) that all these terms are op(1), given that |J|2 = o(min{T, N}),
|Jlolog N = o(T).
[

A.4.2 The case r = 0: there are no factors.

Proof. In this case x; = u;. And we have

~ 1 1

F=_XW=_UW:=E.
N N

Then /\mm( 1g f‘) = Amin(7 LE'E) > > + with probability approaching one, still by Lemma A.1.

Hence —F F is still invertible. In addltlon U= XMj; implies U — U= UPg. Also,

vy o= Yw+ Eyt

g = 9'ut + Egit

Eyt = ﬁleg,t + M
FF=LlEE=

A~

=W’ Cov(ut)W—l—Op( ) Hence with proba-

NQ
> ¢N~'. In addition, &, = (E'E)~ 1E’U”)H—(E’E) 'Ee,

oy,

€4t + di)Uy| in the proof of Proposition A.2, note that

Hence oy = oy, = 0. Then %

bility approaching one )\mm( %IAT‘
implies = thl(A;ft) = (
As for the “score” max; |+ >,

ow
/—\—1—\—/

1 log N

PN 3 1
f??%|—2t:(uitujt—uitujt)| < :7||UPEU/||oo:OP(N T )
~ . |<]|() |J|010gN
Izrg\f;d—z ftuit| = OP( N + T )

J Jlglog N
o, 17llog

S 1
max|—2un D6l = ZIUPBU[Op(l) = Op(° + B2

i<N
Viog N 1

rlli%q_zultggﬁ = OP( T +\/ﬁ) (A6)

As for the residual, note that €, = Mg MgG and G = U'0 +¢,. Then
J
E,— €y = MﬁjU/H —PgU0 — Pﬁjé‘g — Pge,.

All the proofs in Section A.4.1 carry over. In fact, all terms involving oy, H and H* can be

set to zero.
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In addition, in the case R = r = 0, the setting/estimators are the same as in Belloni
et al. (2014). O
A.4.3 Proof of Corollary 3.1.

Proof. The corollary immediately follows from Theorem 3.2. If there exist a pair (r, R) that
violate the conclusion of the corollary, then it also violates the conclusion of Theorem 3.2.
This finishes the proof. O

A.5 Proof of Theorem 3.3

Proof. In the proof of Theorem 3.3 we assume R > 7.
(i) When r > 0, by Lemma A.3,

1 log N 1

J ENPN 1
_ Uil — Unl )] < 1= r_ / < )
21:1]12])\{] ’T ;(ultu]t uztujt)’ — ||TUU TUU ||OO — OP( T + Nygﬁﬂ)
When r=20 and R > 0, by (AG), maXi,jSN |% Zt(ﬂitﬂjt — uz‘tth)l S OP(IO%qN + ﬁ?mr)
In both cases, part (i) implies, for v2, > \/LN or V2, > + ﬁ,

1 R 1
max |5u,ij — Eugug] < max If : Uitljr — Ulje| + max |T ; wiptje — Ewipuyl
log N 1 log N 1
< O =0 —).
= oI ) O T R

where max; j<n |4 3, witje — Ewguje| = Op(1/ 88,

Given this convergence, the convergence of 3, and 3, "in (i) (iii) then follows from the
same proof of Theorem A.1 of Fan et al. (2013). We thus omit it for brevity. Finally, the
case 1 = R = 0 is the usual case of sparse thresholding as in Bickel and Levina (2008). O

A.6 Proof of Theorem 3.4

Proof. First note that when R = r, by (A.2)

| P 1 B I Upax(H) 1
—FF)!'— (=HFFH) || < Op(— + =X .
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Also by the proof of Theorem 2.1 for H(% F'F)~!| + H(% H) | < =45 - Because
'H

P; — Pg = E(F'F)'HF + FH[(F'F)"! — (HF'FH')~ ﬁ(ﬁ F)~'E/, we have

IPs — Pgl? = tr(FF) 1HF’FH’(f"f‘)‘1E’E +tr(F'F)'E'E

+2tr(F'F)” 1HF FH'[(F'F)"' — (HF'FH')"'|HF'E

+tr[(F'F)"!' — (HF'FH)"'|HF'FH'[(F'F)"! — (HF FH')"'|HF' FH'
+2tr FH'[(F'F) ! (HF’FH’)*]HF’E(?’?)*?’

+2tr(F'F) 'HF'E(F'F)'EE

+2tr(F'F) 'HF'E(F'F) 'HF'E

, 1 1 1
= 2tr H Y(F'F)"'"H 'E'E + Op(

TNV2. N Vi N\/NTugin)'

Write X :=2trH~!(F'F)"'H'E'E = tr(A2E'E) and A :=2H '(:F'F)"'H"'. Now

1
MEAN = E(X|F, W) = tr A QW(]EutuHF) W=trA_WS,W.

N N

We note that Var(X|F) = —10? and that Nﬁw LN N(0,1) due to the serial
indepence of u;u; conditionally on F and that E ||\/LNW'utH4 < C. In addition, Lemma A.8
below shows that with MEAN = tr KﬁW’ﬁuW, and A = 2(%]?"]?‘)*1, we have

(MEAN — MEAN)NVT = op(1).
Also, the same lemma shows &2 Py 62 As a result

P.—P MEAN _ X — MEAN
” G”F . +op(1) =% N(0, 1).
WT Tl

given that o > 0, T = o(N).

Lemma A.8. Suppose R = 7“ Let gyr = yﬁn% + I%TN'
(i) MEAN — MEAN = Op(<3

N2 n) 220 L+ 0P (N"’iﬁ,in + N\/NflTV%m)'
(ii) o° 02,

Proof. By lemma A.3,

max |— Zuzt (Uje — uje)| < Op(gnr)-

tj
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(i) Recall A := 2H ~'(LF'F)"'"H'. Note that |[A| = Op(; oy (H)) We now bound

< W/ (2, — %,)W. For simplicity we focus on the case r = R = 1 and hard-thresholding
estimator. The proof of SCAD thresholding follows from the same argument. We have

1 -~ 1 ~ 1 ~
NW,(EU — ZU)W = N Z WiW ;0,45 + N Z w,-wj(auyij - Ou,ij) = ai + as.

Ou,ij=0 Ou,ij 70

Term a, satisfies: for any € > 0, when C' in the threshold is large enough,

P(a; > (NT)™ %) < P( max, |Guij| # 0) < P(|sy,i;| > 75, for some 0,,;; =0) <.

Ou,ij=

Thus a; = Op((NT)~?). The main task is to bound ay = % Zgu 0 Wil; (Cusij — Ouij)-

ay = a21+a227

ag, = — E wszTE (Wintje — uuje)
Uu1]7£0

agy = E wzw]Tg (wirwje — Ewgpugy).
O'u’LJ;’éo

Now for wyr := 4/ 1°§“N + \/—IN, by part (i),

21 = N E wzij E uzt uzt u]t ujt E wzij E Uy u]t u]t

Oy 1]750 o'u 7.]7&0
1
< [mlax T Z(u” — uy)® + max |— Zu” Ujr — wjt)| N Z 1
t Ou,ij 70
<

< gNT Z L.

O'u 1]7$0

As for ag, due to + Dm0 Do 170 | Cov(uitji, Umetne)| < C and serial independence,

1
Val"(CLQQ) < WZ Z Z ‘COV(Uitthaumsuns”

$t<T 0u,mn7#0 0y ij 70
! 1
< N2T Z Z ‘COV<Uitth,umtunt)| < O<ﬁ)

Uu,mn;‘éo Uu,ij;éo
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Together as = Op(g%7)~ D onito LT Op(\/%). Therefore

| RPN 1
NW (30 = Z)W = Op(g37r)+ Z 1+ Op(

This implies

MEAN — MEAN| < —|A||||l=-=W'(Z, - X,)W Op(=)||A — 2(=F'F)~!
| S UMW~ SWI O (IA 27 F)
INT 1 1
< O 1+0 )
- P(NQV%in)U;éO * P(N2Vfﬁin - N\/NTVI?;ﬁH)

(ii) First, note that |02 — f(A, V)| — 0 by the assumption. In addition, it is easy to
show that [|A — A|| = op(1) and |V — V|| < L[W|?||Z, — =,| = op(1). Since f(A,V)
is continuous in (A, V) due to the property of the normality of Z;, we have |f(A, V) —
F(A, V)| = op(1). Hence |f(A, V)—02| = op(1). This finishes the proof since 52 := f(A, V).

[
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