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Abstract

This document contains simulations, additional empirical results, and all the proofs.
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A Simulation Examples

A.1 Linear factor models

We conduct simple simulation studies on the estimated characteristic betas, to illustrate the
issue of uniformity and the under/over coverages of the usual plug-in methods. The locally

constant betas are generated from the following discrete time DGP:
AY =a+ (G+T)AF + AU, j=1,...,k, (A.1)

where the p X K matrices G and I" are respectively given by G = 3X + 1, and I' = , /w, T'.
Here A?U ~ N(0,1)\/A,,, ATF ~ N(0,1)\/A,,, and a,, = A, for each m < p. The number
of factors K = 1. The cross-sectional components of the p x 1 vector X are generated
independently from N(0,1), and the components of I'y are generated independently from
N(0,1), Here w, is taken as a scalar value in the range [0.001, 3], which determines the
strength of I'. The goal is to study the coverage properties of gy, the first component of
G, with various values of w,. We set A, = (pk,)~'. As described in the paper, we use
the cross-sectional bootstrap to generate critical values for the estimated g;, and construct

confidence intervals. The number of bootstrap replications is B = 5000.



We construct the confidence interval using three methods and compare the coverage
probabilities:

(i) the bootstrap confidence interval: 81 £ - pootstrap

(ii) the “over-coverage” confidence interval: g; 4+ 1.964/ HIP\A/U + %{\/’7
(iii) the “under-coverage” confidence interval: g; & 1.964/ ﬁp\%, where
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Note that the “over-coverage” uses the naive plug-in method to estimate the asymptotic
variance. This method can lead to over-coveraging probabilities when w., is near zero. In ad-
dition, the “under-coverage” is the benchmark method that ignores the variance component
coming from I'; which is the common practice in the literature. Consequently, it is expected
to produce substantial under-coveraging probabilities when V., is non-negligible.

Table 1 summarizes the coverage probabilities using 2000 replications under the 95%
nominal coverage. The numerical findings are consistent with what our theory predicts: (1)
The bootstrap confidence interval has good coverage probabilities, uniformly over w,. (2)
The “over-coverage” method is severely conservative when w., is small, and becomes better as
w., increases. (3) The “under-coverage” method has a fine coverage (but still with noticeable
size distortions) when w, is near zero, but quickly has substantial under coverages as w,
increases. (iv) The coverage probabilities for the bootstrap is satisfactory even if k,, is small.
This is due to the fact that the idiosyncratic effects are mostly projected off when applying

the cross-sectional regression step.

A.2 Idiosyncratic variance models

Next we simulate the idiosyncratic variance models as described in Example 4.2. The data
are generated from a similar DGP of (A.1), but with heteroskedastic idiosyncratic variances
of A’U. Specifically, we generate A’U/+/A,, from a p-dimensional multivariate normal

distribution, whose covariance matrix is diagonal with the [ th diagonal entry as

Cuul = BiCrp +C



Table 1: Coverage probabilities in linear factor model, nominal probability= 95%

Wy
k. p 0.001 0.1 1 3
10 100 bootstrap 0.950 0.951 0.945 .945
over-coverage | 0.993 0.992 0.959 0.949
under-coverage | 0.943 0.919 0.455 0.257

10 300 bootstrap 0.951 0.942 0.952 0.938
over-coverage | 0.992 0.989 0.956 0.939
under-coverage | 0.947 0.918 0.435 0.259

100 100 bootstrap 0.945 0.946 0.944 0.942
over-coverage | 0.993 0.982 0.944 0.941
under-coverage | 0.928 0.822 0.151 0.106

100 300 bootstrap 0.947 0.948 0.954 0.948
over-coverage | 0.994 0.986 0.946 0.950
under-coverage | 0.939 0.841 0.156 0.089

200 100 bootstrap 0.943 0.947 0.949 0.952
over-coverage | 0.987 0.974 0.941 0.938
under-coverage | 0.927 0.738 0.115 0.065

200 300 bootstrap 0.948 0.946 0.949 0.953
over-coverage | 0.991 0.973 0.948 0.953
under-coverage | 0.929 0.756 0.111 0.069

Here w. measures the strength of I'. The “bootstrap” is the proposed cross-sectional bootstrap
inference. The “over-coverage” uses the plug-in method to estimate the asymptotic variance. This
method can lead to over-coveraging probabilities when w, is near zero. In addition, the “under-
coverage” is the benchmark method that ignores the variance component coming from I'; which is
the common practice in the literature.

where cpp = 1 is the variance of ATF/\/A,. Here 8 = (3,,...,8,) = G+T, with G =X
and I' =, /w, Ty, where X and I" are generated as before. The factor loadings are generated
independently from the standard normal distribution. To ensure that c,,; > 0, we set ¢ = 6
as a known upper bound for max;<, |3,crr|.

We then proceed the two-step GMM method based on the moment conditions described



in Example 4.2, where the quadratic variations are replaced by their sample analogues. It is

easy to verify that in this case £, . in Assumption 4.6 is given by

mt,s

1
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where ¢,y e is the quadratic variation of Uy, and U,,’s are cross-sectionally independent.

This leads to the estimated asymptotic variance components (using the “plug-in” method):
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We are interested in the inference about the idiosyncratic variance beta 3, for the first
individual, in particular, testing whether it can be explained by its characteristics, which
corresponds to the null hypothesis that gy, the first component of G, is zero almost surely. So
under the null hypothesis we set the true value g; = 0. We still compare three methods: (i)
the bootstrap confidence interval, (ii) the “over-coverage” confidence interval using the “plug-
in” asymptotic variance #W\Afu—l—]%\?v, and (iii) the “under-coverage” confidence interval using
the “plug-in” asymptotic variance ﬁp{/u For each method, we calculate the confidence
intervals and reject Hy : g = 0 if the interval does not cover zero.

Table 2 reports the rejection probabilities under the null using 2000 replications with
5% significance level. The numerical findings continues to being consistent with what our
theory predicts: (1) The bootstrap confidence interval has rejection probabilities close to 5%
uniformly over w,. (2) The “over-coverage” method is conservative when w, is small, whose
size is very small , and the size increases as w., increases. (3) The “under-coverage” method

has a size close to 5% when w., is near zero, but has large size as w., increases.

B Additional empirical results

B.1 Estimated g;(-) functions

We report the scatter plots of estimated cross-sectional G’s versus cross-sectional instruments
for different Fama-French factors and on four selected days in Figures 1-4 show. The black

solid line is the sieve fitted g;(-) function using B-splines with degree 3 (Eilers and Marx,



Table 2: Size in idiosyncratic variance model for testing Hj : g = 0, with significance level

5%
Wy
k, p 0.001 0.1 1 3
50 50 bootstrap 0.076 0.074 0.045 0.059
over-coverage | 0.001 0.003 0.013 0.031
under-coverage | 0.051 0.056 0.195 0.350
100 50 bootstrap 0.056 0.049 0.064 0.057
over-coverage | 0.001 0.002 0.031 0.040
under-coverage | 0.045 0.054 0.254 0.426
300 50 bootstrap 0.064 0.076 0.053 0.058
over-coverage | 0.010 0.013 0.039 0.052
under-coverage | 0.056 0.077 0.425 0.652
50 100 bootstrap 0.057 0.067 0.063 0.064
over-coverage | 0.002 0.005 0.019 0.032
under-coverage | 0.043 0.054 0.214 0.300
100 100 bootstrap 0.057 0.072 0.061 0.062
over-coverage | 0.006 0.005 0.036 0.039
under-coverage | 0.047 0.057 0.220 0.360
300 100 bootstrap 0.053 0.052 0.060 0.066
over-coverage | 0.004 0.007 0.043 0.057
under-coverage | 0.053 0.071 0.391 0.571

This table reports the size of three tests for testing Hg : g1

= 0: (i) the proposed bootstrap

confidence interval, (ii) the “over-coverage” confidence interval using the plug-in asymptotic vari-

ance ﬁ\?u + %{}% and (iii) the “under-coverage” confidence interval using the plug-in asymptotic

: 1
variance g — V..

1996). The plots show several interesting features. First, by comparing the subplots in

the same column, one can see that the estimated G function is time-varying. Secondly, the

estimated g;(-) functions have noticeable nonlinear patterns. As for the specific functions, for

the market factor, there is a small downward slope, which is consistent with our finding that

small-size firm slightly tends to have a G value larger than 1. A more noticable downward

slope can be found on the third column of Figure 1, indicating a significant decreasing



pattern of the size’s effect on the SMB factor. We then focus on the g;(-) function of the
relation “SMB vs Size”. Figure 5 plots the estimated size effect on the SMB factor and the
corresponding g; function from January 3, 2006 to October 16, 2013, proceeding for every
50 trading days. We see that the nonlinear and downward trends are persistent on most of
the representative days during the testing period. This is also consistent with our finding
from the confidence intervals that large-size firms generally have negative values for the SMB
factor’s G.

Figure 2 gives the result with size replaced by value. The second column indicates that
small-value firms tend to have insignificant or negative G values for the HML factor. Figure
3 presents the result for momentum. One can see an obvious downward slope for the HML
factors’ in July 1, 2008. In fact, this pattern is very persistent during the 2008-2009 crisis.
The result shown in Figure 4 is consistent with our finding that large-volatility stocks in
general have market G values larger than 1. Lastly, all figures with non-flat G functions are
consistent with the results in Table 3.

Next, we compare the standard deviations of the estimated two components in beta. The
cross-sectional standard deviation is the sample standard deviation of the estimated g;; and
7, among firms in each group for each fixed day. Then averaging these standard deviations
over all days leads to the “averaged cross-sectional standard deviations”. On the other hand,
the time-series standard deviation is the sample standard deviation of the estimated gy
and =, over time for each fixed firm. Then averaging these time-series standard deviation
across firms in each group leads to the “averaged time-series standard deviations”. Here
groups (small, medium, large) are determined by either the size or the volatility of the firms.
So they respectively measure the cross-sectional and time-series variations of the two beta
components. The results are given in Table 3 below, and show several interesting patterns:
(1) The characteristic beta always possess significantly smaller standard deviations, in both
cross-sectional and time-series, than the idiosyncratic beta. It demonstrates that there are
relatively smaller cross-sectional variations in the characteristic betas among S&P500 firms.
In addition, characteristic betas, as they capture long-run beta movements, are much less
volatile in the time domain. (2) On average, firms with larger size and smaller volatilities
tend to have smaller cross-sectional and time series variations in both components of beta.
These firms have larger market values, whose betas are often more stable than the others.
(3) Even for firms with larger size and smaller volatilities, the time series standard deviations
of the characteristic betas are noticeably different from zero, showing a significant degree of

time-variations in betas.



C Organization of the proofs

C.1 The main organization

We prove the main results separately for the known and latent factor cases. As for the known

factor case, it is based on the moment condition ¥(8,,,, C,mt) = 0 with

‘I’(Bmu Cz,mt) = CFF,tﬁmt — CYyFmt,

so it is a special case of the general result Theorems 4.1 and 4.2. Therefore, we shall first
prove Theorems 4.1 and 4.2. Next, we verify that the high-level conditions of these two
proved theorems are satisfied by the linear factor model, which then proves Theorems 3.1
and 3.4 for the known factor case.

We then separately prove the unknown factor case, the bias correction, and the estimated

integrated effect [ g,d¢, which are Theorems 3.2, 3.3 and 3.5.

C.2 The organization for the unknown factor case

The case of the unknown factors is more sophisticated, as it also involves analyzing the high-

dimensional eigenvectors with the new factor estimators (running PCA on the “projected

data” in the continuous-time models). This involves an effect of bias as well as the issue of

bias corrections. This section provides a roadmap of the proofs for the unknown factor case.
Step 1. Asymptotic expansion for the estimated factors.

We show that there is a rotation matrix H,; and =; so that for all ¢ € I}’

— 1
A'F — H, A'F ==/ —
/P

Step 2. Asymptotic expansion in the estimated factor case.

P, 1A7U + higher order remainder terms.

We show that the effect of estimating latent factors, EQ\/LﬁPi_lA?U, gives rise to a bias

term: there is a rotation matrix ¥, = H,;' + 0p(1) and a BIAS, so that

gtent — Y@, — BIAS, = Yi(a; + ag) + op((knp)~1?). (C.1)



where

1
ai = Cpp— Y AIFATUP,,

FEt7. A
t

/
Ay = FtPt,l°

Here ay, a5 jointly determine the limiting distribution. Here we pursue a direct proof for the
unknown factor case, instead of applying Theorem 4.1.

Step 3. Bias correction.

Whether the bias is negligible depends on whether the cross-sectional variation of ~y,
is “strong”. We then prove that the bias correction is first-order valid uniformly over the
strength of ;. These results lead to the asymptotic distribution of the estimated g; in
the unknown factor case (for the bias corrected estimator). Note that the validity of bias
correction is under a general condition on the quadratic variation of AJU. In Section E.2.5
we verify this condition under the more primitive sparse condition on the quadratic variation.

Step 4. Bootstrap validity.

We then study the bootstrapped estimators for the unknown factor case, and obtain

bootstrap expansion:
g?tlatent - gﬁtem =T (a] —ay) + (a5 —az) + OP*((knp)flp).

where aj and aj respectively denote the “bootstrap versions” of a; and ay. Note that we
use the cross-sectional bootstrap with E*(af,a%) = (a;,az). The bootstrap distribution of
(a} — aj,a} — ag) conditioning on the original data admits a cross-sectional CLT, which
is asymptotically the same as the sampling distribution of (aj,as). Thus the bootstrap

<klatent latent
t

distribution of gy, - g

Slatent

g — Y,gi — BIAS,. These results hold uniformly over the class of DGP under consider-

is asymptotically identical to the sampling distribution of

ation and thus lead to a uniformly valid coverage property.



D Proofs for Section 4

D.1 Proof of Theorem 4.1

We first obtain an expansion of g;; — g;. From (A}t = PtBt and B, = G; + I';, we take the
I’th row of ét to obtain,

. 1 ¢ ~
it — 8t — F;Pt,l + 1‘9 Z ht,ml(ﬂmt - /Bmt) + (GgPt,l - gtl)- (D-l)

m=1

where P;; denotes the [ th column of Py and hym = ¢),(;®1®:) ' @,,,. By the sieve

approximation assumption, ||G{P;; — gull = Op(J™") = op((k,p)~?). The first term

P, = % B Ymihtm is one of the leading terms in the expansion. The key task is to

eXpa’nd % an:l ht,ml (ﬁmt - /Bmt)
The first-order condition for

Bmt = arg Hllgin \Ijm(ﬁaaz,mt)/th\Ilm</8aEz,mt)7 m S p
combined with Taylor expansion and W,,(8,,, Cz.mt) = 0 yields

//B\mt - /Bmt == _Dmt(ez,mt>7lvﬁ‘llm(Ez,mtmet‘I]m(ﬁmt?Ez,mt)
== _Amt(cz,mt)vc\pm (ﬁmh Cz,mt) Vec(ez,mt - Cz,mt)
_[Amt(ez,mt) - Amt(cz,mt)]vc\l/m<:3mt7 Cz,mt) Vec<62,mt - Cz,mt)

+Amt(€z,mt)mmt (D2>

D, (c) = V¥, (c)Q VsV, (c)
Amt(C) = Dmt(C)71VIB\IJm<C)/th

mp,: = \Ilm(/amtaez,mt) - \Ijm(ﬁmta Cz,mt) - chjm(/ﬁmta Cz,mt) Vec(/c\z,mt - Cz,mt)

With slight abuse of notation, we write

Am,i—l = Am,(ifl)An (cz,m,(ifl)An% Czmyi—1 = Czm, (i-1)A,

10



Hence é P html(Bmt — B,:) =di + ... +ds, where

1
d - - hm_ Amz v Z,m,i— AanAnzl — Cemyi—
1 ZZ Vel (€ i) vee 5N 2 A2, — o)
d2 = - Z ht,mlAmt (Ez,mt>mmt
pm:l
1 p
d3 = - Z ht,ml [Amt(ez,mt) - Amt(cz,mtﬂvc\ym(cz,mt) Vec(ez,mt - Cz,mt)
A7, AMZ!
d = - hm_ m zZ,m C\Ijm Z,m _Ami— C\Ijm Z,m,i— — Tt m
4 Z t;mi ; t(C2mt) VeWin(Czme) =1 VeV (Csm,im1)] vec( A
d5 = __th mlAmt<cz mt)v \II szt VeC Zczm(z A, — Cz mt)
L nzeI"

By Assumption 4.3, dy = op((k,p)~"/?) and ds = op((k.p)~/?).
Next we show /pk,ds = op(1). By results on spot volatility estimation (see, e.g., Jacod

and Todorov (2010)), we have an absolute constant L, for any m < p,

1
E( Al Zy — Comic | FL) < LA,

E(HA—HA?ZmA?Z;n —comin || .7:{1,1> <L

Also, [[A(comt)| < L, [|hemi]| < L. Provided V. ¥, is continuously differentiable, the right
continuous property of ¢, and the uniform boundedness on its drift and diffusion coefficients

together imply that
E((Amt(cz,mt)chjm(cz,mt) - Am,iflchjm(Cz,m,ifl))Q-Ft) S LknAn

The above results imply that almost surely,

\/pk;n||E(d4|~/—_;f)|| S pknE< Z ||html||_ Z || mt szt V \Ij (cz mt)

ZEI”
AVZ, APZ!

= A1 Velm(Cemim)|[[[[E(vee(——3

< L\/pk, A2 =

— Comie1) | ]:z‘n—l)H“Ft)

11
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: : . A"Z,, A"Z!
Moreover, the cross-sectional asymptotic un-correlation of vec(=-=3~==
n

that

— C.mi—1) implies

p

1
pknE(dﬂ‘E) - ME( Z Z ht,mlht,m’l[Amt(cz,mt)vc\l}m(cz,mt> - Am,i—lvc\ym(cz,m,i—l)]

m,m’=143 el

X [A ’t(cz m’t)v \D (Cz m’t) - Am iflv ‘Il (sz i 1)]

A Z /A ZT Cz,m’,(i/fl)An)"F‘ln—l)

?)

XE((A AnZ A"ZT — Cem,(i-1)A

)

M

< N Z Z ( tml mt Cz mt)v v (Cz,mt) - Am,i—lvc\ljm(Cz,m,i—l)]2

< ZZkA < Lk,A, = o(1).

m=14iel}

Hence, /pk,ds = op(1).
As for dj, write

p

Z A(Cz,mt)chjm(cz,mt) vece (Cz,m,(ifl)An - Cz,mt) ht,ml-

m=1

I/I/Z':

We shall prove /pk,ds = \/pknﬁ Zieh W; = op(1). In fact, we have almost surely,

H]E(W ZW|E)‘<\/E - B | 7))

"l
< V pk Z Z HA Cz, mt v v (Cz mt)E(VeC(Cz,m,(i—l)An - cz,mt) | ~F;i)ht,7’nl||
zEIt
< /phn— Z ZHA Cont) Vel (Cme) Linfom || knAs
zEIt

=V pk%A%E Z HA<Cz,mt)vclI]m(Cz,mt) Lmht,mlH S L V pkgA% - 0(1)
m=1
where L is a finite number that does not dependent on m. Also, almost surely,

< Vb BV | 7))

szt

oty - i 7)
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k2 Z Z HA C; mt v v (Cz mt) (Vec(cz,m,(ifl)An - Cz,mt)ht,ml

nzyelt m,q=1

ht Jql vec(cz q, (jfl)A —C; qt)/ | ft)chlq<cz,qt),A(Cz,mt)/H

1 2
< pkn Z Z LinghnDn = pk2A, = > Ling < LpkiA, = o(1).
" Uelt m,q=1 p m,q=1
This proves ds = op((k,p)~'/?).
Hence substituting to (D.4) yields

o~ 1 n n
it — it = - Z ht ml Z Amz 1v v (szz 1) VGC(A Az ZmAZ Z;n - Cz,m,i—l)

n el

J/

~~
aj

+ TP, 4o0p((k.p)~Y/?)

az

(D.4)

Therefore, the limiting distribution is jointly determined by a;,as. Lemma D.1 presents
a central limit theorem (CLT) of the sum of multiple (possibly) dominating terms, which
also allows the presence of the remainder term. We apply this lemma here by verifying its
conditions.

For Condition (i), let Z be the multivariate standard normal of dimension ay. From
Assumption 3.4 that \/pV_ Y 2y (X4, V) SN (0,I). It implies, for any bounded random

variable Y and bounded continuous function f, we have, as p — oo,
Fy(Xi, Vyi) i= EIY f(VPV7*20) [ X0, Vo] = B[V £(2)]

almost surely in Xy, V., ;, where E denotes the expectation with respect to the extension of
the probability measure (see Jacod and Protter (2011) for the definition of E). In addition,
since Y and f are both bounded, F,(X¢, V.,;) is almost surely dominated by a constant, and

thus we can apply the dominated convergence theorem to have
E[Y f(VPV5, ")) = EF,(X.. V,0) = E[Y f(2))

This shows that /pV. ; 1 *ay &z unconditionally.
In addition, by Lemma D.3, we have \/k,pV,, 1/2a1 £ N(0,Ik). Hence condition (i) of

13



Lemma D.1 is satisfied with A,, = Vk,pV,, 1/2 and B,, \/g_oV;i/z, where V,,; and V. ; are
respectively defined in the main paper.

Condition (ii) follows since a; and ay are conditionally uncorrelated. For Condition (iii),
note that min{[|A,|, [[Bnll} > [[vE.pV, ||, while

1V Eap Vo 2 lop((kap) 72) = 0p(1)|| V41| = 0p(1)

given the assumption that Ayin(V,:) > ¢. Hence all conditions of Lemma D.1 are satisfied.
We have

1 1 I L
(k pV'yt +-V, t) (81 —gu) = N(0,I).

D.2 Proof of Theorem 4.2

Define
1 1
Zn = kj—pth + 5V77t.
By definition, P* (|v'g}, — v'gi| < ¢;) = 1 — 7. Theorem 4.1 implies
(V’Env)_l/2 v/ (glt — glt) ey N(0,1). In addition, Proposition D.1 below implies

(V'E,v) v (g, — &) -5 N(0,1). We have

1l—7 = P* <(V’Env)71/2 Vg — vgy| < (V’va)fl/2 q7>
=P ((V’Zlnv)_l/2 V& — Vgl < (vVE,v) qT> +o(1)
= P(V'gy € Cly,)+o(l).

Now consider a DGP sequence {P,, : n > 1} C P, so that

limsupsup [P(v'gy € Cly,) — (1 —7)| = limsup |P,(v'gy € Cly,) — (1 —7)].
n PeP n

Such a sequence always exists. Now let {P,, : kK > 1} be a subsequence of {P,, : n > 1} so
that limy, |P,, (v'gy € Cl,) — (1 — 7)| = limsup,, |P,(v'gr € Cl,,) — (1 — 7)|. Note that
{P,, : k> 1} C P, and hence P, satisfies the conditions of Theorem 3.4. It implies that

Pnk (V/glt € C[nt,f) —1—-7

Hence lim sup, suppep [P(v'gy € Clu) — (1—7)| = limy [P, (Vigy € Clu,) — (1—7)] =
0. Q.E.D.

14



Proposition D.1. Under assumptions of Theorem 4.2,
(v’E]nv)_l/2 v' (&), — 8i) N N(0,1g),

where -2 means “converge in the bootstrap distribution, generated from the simple random

sample of the cross-sectional units with replacement, conditional on the original data.

Proof. We aim to make inference about g, for a fixed [ < p. In the designed cross-sectional
bootstrap, we keep the index of the [ th resampled cross-sectional unit being [. Hence
(G = 8u-

step 1: expansion of g; — g;.

We first obtain an expansion of gj, — g;. From C/-\‘w? = PIB: and B; = G} + I}, we take
the [’th row of C*,:; to obtain,

g -8 = Iy P +- Z B (Bt — Be) + (G;*Pf,z — 8u)- (D.5)

m 1

where P;; denotes th [ th column of P}. By the sieve approximation assumption, ||G; P}, —
gill = Op+(J™") = op«((k,p)~*/?). On the other hand, resampling {B . m < p} yields the

same expansion as (D.2): for each resampled cross-sectional unit ,3 we have:

mt)

A~k

Bt = B = — Al ) VeWi, (B, € ) vee(C s — €2 t)
[A* (A:' mt) - Aint( :,mt)]v v (ﬁmt? zmt> VeC<Cz ;mt C:’,mt)
+A ( z, mt)m:;’bt?
where ¢, = C.mit, Ay = Am“t, Bt = B, With m; being the index of the sampled
cross-sectional unit so that 8,,, = ﬁmi,t Hence % e (B — Bh) = di + df + dj,

m=1 ""t,ml

where
dp = — Z i At (€2 )V W0, (Bt €2 ) VEC(CE g — €t
d; = _thml £(C2 )M
d; = - Z::lh;ml[Amt<Ez,mt) — AL () IV eV (Brnts €2 me) veC(€Z py — € mt)-

Assumption 4.5 shows that dj,d; = op-((k,p)~'/?). Lemma D.2 shows that d} = a} +
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op+((knp)~/?), and I‘;‘/le =al + op- (p*1/2))\1/-2 (V,.:) where

min

1< 1<
aj = -) aj,, a= —ZaZ,W
pm:l p m=1
* * * * * * */ 1 —
A m T _A (szt)v v (Igmt’ zmt)VeC( C.omt Cz,mt)(bmt(]_)@;@t) 1¢lt
a;m = '7tm¢tm( (I)(I)t) 1¢tl-

Therefore, (D.5) implies g}, — g = a} + a} + op«((k.p)~/?) + op- (p_l/z))\il/i(Vw) Now

recall that (D.3) and (D.4) also imply gy — g = ag + as + op((k.p)~"/?) where a, = I'}P,,
and

ag = —— Z ht mlAmt(Cz mt)v v (Cz mt) VeC(CZ mt — Cz mt)
m 1
So we have
& — 8u = (a) — ay) + (a5 — ag) + op+ ((kup) ™2) + 0p- (PN (V). (D.6)

We note that E*(a] —ag) = E*(al — ay) = 0. We now calculate their bootstrap covariances.
step 2: calculate the bootstrap variances var*(a;,,) and var*(a;,,).

By Assumption 4.6, there is £° , _, so that conditionally on Xy, {(7,.s, &os ) im < p}are

eI F) = Op((pka)~?).
Now let (€,1,€9, ;) be (&, &) Dy setting s = A, and ¢t = (i — 1)A,. In particular,

mt,s?

cross-sectionally uncorrelated, and maxeo,a,,] % Zm<p ([1€me,s —

1
€m,i ‘= Am,i—lvc‘;[jm(cz,m,i—l) vece <A_A?ZmA?Zlm - Cz,m,(i—l)An) .

Then conditionally on Xy, {(7,,, €%,;) : m < p} are cross-sectionally uncorrelated. Note that
mis With t = (i = 1)A, and s = A, so is €], ; to E?nt,s‘
Write Mmt = Amt(cz,mt>vc\ym(cz,mt) and Mm,i—l = Mmt7

e, is equivalent to &

(sem,i =€mi elrjn,i + Mm,t(cz,m,(ifl)An - Cz,mt) + (Mm,ifl - Mm,t)(cz,m,(ifl)An - Cz,mt)
1
+ (Mmt — Mm,i—l) VGC(A—A?ZmA?me — Cz,mt)~

1

We now prove k21 me1 oy 2uicl? 18 emill*

= op(1), which will be used in step 3 below.

16



First,

=3 3 Bl — ehlFicn)

n i€l m<p

:— Z ZE Hf (i—1)An,Ap €Sn,(i71)An,AnH4“Fi*1)

n i€l m<p

1
< max (H&mts - mt s” |‘Ft) OP((pkn)_z)

T t€]0,T],5€[0,A,] p -
Note that, for some finite number K, we have

[8emill* <K (llemi — €5, ilI" + M (Cemi—1)a, — Come) ||
+ [[(My -1 — Mm,t)(cz,m,(i—l)An - Cz,mt)||4

1
+ H(Mmt — Mm,i—l) VeC<A—A:LZmA?Z;n — Cz,mt>||4)-

The desired result about the first term readily follows from the above result. For the second

one, the assumption on c, implies that (uniformly in m)
E(HMm,t(Cz,m,(ifl)An - cz,mt)||4|]:t) S LkiAi

It then follows that

— Z ZE ||Mmt sz (i-1)A Cz7mt)||4‘ft) S Lk’iAi — 0.

m 1 anI"

Similarly, we have
E([| (M1 = My ) (€m i-1)a, — Comt) ||| F2) < LEZAZ,
and
E(]|(Mp — Mp-1) vec(AinAyzmA;?z’m — o) |I* | F)

1 n n n
=E (Mot = My s 1) || B(|| veo( = AT Zm AT Z, = coond)[* | FiLo) | F2)

<LE()[(Mye — M, )| | Fi) < LE2AZ.

17



The corresponding results follow a similar argument. Hence, the desired result about e, ;
readily follows.
Then

Mmt Vec(cz,mt - Cz,mt = ]{Z E m i + T E 5em KT

il o il

So the bootstrap variances of aj and aj are respectively given by

* JR—
V"/,t = var a2 m - E , Yt m’yt mht ml
1 p
* K[k ~ ~ /
Vi = kpvar'(aj,,) =k, g M, Vec(Cmt — Comi) VeC(Camt — Comt) Mynsh? i
p m=1
_ E § 0/ E E
- emz mzhtml emz m,] tml
n el n i#Fjell
§ : 2 : /
- emzem] +emz(sem]) t,ml
kn iAjEIl

= V*t1+V w2 T Vi
step 3: V;, =V, (1 +o0p(1)) and V3, =V, (1 +o0p(1)).

First, on the other hand, under the assumption that conditionally on Xy, {(7,.;,€%;) :
m < p} are cross-sectionally independent at each fixed ¢ € [0, 7],

V'y,t - - Z hi t,ml Var 7mt|Xt)

1 ¢ 0
Vu,t = kj_ Z Var (7 Z ht,ml(em,i + 6em,i>

)

where the last equality follows from I%n Yierr omep |emill? = op(p™?).
Then by Assumption 3.7,

E”Vj;7t - V%t“2 - Z Z ]EV&I‘ th k1 Ymit, ks tml|Xt < C Z El|7mt||4ht ml

ki,ko<K m=1 m=1

18



C
mln Z h‘t mlVar ’Ymt‘Xt)) < p Ainn(v%t)'

This implies ||V, — V4| = 0p(1) Amin (V1)
As for V; ,, by Lemma D.4 V7, = op(1). Note that Apin(Va,) is bounded away from

u,t?

zero. Hence V7 ;5 = 0p(1)Amin(Vu,¢)- Also, by Assumption 4.6,

/
||V t?)”2 = H_Z Z em,ie?n,j+em15,eMJ)h?m1H2

m 1 z;«é]EI"

S k2 Z Z||5em1”4 Z Z||emj”4 thml

g nzGI” " jern

- Z =S Gl

p— nzG]"
= Op(l).

So V313 = 0p(1)Amin(Viue). Next,

E(Vz,t,llﬂ) = ~ Z Z Var mz’ﬂ h?ml =V + OP(l)
ze["
. C
Var(V7 1| F:) < " i Z ZE | vec(ZmiZn,; — o) |*|F2) = Op(1).
m= n ZGI" —

Thus Vi ;1 — Vi = 0p(1)Amin(Vu,e). Together Vi, — Vi = 0p(1) Amin(Vuye)-
Next, let
¢, = pE*(a] —ag)(a) —ay)'.

1 1 2
B = Vi, 4+ -V g
n knp u,t + P v,t + pSn

step 4: p AL ()€1l = op(1). To see this,
1 * * * * * *
]gﬁn =  E'(a] —ag)(a; —ay) = Z ZE —ai;) (a3, — azg)
m=1 g=1
= 2 Z E* al m a1 m)(aQ m T a2 m Z Z E* alm alm)E* (a2q aQq),

m q#m

2 1
* * * !/ / /
= —2 E E*(a],, — aim)(as,, —asm) = —2 E a1may,, — E ay ,— E ay .
p m=1 p m=1 p m=1 p q=1
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(D.7)
where

Ay, = _Mmt Vec(cz,mt - Cz,mt>ht,ml

7t,mht7ml‘

as m

Then let Ex, and Ez, respectively denote the conditional mean given X; and F;. Let
Vary, and Varg, denote the corresponding variances. Let [e]; denote the j th element of a

vector e. Because conditionally on X, (€2 ,,~,,;) are cross-sectionally independent,

1< 1< N
H_ Z a17ma/2,m||2 = Op(HEx,Ex, H; Z Mt vee(Csmt — CZ,mt)’Y;ntth,mle

m=1
= OP( )]E’XtE]:tH Z Z Cmi + 68771 Z)7mth?ml”2
m 1 n el
1 1
= OP(1> Z 9 Z himlEXt’y’rQnt,rEft(k_ Z[ ] ) + OP( )EXtE]:t || Z Z Oem z’ymthgml|l2
gor L — " ierp o — Fen iclp
1 p
= OP(1> Z _2 Z hi mlEXt’ymt’r 2 Zvar]'—t 9711] )
j ZEI"

+OP Z Z||6emz||2 Zh ZEXt||7mt”2

m 1 nze]”

< k Zh B [Vt (because—z ZH&WII2 Op((pkn)™"))
p p p = nzeln
< On =Y 120 2 S B e Y2 € Op(1)——Ain(V-)
= Vi pkn pm:1 t,ml pm:1 tml=Xe IV mt ~vp pk‘n min\ Vv /-
This implies
1< 1 1 1.1 1 1
-1 ! 1/2
p =) apmal,,| <O MV < O0p(1)—[— 4+ =Amin(V5)] < Op(1)—=Aain ().
||me:1 1 2, P() pk ( w) P( )\/ﬁ[k‘np D ( 7)] P( )\/2_9 ( )

Similarly, p 1” . —13a1,m;, Zq 1 a-2 q” < C\/L];Amin(zn)' Thus p_1||€nH < C)‘min(zn)p_l/2-
step 5: complete the proof. Note that

(VEN) V(@ -8) = (VELV) V(] - an) + (a5 - a)] + R
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= VEZ.v) P2 4R
where 77 = (v'Siv) 2V [(a] — a;) + (a} — as)] AN N(0,1) and

R = (V) lop- ((kap)™%) + 0p- (072 A (V0]

. 1 1 i min E )
min (Vi) 2 Vo) 2 o () ™)+ 0p (07 2NV
S OP*( ) + ”V_1/2||Op*(]_>/\1/~2 (V%t) = OP*(]->'

min

IN

It remains to show that (v/£,v)™"? (v'£5v)"? — 1 = 0p(1), which then implies
(V'E,v) /2 v (&, — 8u) £, N(0,Ik). In fact,

V'E,v) P (vEI)E -1 = (vVE) P (VEE)Y = (vVE,v)
= (VE.v) T VEVY 4 (vVEW) TV (S — En)v2
= (VZ.v) P VE) + (VS TV (0p(1)E, + v

< op(1) (V/Env)_l Amin () + (V/Env)_l Vg, v <op(l)+ Cpil)‘mm( )€l

N

By step 3, the last term on the right hand side is op(1).
[l

Lemma D.1. Consider random (vector) sequences X, Y, Z,. Also, let A,,,B,, be nonran-
dom (matriz) sequences. Suppose:

(i) A, X, = N(0,1); B,Y, & N(0,1).

(ii) X, and Y,, are uncorrelated.

(iii) ming || Au||, | Byl }|Zn|| = 0. Then

[(ALA,) ™+ (BLB,) 1 VA(X, + Yo + Z,) S5 N(0,1).
Proof. Step 1: prove ||[(A’A,)~' + (B.B,) 7% < min{||A,.|,[|B.||}. In fact,
I[(A7, ) +(B,B,) V2P = [(ALA) T+ (BB, T = A,

(Amin (AL AR) ™) + Ain (B, B) ™)) ™ = (| AL AL + BBy 7)™
(max([| AL AL [IBLB, [ ™))" = min([[AL Ay, |B;,B.||) = min([|A, |, [Bn])*.

min

<
<

Hence [[[(A7,An)~" + (B B,) ]2 < min{||A, ||, [|Ba[}.
Step 2: prove [(A’A,)"' + (B.B,)"'|"Y?Z, = op(1).

n n

21
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By step 1 and (i), [[(A} A~ + (ByB.)~"]~22, | < min{|Au ], [B. | HIZ.| = op(1).
Step 3: prove [(A’ A,)"! + (B! B,)"1"2(X,, + Y.) & N(0,I). Let

A X,
D, = [(ALA)™ + (BB ((A7A,) A (BLB,) B ). 2, = (B Y ) -

Then (i)(ii) imply Z, & N(0,1I). Also [(ALA,) '+ (B;Bn)*l]*l/z(X +Y,)=D,Z,. Let
Z be a standard normal random vector. Since D,D!, = I, D, Z =¢ (D, D/)/2Z =4 Z.
Hence D,,Z, &z , which is

[(ALA,)™ + (B B,) V23X, + Y,) & N(0,1).

The result then follows from step 2,3.

Lemma D.2. Suppose J*> = o(p). (i) |](%<I>;‘<I’Z‘/)_1H = Op-(1).
(i) ||d; — ai| = op-((knp)~"/?), where

dT - Z ht ml C. mt)v v (ﬁmt? th) VeC< C. ,mt C:’,mt)
* * * * * *! 1 -
a; = —— Z A C, mt v v (Bmt? C, mt) VeC(CZ mt Cz,mt>¢mt(5¢;q)t) 1¢lt

(ii1) HF:/P:Z — a3|| = op- (pil/Q))‘l/'Q (V%t> where a3 = 1 p =174, m¢tm(1q) D,)” 1¢tl

min

Proof. (i) First, we have ||1®;'®; — 1&,&| = Op*(\/;), which implies Apin (2 @7 ®7) >
)\min(%q)gfbt) —op(1). Hence

1 * Fx’\ —
H(Z_?q)tq)t) 1” :OP*<1)

1w, 1 s var Lo J
I 2i®7)™ — (2,27l < ||( ®; @) 1||H( ®,®,) 1HH—<I> 2, ‘I%‘I%HZOP*(\E)-
(D.8)
(ii) Define:
1 p
B: = Z_)ZAmt( zmt)v v (/6 taczmt) VeC<Cz ,mt Cz,mt)(p:;lt
m=1
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1< .
Bt = = Z Amt(cz,mt)chjm</8mta Cz,mt) VeC<Cz,mt - Cz,mt)(p;m:a

m=1

P *)<l P

x —p m=1

ey T (7,,)? for a random variable in the

Next, we use the inequality: Var*(%

bootstrap world z;, that is cross-sectionally resampled from z,,. Note E*B; = B;.

||Var (Bt)“ = ”_gzvar(¢mtA ( zmt)v v (/3 t) zmt) VeC(CZ mt Cz,mt))”
p m=1
1< .
< _2 Z ||¢mt||2HAmt(CZ,mt)HQHVC\IIm(IBmta CZ,mt)||2||CZ,mt - CZ,thQ
: OP p pZE||¢mt” HVB\D (szt)“ ||V v (6mtvczmt H 1/2 Z chmt czmt” )1/2
m 1
J 1 J
< O z,m z,m V2= Op(——).
< Orl(s pch = ol )= Op(2-)

where we used max,,, E|[C. i —C..me||* = O(k,, %) from Jacod and Protter (2011). This implies
IB; — Be|| = Op(J'*(pkn)~"/?). So

* * * 1 / — 1 * o\ — J *
di—aj = B; [(5‘1%‘1%) = (5‘1% ®;) by = OP*(\/;)[”Bt — By + [ B[]

m=1

1 J. 1< .
\/]T) + OP*(\/;)”; Z Amt(cz,mt)chjm</3mtu Cz,mt) Vec(cz,mt - Cz,mt)gb;mtn
1
).

S OP* (

Dk,

where we bounded the last term:

1< .
EXtE]-} H; Z Amt<cz,mt)vc\1jm</6mta Cz,mt) Vec<cz,mt - Cz,mt)d);nt”Q

m=1
= Z ZEXt 2 ZV&I'].} mz] )H¢mt”2+0P ZZHeml_e?n,in
r kn ielr Fon i€l m<p
1 1
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(iii) Recall that Ex, denotes the conditional expectation given X,.

E* Z ||¢tl Z Yt mdd)tm”2 < EXt |¢tl”2 Z Z E* d¢tm¢tm

d<K d<K m=1
—HEXt || d)tl H2]E* Z Z Ve md¢tmE* Z Vi rd¢tr
d<K r;ém

< Ex, Y — Z Vel B Dl + Ex, > H— Z Vemd P |I*|Pull?

d<K m=1 d<K m=1
< ]EXt Z Z Vi mdht mmht ”)\?nax( P, Qt + EXt Z H_ Z Vt md¢tm” ht ll)\max( P; @t)

d<K m=1 d<K m=1

C
< —||— Z Var (Y, | Xe) bt mm e || < )\mm(v'yt) by Assumption 3.7.
Hence

*/ % * s/ 2 % 1 —
1T Pt,l_aZH2 = Z Z’Vtmd(ﬁtm (I’ @) (_(I’;i’t) o)’

d<K m 1
1
< > H¢tz Z%mdcbtm\l OP*(—) < op:(1 )pkmin(Vw)
d<K

]

Lemma D.3. Recall that A, ;—1 == Api(Copmt) and VoV (Comio1) = VeV (Come) when
t=>G—-1)A,.

_ 1 .
kb Vi 1/2 Z hy ml_ > AniaVel, (Bt Coamir) vee( 3~ Al 2w Al Ly~ i1)a,) £ N(0,1g).

ZGI"

Proof. Write W(1); = ézzﬁl ht mi€m.i, where

1
€nm,i = Am,i—lvc\l/m(cz,m,i—l> vec (A_A?ZmA?Z;n - Cz,m,i—l) .

’)

Write

1 p
V,: = limVar | — Pt i &t s
t (ﬁmz e

s—0
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By Assumption 4.4, |V, 1/2H < C. Also, as A, — 0, due to the right continuity of the
quadratic variation process c.,,; with respect to t, ||V, — Veu|| = op(1). Then it suffices
to prove \/_V_l/2 L — D e W) = £ N(0,1x). We apply Theorems 2.2.13 and 2.2.15 in
Jacod and Protter (2011) by checking all its conditions.

First we have /k,pE(V, 1/2 1 Zleln W(1);|Fi—1) = Op(Apy/pky) = 0p(1), and

p
Z Var _1/2 p Z ht,mlem,i|«F'i—l) i> |
m=1

n el

Also by Assumption 4.4, maxc(o 1) sef0,a,] E(|| = 75 2om=1u mi&misl|*|F) = Op(1), where

1
€mt,s = Amt<cz,mt)vc\ljm(cz,mt) vec <g(zm,t+s - th)(zm,t+s - th), - Cz,mt) .

Recall that e,,; is equivalent to &,  with ¢ = (4 — 1)A, and s = A,. It then implies

ézz'efn (H\f _1 hemiemil| | Fiz1) = Op(1).
Next, we need to show, for an arbitrary continuous martingale M on the same filtered

probability space,

Vpka > E(W(1); AM | Fy) = op(1).

N

In fact for ami = hemiAm,i—1VeWm(Csmi—1), the left hand side equals, by the Ito’s formula,

regardless of whether the brownian motion components of M and Z,, are correlated,

N ZZ@W (Vec (R AVZnALZ, = Com-na, ) ATM | F )

m 1iel;

S Op(\/pknAn) = Op(l).

So all conditions of Theorem 2.2.13 and 2.2.15 in Jacod and Protter (2011) are satisfied.

Thus we have
1/2 ZW 5 N(0,1g).

zGI"
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]

The following lemma is needed to prove that the second term for V7, is negligible, so
that V7 ; “mimics” V.

Lemma D.4.

_Z Z emz m,y tml_OP(l)

kn iAjEI]

0

Proof. We assume dim(e), ;) = 1 for simplicity.

H_Z Z mz m,]thmlH

kn iAjEIl

2k.2 Z Z Z mz m] 971 z’e / ’htmlhtm’l>'

" mm/=14,5EI] i ' el
i#y o #

The main argument we shall use is that for i # j, €2, . and €% ; are mutually independent not
matter m = m’ or not. Moreover, all such standardlzed 1ncrements of e), ; are independent
of the filtration F* ;. Hence, their F* ;-conditional expectation is zero. Lastly, according to
the localization argument, their " ;-conditional variance is bounded over the time interval
[0, T]. Now let us proceed this argument in different cases. Note that 4, j, 7', ;' may take 2, 3,
or 4 different values. In view the above properties of e%m’s, when they take 4 different values,
then it is relatively easy to see that the above expectation is zero, regardless of m = m/ or
not. When they take 3 different values, for example j = i’. Then in the summand, we

0 0 0

have €], ;) .0, e, . Then no matter m and m’ are the same or not, one can show the

above expectation is zero too. Same conclusion holds for other possibilities. When they take
2 different values, for example ¢ = 7" and j = j/, the term inside the expectation symbol

becomes (note that i # 5)

0 0
em iCm zemj m’]h mlht m'l

The expectation of the above term is only non-zero when m = m’. In this case, we have

E( 02 h] lmlhz lml) L’

mz m]

where L is some finite number that may change value from line to line.
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The above discussion readily yields that

2k2 E E E E m 7 m ] j 1 mlhz—l mlem Z’em ]’h l,m’lhi’—l,m’l)

" mm/=14,5€l} ' 5 €I
i#j i A

L

e ;hj L

hi 1 mt) <
mz mj j—1ml"'"i—1,ml 21.4
Pk,

n m=14,jeI]
i#]

Since both the mean and the variance of the above sum is zero, it converges to zero in
probability. This completes the proof.
[

E Proofs for Section 3

Recall that
‘I’m(ﬁmt> Cz,mt) = CrFiBmt — CYFmt-

We aim to verify Assumptions 4.2 - 4.4, 4.5, 4.6. Once this is done, then Theorem 3.1
immediately follows from Theorems 4.1; the known factor case of Theorem 3.4 then follows
from Theorem 4.2. Because ¥,(3,,;, C..mt) does not depend on cyy, the quadratic variation
of Y, thus we simply write ¢, ,u; = (Cprt, Cy rme), With abuse of notation. In addition, for a
generic ¢, write ¢ = (¢, ¢ys), corresponding to €, ¢ = (Cppt, Cy pme) When it is evaluate at
C.mt. Furthermore, because 3,,, is exactly identified by WU,,(8,,:, Cz.mt) = 0, the first-order
condition does not depend on €,,; and we can take €,,; = Ix. In fact (D.4) in this case can

be written as

B~ 81 = TP+ cibyp D0 ATFAIUPL 4 on((lp) V7). (E)

ielp

E.1 Proofs of Theorem 3.1 and Theorem 3.4(known factors)

Proof. Verify Assumption 4.2. Also, V3¥,,(8,.:,¢) = csf, and V.U, (8,1, ¢) = (B, —1).

Then for (i) U,,(.,.) is indeed twice continuously differentiable. For (ii), we have

max (VW (Cont) Rt Vg Ui (€))7 = HCFFtH <C
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with the assumption that Amin(Crr:) > co.
Verify Assumption 4.3. We have A,;(c) = CJT} In addition write ;; = A"z /+/A,. Then

iAn
Yii = Byi—1§i + wi + i, where ¢y = \/;AT f(¢_1 Qs + F f A, (Bis = Bii—na ) dFs.
We have
1 1
o~ /
Cy Pt = Z fiis = 1 Z fifi B + 7 D fittmi + - > fitmi
ZEI" el el el

Therefore,

V v (Cz mt) VeC(EZ mt Cz mt) <6FFt - CFFt)IBmt (EYFmt cYFmt)

= CFFt/Bmt CYFmt - T3 qumz Z ff/ mt mz 1 Z flwml

el zEI” ze[”

Condition (i) holds since ¥,,(C,.mt) — Yin(Comt) = (Crrt — Crrt) B — (CyFmt — Cy pumt) as

well. As for condition (ii), we have

1< . .
- Z ht,ml [Amt(cz,mt) - Amt(cz,mt)]vc\ym(cz,mt) Vec(cz,mt - Cz,mt) = _<b1 + b2 + b3)7

B 1
by = - Z et mi CFFt CF}?,t}k_n ; £t
B 1
" ierr
by = - Z Pt i CFFt CFFt Z fithmi- (E2)
zGI”
We now prove each term is op((k,p)~*/?). First note that ”CFFt CFFtH = Op(kn 1/2) For

eachr < K, let f;, be the r th component of f;; let u; = (u1;, ..., upi) and by = (he g, o hep)'

EXtE}'t Z Z fzrumzht ml - EXt tl7.9 L2 ZE htl < OP th ml

n el n el

(E.3)

So by = op((knp)™/?).
On the other hand, for all 7,5 € I}', write 3

which are the Brownian motion and drift decomposition; see Chapter 2 of Jacod and Protter

— BM
m,jfl_le,sfl Mmj 1,5— 1+Mmj 1,s—1»
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(2011) for detailed definitions of each component. Then by the Burkholder-Davis-Grundy
inequality (Chapter 2 of Jacod and Protter (2011)), max,,<, Emax, e [|[MPY | ||t =
O(kzA%), and maxy<, Emax, ey [|M7) ;11 [|* = O(KLAL), so

max E max HIij—l - IBm,s—1H4 = O(k?lAi)

m<p ENIS

Then

b2l < OP(\/l— Z ZEHBW Bunial®)? = Op(v/A,) = 0p((kup) /%)

n i€l

") 4 Op(k ) (- B max, |18, — Byl = 0p((kep) )

b
H 3“ \/E D — Jeln

A\
QS
X

with the assumption k,pA,, = o(1).

Verify Assumption 4.4. We only need to verify condition (ii). It is straightforward to
verify:

€mt,s = mt ,S + 5mt ,89
1
E?nt,s = CFFtS (Fes — Ft)(Um,t+s — Upt)
- 1 t+s t+s
o 1= ~Cihes(Pes —F) [ s i (Fios =) [ (8, — B dF(EA)
t t
Then

max [E( ||—thml€mtsH | F2)

SE[0,Ar]

< 0(1) max B H—thmﬁmu F) +0() max E ||—thmzamtsu 7).
m 1

The first term is Op(1) due to Assumption 3.4; the second term is Op(1) due to

max —ZE H(smtsH | F2) = Op((pky)~?),

s€[0,Ar] p

to be proved in (E.5) below.
Verify Assumption 4.5. Let E* denote the conditional mean with respect to the boot-

strap resampling scheme, given the original data. Condition (i) follows immediately because
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Uy (€ ) — Vi (Ch i) — VeV (ch ) vee(Ss ,y — €5 ,e) = 0. As for condition (i), similar to
(E.2)
; Z Bl At (€ ) = Ay (€21 ) VW (€2 1) Ve — € ) = — (B + 5+ B3).

by = _thml CFFt CFFt qumz

n IS
b, = - Z P mi CFFt Cz_th Z £t (B — Brni-1)

ZEI"

b; = - Z ht ml CFFt CFFt Z fl,l?sz

n el

where ¢}, = \/;AT f(ﬁ’l’ al .ds + F f(z Han (Bms = B i—1)a, ) dFs. First of all,

1 * 1 * k) — 1 * *
_thml = ];Z ”‘bthQH(_@t (I)t) 1¢ltH2 < OP*(l)ht,llng HﬁbthQ

OP htll_zhtmm—0P< )

IN

Next, as for b7, first note that for each fixed r < K,

- Z Z f““ mtUmi = Z Z f“” mtWmi + - Z Z f“‘ mtumz - d)mtuml)

o ”zeln " ierpn " ierp

On one hand, we have Ex,Ex |3 30,1 i Yiery fasbpmtimill” = 271 i |®@ellf < Op (G-

On the other hand, we have E* 1 _— kln ierp Jir (it — @roytimi) = 0, and

| Var'( Z =Y hein)ll = On 1Z||—Zfzr ]

ZGI" ZEI"
S Z ZV&T fzrumz ||¢mt”2 OP* Z ht mm — OP*

zEI" pk

)
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Hence 1 =1 T ZZE]H o, L. = Ops (4 /pTJn)' Hence together with (E.3),

IS S g, = o[

Y — e icIn

n Z Z f“" mtuml - d)mtuml) = OP*( 1]{5 )

Fin icly Pln
1
- h ml_ fity = OP*( )
2 o 2 Vit

This implies, when J = O(p),

p P
p D 3 ot = 0B = ()T D g S
m=1 ny

n

el el
1< 1
+i( <I> (@) Z Z Dt — Do Eitimi] + ]—72 i =D it
m 1 ko iclp m=1 " ieln

1

Vpkn

This implies bt = op-((k,p)~Y/2). As for b, b3, similar for the bound for by, b3 of (E.2), we

have

= OP*(

~—

162]] < Ops(

G Z HZE*HBW i)V = Op-(V/A) = op-(hup) )

“w;n) — op-((kap) ™).

Verify Assumption 4.6.
First, we have &, ; = Smt s T dmt s, Where Emt o Ome s are defined in (E.4):

1631 < Op-(

0 . —1
mt,s T _CFF,t

(Ft+s - Ft)(Um,t+s - Umt)

t+s 1 t+s
Fioe=F0) [ anmdr+cib (B =F) [ (B~ B )P
t t

,_ -1
Omts = —Crpy

W |l—w |+

Then condition (i) follows immediately from Assumption 3.6. As for condition (ii), we now

31



prove

L e
sgﬁ)ag]pZE 1B eI F2) = Op((pkn)2)

(E.5)

To do so, first note that the boundedness assumption of cprp and ., together with the

Burkholder-Davis-Grundy inequality, imply that

t+s
=) E( (Fras — F mrdr ||| F,
5, SO B(lcsh (s =) [ amarl7)

< = LE(|(Fes — Fy)||YF =Y Ls* < LAZ.
_ser%agn]p;p (I(Fes = FOII*IF) < max — Z s

Since we assume pk,A,, — 0, the above term is op((pk,)?).
Ito’s formula yields that

(Fio T [ (B — B dE, = / TaE, / (B — B dE,

-/ By — B ernydr + / B (B, — B)dF, / - / B -

One can check that (by using the Burkholder-Davis-Grundy inequality)

t+s
max -— Z E ||CFFt / (ﬂmr - Bmt)lcFFﬂ"dr”ﬂ‘E)

s€[0,Ar] p

< L max —Z]E | up (B = Bro)II'F) < max -ZLS < LA

s€lo, An]p u€l0,s] s€[0,Ap ]p

Moreover, we have
t+s 4
- ]E F,.,—F — "dF,||* | F;
Se%agn]pz (ihes [ (Pror =B (B = B P | )

1 t+s
<L SSE(lG [ IR - F18,, - Bl 7)
t

s€[0,An] P —

1 L[t
<L SSE(G [ 1B - F18, - Bl 7)
t

s€[0,An] P ey
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<L max —ZE o IFerw = Fell* 1B s w — Bt F)

s€[0,An] p ue ]

<I 1 < LA,
selha p £ Z i

and
t+s t+u 4
- IE — '"dF,.dF,||*| F;
s i [ [ - ormamt

S / " B = B 17

<L - E’
lnax Z

<L max —ZE —2 sup H (ﬁmr—ﬁmt)’dFrHﬂ]—})
s€[0,An] P u€l0,s
<Lserr(1)aAX — H/ — Bl drH |F) <L g}aﬁL];Zs < LAZ.

Then the desired results readily follows.

Finally, we show

VM( }:mmgm8

lim
s—0

= Op(l).

1 p
Var | — P i€ | F
) (\/T?mzzl i t)

In fact this is implied by (E.5) that plims_o E(% P ||5mt,s||2|]-"t) = op(1).

Since Assumptions 4.2 - 4.4 are verified, Theorem 3.1 immediately follows from Theorems

4.1. In addition, since Assumptions 4.5, 4.6 are verified, the known factor case of Theorem

3.4 then follows from Theorem 4.2.

E.2 Proofs of Theorems 3.2-3.4 (unknown factors)

The proofs below cite several technical lemmas as intermediate steps, which are presented

at Section E.4.
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E.2.1 Estimating the latent factors

Here we derive the expansion of the estimated latent factors. Let V. be the K x K diagonal
1An (PA™Y),(PAY),. Then

matrix, whose diagonal elements are the first K eigenvalues of o

by definition of eigenvectors/eigenvalues,

1
J2LAYANS

(PA™Y),(PAY),A"F = A"FV, (E.6)

Take a fixed row of the above equality, we have, for each fixed i € I},

AIY'Pi Y P JATYATE = ATF V.

JEI]

pkA

Substitute in ATY = 8, ;ATF + AU + A,1;, where

1
bima [ st 4 8,8
T Ba Jgona, B Sy, G-nan )

then

ATFV, = p—¢ Py Y Py, AATF + I/JPZ Y P, 1B, ATFATF

JEIT jerpr

¢P, 1Y Py 1A"UA"F + " A ATF'B Py Y PiapA, AF F
JEL] JEI]
A'F'B P> PiiB; 1A"FA"F
JeLy
ATF'B Py Y P, ATUATF +
JEI} JEIy
—/
AU'P Y P, 1B, ATFATF + _ AHA?U’Pi,l > P AJUANF.

jerr jerr

_|_

pkA
1
pkA

IR —
AAUPMZP] 1,0, A"F

+
Dk

+

pk, A
Right multiplying by \A/'[ ! and rearranging the terms on the right hand side yields:

ATF — H, ATF = 5, ( —AP; 19, + —PHA?U) + E'&t%(ls'i_lfai_1 — P,3,)A"F,

(Gpomemws 5
(E.7)
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where

— /n\//\_l n ~ _
St = \/_k’ A E Pj—1¢jAnAjF Vt + —— \/_k A E P] 1A UA FV
EI” Eln

1 —
E2,t = g Pj_l,ijlA?FA?F \7;1

N
Jely
1
/ / p—
10t Say, H,, = —B,P:Es;.

VP

We shall apply the above equality when deriving the asymptotic distribution of g;.

[1
|
(1]

E.2.2 Proof of Theorem 3.2: limiting distribution

— ~ —/
Proof. Define Y,y = =5~ > ierp AYFAYF'. By definition, G = Py Dierr ATYATF
Hence for each fixed [ < p, substitute in A'Y,

/g\}?tent Youge = T tF P+ Hntk Z AnFAnU/Ptl
TL EI"
1 —
- A ST ATFYIPLA, + X > AUFATF[G, — G/JPy,
icel? M e
+Lo(GL P — gu) + Z ArFAF'(T), — Tj|Py,
n "zeI"
- A > (ATF — H,, A"F)A"U'P,,
el
1
= Yl Py + Hy— > AJFAJUP,
T Gern
1 AN n ny —1/2
i > (AF — Hy AIF)AMU'Py + op((kap) /). (E.8)
T Gern

Lemma E.2 below shows that the third through the sixth terms on the right hand side are
op((knp)~?). We now work on the last term on the right hand side. By (E.7),

1 —_—
Z(A?F - HntA?F)A?U/Pi_LZ - BIASg
n n ze[’!L
1
=/ n
= B, ZP e Pt —— Y S, L AP, ATUP,
k \/_ ze[n k: An 16]’” \/_

A Z ‘—‘3t i—l/ﬁi—l - Ptﬁt)A?FA?U,Pi—l,l

el
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1 1

=30t
FnBn ielpn VP

+

P, (ATUAMU — EATUAMU)P,_q,,

where BIAS, is defined in the main paper. By Lemma E.3, all terms on the right hand side
are op((k,p)~'/?). Therefore, (E.8) implies

glatent _ Y e — BIAS, = T, TPy, + H"tk Z ATFAMU'P; 1+ op((kap)™3).

n ZEI”

In addition, Lemma E.4 implies H,,; — Tmc;},’t =op(l) and X,y — ¥y = op(1), where Y, is

non-random conditional on X; whose definition is given in Lemma E.4. Hence

~latent

g™ =Ygy —BIAS, = YIPy + TtCFFtk A, Z AIFATU'P,; + op((knp)™"/?).
il

(E.9)

The right hand side is the same expansion (E.1) as in the known factor case, up to Y, which
is the same as the expansion (D.4) in the general case. Then the same argument as in the

proof based on (D.4) in Theorem 3.1 implies
S~1/2 (gt — Y, — BIAS,) 55 N(0, ).

\ivhere S = Tt[ﬁpV%t + %V%t]'r;. Now let S = Tnt[ﬁpvw + Z—l)V%t]T’nt. We aim to show
ST1/2 (glent — Y, — BIAS,) 55 N(0,1).

We now show that S = S(1 + 0p(1)), meaning that ||S — S|| = 0p(1)Ami(S). In fact, let
X, = ﬁpr + %V%t, we have

IS =8I < [20 = Lol [Ie]] + let - TntIIQ]PnII .
= op(1)[[Z] < OP(l)HIk—qu,tH + H];Vw\l] < 0p(1)[/\min(m?

1
Vu,t) + )\min(]_?v'y,t)]
< OP(1>/\min<2n) < 0P<1))‘min(zn>Amin<TtT:€> < 0P<1))\min(s>*

where H%VWH < C’l)\min(%Vw) follows from Assumption 3.4 that Apax(Va:) < Cidmin(Va)
for all . Now let C := S — S and D = CS™!, then ID|| < ||C||AL(S) = op(1), and
C = DC + DS implies C = (I — D)"'DS. Note that ||(I — D)™'DJ|| = op(1), which

implies [|C|| = op(1)[|S]| = 0p(1)Amn(S). Therefore, S = S(1 + op(1)). It also implies
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SU/2 = §Y2(1 4 0p(1)). Hence S~Y/28Y/2 = §-1/281/2(1 4 0p(1)) = I(1 + 0p(1)). Finally,
]S—1/2 (Alatent Tntglt . BIASQ)

1/281/2 gl

§—1/2 (/g\}?tent Tntglt BIAS

) =[S
4S8 1/2 (Alatent Tntglt _ BIAS ) LL;

E.2.3 Proof of Theorem 3.3: bias correction
Proof. Tt suffices to prove that lﬁ-A\Sg — BIAS = op((k,p)~'/?) for BIAS defined in CASE
I and CASE II. Write ]ﬁA\Sg = K/I\tm Ziem P,_1A,P;_1;, we have

1
Z P,y (Cuu,i _Ai) Pi—l,l~
k"\/]—j i+1€l,

l+mt

BIAS, — BIAS, = (M, —

Z+1€It

To bound the first term on the right hand side, first note that

Glatent _ P, , A"YA”F — P11, A,ATF F
s k, A EZI k, A GZI 1Y
o A > PilB, ;PZ | A"UATF .

el

M, =V, 52 Yier, AJFATF B, Py — -Gl =
BIAS, is then bounded by (for hiu = ¢j,(; ®;®:) "' by)

—&) ;. The first term

Hence M, —
on the right hand side of BIAS, —

—||Mt Mtn— > bt = O0p(p Bl = op((kup)~?)

Fin i+lel;
by Lemma E.3(iii). As for the second term on the right hand side, note that M, = Op(1).
Hence it remains to prove || \/ka > ivier, Pic1 (Cuwi—Ay) Pio1,]| = op(1). We respectively

look at two cases.

CASE T: A, = diag{A7UATU JA, L. Waite u; = Ay *ArU and @, = A,"*A70

i—1 ldhz 1,md Eudz udz)]

Z Pz 1 cuuz - AZ) Pi—l,l||2
m=1 Z+16]t d=1

|| e
Z+1€It

i— lldhz 1,md ud@ udz)] .

m=1 z-HEIt d=
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As for the first term on the right hand side,

p p
Z[ Z % Z hi—l,ldhi—l,md(Euzi - uzi)]z
d=1

m=1 i+1el; =

2 < 1 1<
= 2 Z . Z Var[; Z Pi1gahi—1ma(Bu; — u;)] = o(1).
d=1

m=1"" i+1€l,

E

)
K p?

The second term on the right is shown to be op(1) in Lemma E.5. This finishes the proof
for CASE L.
CASE II: A; =7¢,;. By the assumption, max;esn |[Cuut — Cuill = 0p(v/p/kn). Hence

1 1 1/2
| 7= > Pisy (Coni — A Pyl < T e = el > nlt

niti1el, i+1€l;

Vkn
S _chu,t - Cu,tH = OP(l)-
VP
We shall provide primitive conditions for max;esr |[Cyut —Cuil| = 0p(/p/kn) in Section E.2.5.
[

E.2.4 Proof of Theorem 3.4 (estimated factors)

Theorem 3.2 also implies (VX S, X,v) /2 v (gt — gy, — BIAS,) £ N(0,1). The proof
of Theorem 3.3 also implies BIAS, — ]ﬁA\Sg = op((knp)~'/?). Hence

Proof. By definition, P* (|v/gj!*ent — v/glatent| < glatent) = 1 — 7. In addition, the proof of

—

(VX 2, Y0v) 2 (gl — g, — BIAS,) 55 N(0,1).
Hence from Proposition E.1, we have

-7 = F (<V’Tnt2nT V)T Vg - g < (VI B X v) qlfte“t>
= P ((v'rmznr;tv)‘” |vgltent _ g — vBIAS,| < (VX S, Y,v) qiatent) +o(1)
= P (Vg € CIZ) +o(1).

nt,T

The remaining proof about the uniformity is the same as that of Theorem 3.4 (known factors

case), so is omitted for brevity. O
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Proposition E.1. With Y,;, 3, as defined in Theorem 3.2,
(VL Z0 X v) 2V — gl 5 N(0,1).
Proof. We have AMY* = A, + GI_|A'F +T';_|A'F + A?U*. Hence similar to (E.8),

~x laten * y* 1 n ny T+ P*
gt — Y g = Yol Py + Z H,,AlF ATUYP},

n nzeln
- A ZA"FAnzp P;‘l+ ZA”FA”F’[Gjl G;P;,
i€l el

+Y (G Py, —gu) + Z ATFATF(T), —T7 )P

el
> (AP — H ATF)ATUYP;,

n el

n

1
kA

+

(1 * Py n ny 1+ P* n n ny ¢ P*
SHON. o Ptl+kAn§HntA F ATU P 1l+kAn;AF H, AF)ATUP;

+op+((knp)~?), (E.10)

where (1) follows from Lemma E.7. Now we investigate the last term, the effect of estimating

factors:
- A S (AYF - H,,AIF)AJUYP;_,, — BIAS,
il
L = 1 —P,_1cuuiP; + — ! = 1 P [A"UA”U’ EA”UA”U'}P
= = —1Cuu,tE -1, =g =14 i - i i i—1,1
kn ielp ”\/ﬁ knln iclp 37t\/ﬁ
1
+— |—l3t A Pz_1¢ AnU* P;k ll
FnBn ielp VP
1 , 1 /
= i ATFAMU* P
+knAn b 3t\/]—9( 1161 1 t/Bt) i i i—1,1
1 < 1
A > E =505 HAT}U[A?U* Pl ==Y AULG (- @) by
el pm:l p
n 1 . nyrk gk 1 / -1 n
e A ZH3t i—lAiUEZ[Ai Um¢i_1,m(z—)‘1’i_1‘1’z’—1) Gi10 — AlUnhiz1mi
el m=1

The first two terms are bounded in Lemma E.3 while all other terms are bounded in Lemma
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E.8. By these two lemmas, all terms are op-((k,p)~'/?). Hence (E.10) implies

il — gy — BIAS, = A ST HLAIF ATUYP; + Yl Py + 0p- ((kap) /7).

”zel"
Next, define
a; = FFtkA ZA"F ZAHU;@ :;t (I"I)t) Loy,
”zel"

a; = —Zv:,m¢:;<—@;@t>—l¢tl

a; = CFF% A > AIFATUP,
el

Ay = FtPt,l~

Lemma D.2 shows that [T} P}, — aj|| = op- (p VA2 (V,,). Also, the similar proof as

min

Lemma D.2(i) gives

01

Z ATF ATUTPY, = k, A ZA”F Z AU, :u( ®®,) "' ¢y, + op- ((knp) 7).
n n el el
So
g*tlatent Tntglt o BIASg _ Z HntAnF ATLU* P:l + Tntr* Ptl + OP*((k’ p) 1/2)

kn ZEI"
= H,.cppial + T a5 + OP*((knp)fl/Q) + op+ (p71/2>>\11n/i?1<v%t)
= Y.a} + Ypal + op (kap)"2) + 0p (7 VNLE(V,0)
— Yai + Ya + op- ((kap) V%) + 0p- (0 VAL (V).

The third equality is due to Hyicppr — Yot = op(1), and Y,y — Y, = op(1l) (Lemma
E.4). The last equality is due to a5 = Op-(p~Y2)AY2 (V. ,), which comes from a} — a, =

min

OP* (]771/2))\1/-2 (V'y,t> and Ay = Op* (pil/z)Al/-Q (V'y,t)'

min min

Now recall (E.9),

/g\}?tent Tntglt - BIASg = Ttal + TtaQ + OP((knp)_l/z) + OP(p_1/2)>‘1/'2 (V'y,t)'

min
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Hence
gt — gt = Yy(a) — ay) + Yol — ag) + op- ((knp) %) + 0p- (07 )NLR (V).
In addition, the same proof of Proposition D.1 (specifically, starting from (D.6)) implies
(VYE, X)) — a) + af — as) —— N(0,1),

and we also have (V/TtEnT;V)_lﬂ [op=((knp)~Y/%) + 0p= (p_l/z))\iﬁ(V%t)] = op+(1). There-

fore,
(VL) Vg — g 5 N0, 1),

Since Y, N Y, we can apply the same argument as at the end of the Proof of Theorem

3.2 to reach that (V'Y 5, X,v) /2 v/[gplatent _ glatent] Ty 7 1),

]
E.2.5 Sparse covariance estimation of c,, ;.
In this subsection, we provide primitive conditions to verify max;e s |[Cuu,t—Cuuill = 0p(y/ 752-)

in CASE II of Theorem 3.3. The key assumption is the “uniform sparsity” of the p x p in-
stantaneous quadratic variation c,,. At any time ¢, let ¢, q be the (d,1) th entry of cyy.
Define:

My = MaX Max H{cuia # 0}, the maximum number of nonzeros in rows. (E.11)
el I<p d<p
We shall assume that m,; is either bounded or slowly grows as p — oco. Thus c,,; is a
sparse matrix uniformly in the window ¢ € []*. This condition is relatively reasonable since
Cuu Tepresents the quadratic variance of p x 1 idiosyncratic components {AU;};<,, which
should mostly pairwise-uncorrelated given the factors. We apply the thresholding estimator
of (Bickel and Levina (2008); Fan et al. (2013)) for sparse covariances as follows. Let sg
—_—

be the (d,l) th element of ﬁ >ierr AJUATU . Let the (d,1)-th entry of the estimated
covariance be:

Sdds ifd=1,

(Euu,t)dl = .
th(sa){|sal > oa} ifd#1,
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where th(-) is either the hard-thresholding or soft-thresholding function. Here the threshold
value o4 = C(84451)" *Wnp, With Wy, = 1/ l‘ﬁp + % max;,q +||¢(x;q4)||*v/Iog J for som C > 0.

The following lemma shows that maxiern |[Cuut — Cuu,il| = Op(Myp tonp). Thus the required

condition max;en

Cuut — Cunill = op(4 /JL];H) holds so long as

3
m2,=o P ., mi, =o b E.12
pit (Jlogp) pit (knJ?’(log J)max; 4 %H(ﬁ(xjd)H‘l) ( )

Therefore, (E.12) is viewed as a primitive condition for maxiery [[Cyut — Cuuill = 0r(1/ 75,
which is regarded as the assumption on the level of sparsity on c,,;.

Lemma E.1. Suppose ming<, jerr Cu jda 1S bounded away from zero.

(i)

max max s = Cuial <1/2, (E.13)
i€l di<p Odl
(i)
rzlé%?’{ ||Euu,t - Cuu,i” = OP(mp,twnp)'

Proof. (i) Let ug; = AU/ A, and ug; = @d/\/An. Recall that at time i € ",

~ o~ o~ 1 ~
T = AYa, = Budi Bu= - Y GATYAA

" jery
step 1: bound max,;<, ]ﬁ Ziem (Ugi — Ugi)uyi|.
For each d < p, and any fixed 7 € I},
~/
Bu = ﬁfi,zelH;tl + Mg + Mg, + IBZi,iflmi’)
1 .
mi; = k_ Z(Ai/zadj + Udj)fj/»
" jerr
1 ~
mog; ‘= k_ Z(ﬁd,g’—l - 5d,i—1>/fjf3/’
" jerr
4 1 S\
my = H'— D (Huf; — 5. (E.14)
" jery

Here m; 4 denotes the drift and the usual statistical error similar to that of OLS; myg; is the
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time-varying dynamics of betas; m3 denotes the effect of estimating factors. We have

o~ 5 7
Ugp — Udi = _IBZi,i—lfi - AWWZ + 6dt g
-~/ ~/
= —A1/2¢dz' + ,Bdt( H,.f;) + (IBdt de H D Hf

1
= —AY Yy + /Bdt:‘?) +—=Pic1Bi 1 — P8 + muygHpfi + myq Hyf;
VD
~/

1
+ d,tEf’i,t (%A}/2Pz—l¢z —+ %Pi_lui) + ,Bii’i_lmantf,». (E15)

To bound terms related to ms, we need the expansion of the estimated factors. Therefore
recall (E.7),

1

,t% (Pi—lﬁi—l - Ptﬁt>fi'

1 1
fi — Hntfz = E:/S,t <%A$L/2Pz—l¢z + %Pi_lui> + Eé

Lemma E.4 shows ||Z5:|| = Op(1) = ||H,||. So
1 -~ 1
=Y G -HuE)E < Op(1 )||— Y APy
i iy ze[" VP

+0p(1 )H_Z ! —P,uf]|| + Op(1 )H_Z 1

(Pi1Bioq1 —
zGI" \/]_) ZEI" \/]_9 1

JA J
- 0 " VA,
2 krn " knp+ )
1 —~
=D IE - HuE)? < Zn N S
"iery anI"

Lgremad|

+0p(1 ZH P_u®+ Op(1) Zn (Pio1Biy — PiBE?

ki eIl e icln

J
= Op(Ayk, + —).
p

In addition, by Lemma E.6,

J 1 log p
max ||— > ug(f — Huf)| < OP(; H}@lle\cb(xjd)IIQ) +op( )

d<p n T k,
A log p
133}”72“% ~Huby) | = 0y ) (E.17)

JEI]
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Therefore, terms of mz and m;4 are bounded by

1 e /
lmsf < Op(W)ll~ > (& —Huf)f]| + Op(1 Z IE; — HL £

n TL

el el
A,
< \/ ! ,/ + Ak, + )
max jmyl| < OP(l)rgggHH ; (Ao + ug)E|
+max | 2 ||— ;(Aiﬂadj + uqi) (£; — Huej)'|
J 1 logp
< OP(E I%%X7||¢(de)||2) +Op( " )
(E.18)

For the term related to my,; in (E.15), we have

maX|_Zm2dzfulz < maX|_Z Z ,Bd] 1 ,de 1)/fffuh|

dI<p di<p 'k,
el zGI" ]EI"

< maXHlaXHdejl ﬁdt”maXH_ZfUUHOP (1)

d<p jell
=P el

+maX||—qulz Bai—1 — Ba)lOp(1).

d,l<p

Note that for an large enough M > 0, an arbitrarily small € > 0, and L? > epA,k, M,

P(waxmax |8y, — Bull > L) < pmaxP(max |8y, — Bull > L)

< pmaxEmax||B,;;_; — Byl 2/L* < pAnkaM/L? < e.

d<p JeIy

So maxg<, maxjerr [|By ;-1 — Baull = Op(vVPknAy) = op(1). In addition,
for x = C'/ %\/pknAn log k,, and large enough C' > 0,

P( maXH—quu Bai-1 = Ba)ll > x) < ]P’(maX—ZHﬁdz 1= Ball* > Mpky Ay log k)

d,l<p zEI"
k,,x?
+p’exp | — 1{max 1Bai-1 — Ba 1" < MphoA log ki }
( maxa 5oy 1B zw) Z t
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kpx?
< P(max max 1Bai—1 — Ball > v/ Mpk, Ay log k) + p* exp (— ° )

d Mpk, A, log k,
< prgggEf%% 1841 — Butll?/ (Mpkn A, log k) + 0(1) = o(1)

where we used maxy<, E max;em ||6d,j,1—,3dt||2 < MA,k,. Somaxg <, ||é Zielt" fiui(Bg;1—

Ba)ll = op(y/ %). Together, max, <, \ﬁ Zigtn mo ;i fiu,| = op(y/ %).

Now we are ready to bound max,;<, ]ki Y ic I (ugi — Ugi)u;|. Note that
— n

~/
Bua = B (! +mg =) +mug+ Z B, it

JeI}

-~/
So maxg [|B4,/| = Op(1). By (E.15),

1

max |k_ z:(uglz — g uy| < max \— Z Al/ gy + max |— Z Bdt — H,f; )y
*=PBa zeI" kn zeI" zeI"

+ ]Eznzi}; |—n Z my H,, fiuy;| + max |— Z mog  H,, fug) + max | Z de ymzH |
< max '7 Z AP o] + max | By || max ”7 ;w — |

+0p(1 )[max Jmual] + [mf] e ||— > il + Op(1 ) max |— Z my £

i€y
logp J 1

< op( " ) + OP(E Hjl.%xijﬁ(de)W)-

. 1 ~ \2
step 2: bound max,<, = Zie[t”(udi — Ugi)®.

By (E.15) maxy<p - > icrp (Uai — Ug)? is upper bounded by

max—Z|A1/2a |2+—Z||f mf||2+max||m1d||2+max—z|m2d, wfi? 4 |Jmg |

d<p n n
i€l ieln €l
1 J? 1 log p logp J 1
< Op(Ak,+ -+ — — DI = op(= max = || (x4)|?
< Op( o max plol* + =25) = op(/=27) + p(p ax — || @(x;a) %)
step 3: bound maxjer maxq <, |Sa — Cujar]-
We have sg = é Zielt” UpiUg;.-
max | 3 (@it — wia)| < 2max|i Z(a — ]+ ma 3 (s — wg)?
iy kn s liUdi — Wiilds di<p k, ot di di ) Wli i<p k, i i i
t t =
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log p J

1 2
< onl(y/ D)+ 0n(S mix S0 e0l)

Because A'U;/v/A,, is Gaussian with mean O(y/A,,) and variance ¢, ;;, we have with prob-

ability approaching one, maxg <, |ﬁ D oic I (ugiwy; — Bugiug)| < Cy/ logp Hence

log p
max max |— E Ui Wi — Cyj, dl| < C + maX max — E Cuyi,dl — Cu,jdl
JeIp d,i<p kn d,l<p iel]

’I’L Eln

< c,/k;{gp 4 LAk < C l(fp

Thus maxg;<p [Sa — Cujal < C % + C’% max; 4 %Hg{)(xjd)”?, /log J with probability ap-

proaching one. In addition, ming<y jerr Cu jqa is bounded away from zero, we have

|3dl Cuy,j, dl| log p
— < C — v/1 = Cuwyy < C n
g}l%}; (Saasu)'/? ky, + maX ||¢ Xjd “ og J Wnp Whp-

This completes the proof.
(ii) Let €,+ 4 denote the (d,l) th entry of €, Note that ¢, q = 0 if |sg| < oa. Thus

max ||cuut Cuu,i” S maximax Z |/C\u,t,dl - cu,i,dl|
el el I<p =

= Iifé?gifllflfgiz |Curail{|sa| > oa} — cuial{sa > oa} — cuial{sa < oa}|
+ =

< maxmaxz |Cutar — sar| 1{|sar] > oar} + maxmaxz |cuiar — sar|{|sail > o}
el 1<p el
d<p d<p
+ max max ; |cuiar|1{]sal < oar}-
=p

Conditioning on the event |sg — cya| < 0.504, which holds with probability approaching
one uniformly in (d,[,4) given part (i) of this lemma, we have

Hlsarl > oar} < Ylewial > 0a/2},  Hsal < oar} < H{|ewial < 3oa/2}
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For both hard and soft thresholding, |¢uta — Sai| = |th(sa) — sa| < oa < Cwyy,. Hence

max I?S%X; [Cutat — sar|1{|sa1] > oar} < Cunp maxmax 2 Hlewial > 0a/2} < Cwnpmypy
sp sp

max maxz \cuiar — sar|1{|sa] > o} < Cuwypmaxmax Hlewial > 0a/2} < Cwppmyp

el I<p I< el I<p d<
<p =P
. <
IZ%%}? I?S%XZ lcwiaHlsal < ea} < el 1<p
d<p d<p
< maxmax »  Cloal|{|cuial # 0} < Cwnpmyy.
el I<p i<p

Putting together, max;csr [[Cuut — Cunil| < Cwnpmyy, with probability approaching one.

E.3 Proof of Theorem 3.5: long-run g

Based on Proposition E.2 below, the proof of the uniform coverage property for fOT g dt
follows from the same proof of Theorem 4.2.

Proposition E.2. Suppose

12 [T'/ An]—kn 12 1 [T/An]—kn
Z T/A Z E ||7mt||4himl|{X?ﬁ}) < C1/\?mn 5 Z Var( [T/A Z ’Ymtht,mlHXt})
t=1 m=1 —1

(E.19)
Let >, = % V., + %V,y, where

[ /P (T/An]—kn
V, = Var | —Y2_ ATFAMU'P, 1| {f, X
ar A Z cFFt; 1| {f, X}
T/An] kn
V, = Var Z Z it Pt mi D, }

Then (i)

—

T T
(V’Env)_l/2 v/ (/ g dt —/ gltdt> £ N(0,1),
0 0
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(i) In the bootstrap sampling space

—_— * —_—

T T
(V’Env)flﬂv’ / g dt —/ g dt d—)N(O,l).
0 0

/\

Proof. (i) Recall Cppy = - A Zle]n A’FATF’ and fo gdt = T/A"] Fn 6, A,,. Then

T [T/An]—kn [T/ An]—Fn

T T T
/ gltdt_/ gndt = Z (glt_glt)An+ Z gltAn_/ g dt
0 0 t=1 t=1 0
[T/An]—kn [T/An]—kn
_ Z AP, + Z AncFFtk o ZA”FA”UP“JrZAd
ieln
where
[T/An]—kn
A, = Z A,¢; m ZA"FWP”
ZGI"
[T/An] En
A, = Z [GQPt,z—th]
1
T/in] En
A; = Z A, ¢; FFtk A > AIFATF[Giy — GJ'Py,
el
T/An] En
A, = Z A,C cFFtk A D AIFATF/[D;, — TPy,
el

[TVAn] kn

T
A; = Z gltAn_/ g dt
0

t=1

It follows from Lemma E.10, \/p/A, (A1 + Ay + Az + Ay) = op(1). As for As, it is easy
to see that this is the approximation error of a Riemann integral. Since {gy }+>0 is bounded

according to the localization argument, A; = Op(A,) = op(y/A,/p). Therefore

’if“‘ T Zx
/ gidt — / gpdt = a;+ax+ OP(“ —),
0 0 p
p [T/An]
a; = _'ZE: jg: Z& CPQTt j{::flhnz i—1,ml

zeI"
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p [T/An]

- 1 Z Z An'7t mht ml

b -

—1/2 »
Note that [1 "V V] Va, & N (0,1), due to cross-sectional independence of ~,,,,.

We now verify the CLT for a;. Fort =1,--- | [T/(k,A,)] and ¢ = 1,--- |k, let
P 1 kn,
’St,q = = Egé"tkn—‘,-qk Z ftkn+q+lum tkn+q+lhtkn+q+l 1 ml k A
m=1 i=1

kn,
Z Crethkntqq. k. Z ftlcn+q+z‘um,tkn+q+z‘htkn+q+i—1,ml kn A,
=1

Note that

1 kn [T/(knApn)]—2kn
~1
:k_ E E CFFtknﬂk E ftk +q+iUm,tk, +q+zhtk +q+i— 1mlk A,
= t=1

q=1
kn [T/ (knAn)]=2kn

1 .
==, D> b

" og=1 t=1

We are going to show that for any constant vector v and any ¢ that

p [T/ k/'n n] kn—q
M Vlgt,q

converges stably in law to a random variable, which, conditional on F, is centered Gaussian

with variance given by v'V,v.
For notation simplicity, we let the dimension of F' to be 1, ¢ = 0 and write /', as &".

First of all, since f and u are independent, it is easy to verify by using iterated expectation

that

P
A,
p

5 (T/(knA n)] kn ) | b
~[ A V, CE};’tknE<Z_j Z k,— Z ftkn+7;um7tkn+ihtkn+i_17ml ‘ “F‘g;}n> k:nAn

m=1"" =1

[T/( knAn)] kn
E(" ft } tkn>
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T//fA)]k? P kn

/ 1 1
p v/ c;}ptk E(p Z T ZE(ftanUm thni | T, i i 1)htkn+z 1,mi | Fir., > kn A,

m=1 =1

=0.
Note that if j > 7, then we have
E (fiumiug, £ | Fity) = E(fiun E(uy,, £ | F7 ) | Fly) =0

Following this and the cross-sectional independence of u,,, we can deduce that

[T/ (knAn)]=kn

p

r, X Elvee \tkn)
" t=1
7/ (kn An)]—Fn

p r—1 § : E '
= A E \4 cFFtkn E ftkn+lum tknJrzhtknJrz 1,ml
n

t=1 mm’ 1 n
-1 2 A2
X htkn-H lm’lu m/ tkn +zftkn+l| k: +i— 1) ‘ >CFF,tanknAn
(T/(knAn)]—kn 151 kn
/. —1
= E V Crrik, (— E k_ E E(ftkn+ium,tkn+ihtkn+i—1,ml
t=1 p L= e i=1

/ —1
X Ditgetrie i U g i Ettnti | Filoi-1) | f&n) Crp i,V knln

P
— V,.

Similarly, using the independence of f and u and the cross-sectional independence of wu,,,
it can also be proved by tedious calculation that

p o [T/(knln)]—kn
> E((ve)|Fn) Do
n t=1
o [T/(knln)]—kn 1 P 1 kn
= A7 Z? Z = Z E((v' C}}:,tknftkn+ium,tkn+z'htkn+i—1,ml)2
n =1 mm/=1 T =1

X (V' €y, Btkn-tir s sttt Nty +—1m00) > | Filo i 1) ’]:ﬁfn>kﬁﬁi
[T/ (ki )=k
< Y LEA < Lk, — 0,

t=1

where the first inequality comes from the strengthened assumption that all the stochastic

20



processes are bounded on [0, 7).

For any continuous martingale M defined on the same filtered probability space. Gener-
ally speaking, M can be decomposed into three parts: one correlated with F', one correlated
with U, the last one is not correlated with both F and U. For each component, one can

check that (here we use M to represent its component for simplicity)

(T/(knAn)]—kn

t=1

Then, according to Theorems 2.2.13 and 2.2.15 in Jacod and Protter (2011), we get the
above desired result.

Moreover, note that
(T/An]—

—q kn
/ p / p
Vftq Z Crr(i— )/kn]*kn—l-qfuzhl 1mlk A

That is, for different ¢, all such sums are subject to the same innovation sequences f and wu,

[T/(knAn —kn—

with asymptotically same weights. Hence, the following average

n [T/ (kn A )1 kn—aq
\/—— Vg

converges to the same limit.
What left to show now is

D [T/ (knA n)] kn—q B .
\/ (ft,q - gt,q) —0

We leave this to Lemma E.10 (v).
(ii) We have

T [T/ An]=kn (T/An]=kn

T T T
/ g dt —/ g dt = Z (@Zkt_glt)An‘i‘ Z gltAn_/ g dt
0 0 t=1 t=1 0
[T/ An]—kn [T/AR]—kn
= A ) Crr = A S OAIFATUTPL 4 A, Y T
t=1 GI" t=1

o1



d=1
(E.20)
where
[T/ An]~kn )
AL =AY Gk SRR,
t=1 "ierp
[T/AR]—kn
Ay = Ay Y [GIP) -]
t=1
[T/ An]~kn
Ay = A, Y EFF% A > AYFATF(G), — Gy,
t=1 el
[T/ An]~Fn
Al = A D cmk A > AYFATF[T;, - T;|'P;,
t=1 el
[T/ An]~Fn T
A; = Z gltAn_/ g dt
t=1 0

The last term Af is the same as Aj above, hence is also asymptotically negligible as long as
pA, — 0. Lemma E.11 implies \/p/A,, (A;+As+A5+A%) = op+(1). In addition, by Lemma
E.12, the first two terms on the right hand side of (E.20) are respectively aj+op-((p/A,)~?),
and a3 + op(p/2)AL2 (V) where

min

[T/An]—kn P

* /\ n nyr* ! 1 -
a = A, Z FFtk, A ZA F- ZAz‘ Up @ (P 80) " ¢y
t=1 ielr - p
(T/An] "y P
a; = Z ;Z mt¢mt( ®iD,) "y,

%

Hence fOT gudt — fOT gudt = a} + a3 + op- ((p/An)"/2) + 0p-(p~/2)AY2 (V). We have

min

—— % —

T T
A, _
/ gudt — / gudt = (a] —ay) + (a5 — ag) + OP*(\/ ?) + op«(p I/Q)Ai{ii(v%t>‘
0 0

52



In addition, by the CLT for independent data in the bootstrap sampling space, for

T/ A~k 2

1|1 1

vio= =Yy > Crri Y ATFAUhi g
P _V An t=1 Fin ielp
Lo [ s ’

vii= o) > Ywiht|
pmzl | t=1

we have
A 1 12 -
VL VB el - aas - a)v] VI - a0+ - a)] £ N0

Now we show:
(1) Vi = Vu(l +op(1));
2) V= V4 (1 + 0p(1));
(3) E*(aj — a1)(a3 — a2) = op(1)Amin(52Vu + 1 V5).
These then imply [v/E,v] " 1/2 v[(a] —a;) + (ab — ag)] AN N(0,1) and thus

o — % —

T T
(v’f]nv)_l/Qv’ / g dt —/ g dt d—)N(O,l).
0 0

To show (1): recall that w,,; == AU, /v/A,. Because {u,,;} is cross-sectionally uncorre-

lated,

N/ [T/An]=

Vo = Var | Z cFFt;;A?FA?U’Pu (£, X,}

A LE (T/An]=kn

= kTpZ Z CFFthf/ ;‘lln'thfmlEumz
" m=1 t=1 el
Also,
p [T/An]=kn
V:; = Z Z FFthf/AF}?th?mlumz
el
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p [T/An]—kn

p/{:z Z Z Z CFFtht mil fillmi CFFSht mi fitlm

= t,s=1  aell jel}
[t—s|<kn i#]
p [T/An]—kn

E E E CFFthtmlfzumz CFthtmlfzumj

nm 1 ts=1 i€l jelp
[t—s|>kn

p [T/An]—kn

= p Z tzl CFFthf/AF}?th’tmlumz OP<1)

Ely Lemma E.13

Hence V=V, = o =1 EZA"]_% E;“}?,t Zie]t" f/E;“}Jtthml( wi—Eul,)4op(1) = op(1).
Note that )\mm(VU) is bounded away from zero. Hence V! — V,, = 0p(1) Apnin(Va).

To show (2): we have

(T/An]=kn

V, = Var Z Z’)’mtht ml

{X4}

A2 [T/An]—kn p [T/An]—kn
= S S B (XD il
p t=1 m=1 s=1
12 1 [T/An]—k
=~ var( oy e[ (X0)).
pm:l [

Hence

E[| V3 = V,[P{X:}]
A2 [T/An]—kn p [T/An]—kn

= Ell—* Z Z Z Yoms Vot = BEVoms Vot {X ) bt st || [{ X1 }]

[T/A,L] kn [T/AR]—kn

= Z Zvar i Z Zl Vms,kﬂmt,klht,mlhs,ml‘{Xt})

k1, k2<K m=1
[T/An]~kn p

0— Z ZEnvmnhmlet})

[T/ An]=kn

1
C- )‘1211111 2;2V&I'<An Z ’Ymth’t,ml’{Xt}> =C- )\%mn( )
m=1 t=1

IA

IA

where the last inequality is due to Assumption 3.8. So [|[VZ — V.|| = op(Amin(V5))

To show (3): note that E*(aj —ai)(a; —a2)' = 5 S > Ay mah,, — %alag. The first term
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18

p [T/An] kn [T/An] kn

—||—Zalma2mu——u—2 > Atanbun X Ak 3 Bt

el

Now the goal becomes to prove: * =l LS aimal,| = op(1) %%,
Note that
1 1 2
pE(II—Zalma’mll )

P [T/AR)—kn [T/AR]

Z Z Z Z Z E(VS mYs m’hsmlhs m,lCFFtCFFt/f f/umlum 14

m,m/=1 s,s'=1 tt'=1 anI”zEI"

X ht mlht’ m’l) Afl

p [T/An]—kn [T/An]—kn

DD DRI D) Dl I CRC R e L

s,8'=1  tt'=1Jt—t|<k, " i€I}NI];

The last equality holds for the following reasons. First, the cross-sectional independence of
u (and ) imply that the above expectation is zero when m # m/. Second, the time domain
independence of f (and u,,) further imply that the above expectation is zero when i # . In
order to have i = ¢/, it is necessary to have |t —t'| < k.

Cauchy-Schwartz inequality yields that

p [T/An]l—kn [T/An]—kn 1

Pt Z Z Z k2 Z E<%m78 mls mihs mlCFFtEFFt/fU htmlht'ml>A

s,8'=1  tt'=1t—t'|<kn, " i€IPNI];
T/An)—kn

< %<E<% zp:[ Z Vom Vs smPsmilts mi N )

p m=1 s,8'=1

1 p (T/An]—kn 1 9 1/2
< B~ Z 72 cFFtCFFt/f Ui i her i N2
p m=1tt/=1|t—t'|<kn " i€l NIy
p [T/An]—kn

\/ k200 Ay Auin(V-)

1/2
E(|[Veml*h2,  {X:})) CK2AZ) < C
> Bl (X)) CRAT) N TR

s
S?(E<—2
p p

m=1
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It then follows

LA
]_QZ Z 52 CFFtCFFt’f Uil gt s i A, )
=1t =1t~/ |<kn " i€IPNIT
T 70 L (T/A] .
B ST S SRS SRR
mum! =1 ¢4 =1,[t—t'|<kn, ”zeI”mI’}ss/ Lls—s'|<ky T i€lPOIT,

1 ~—1 1 ~— 2 A2
]E(CFFtCFFt’CFFsCFFs htmlht' mlhtm’lht’ 'lf umz mj) < k A :

Then as long as k2A,/(py/p) — 0, which is implied by k2A,, — 0, we have

A, 'V,
—|= a;nAy,,|| =0
Hzl o | P<)\/pp

On the other hand, ||%ala’2|| < %(HalH2 + |laz]]?) < oP(l))\min(%VU + %Vv)~ Thus
E*(aj —a;)(al —ay) = oP(l)/\mm(%V Vv).
[

E.4 Technical lemmas
E.4.1 Lemmas for the estimated factors

Lemma E.2. Suppose knpJ 72" = o(1) and pk2A,, = o(1). Then
(7') knA Zze[” A F’l,b PHA = 0P((k p) 1/2)

(i1) knA Zze[" A"FA”F'[GZ 1 — Gy)'Psy = op((knp)~1/?)

(111) knA Zzem A”FA”F’[ i1 — Py = op((knp)~1/?)

(iv) Cot(GL Pry — gi) = op((knp)~/?)

Proof. For notation simplicity, we assume K = 1 in the following proofs. The proofs for the
general multivariate (but finite) case is essentially the same because one can consider terms
clement-by-element. Also, write f; = ATF//A

(i) We first show that, for 1; = Ain éﬁ) asds + A f A, (Bs = B—na, ) dF
— Z l4b,]> = Op(1).
ZGI"

In fact, ﬁp > jern | Ain féf’{mn a,ds||> = Op(1), and by using I[t6’s formula and the Burkholder-
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Davis-Gundy inequality, we obtain

D IDIL (el MR MY

m 1jelp DA
<SS E(gy [ B Bua ) IPds)
Finp m=1jeI} A% Ji-na, b=y
Ly S e [ - G-nay
< Ls—j—lAnd5>§L.
nP ~— jelr A% G-1)An

Next, note that pk,A,, — 0. Also E||P,||*> = %Eht,” =O0(p™). So

— Z ATFiP,; < Op( A1/2 Z 4, H 1/2 (A}/?) _ OP((knp)_l/z)-

zel" zel"

(i) (iii) The It6 semimartingale assumption of X;; implies that, by the Burkholder-Davis-
Grundy inequality (cf. Chapter 2 of Jacod and Protter (2011)), E(||X;i—1 — Xl |.7—"i,1) <
(E(]|X0-1 — X2 | .E_l))l/2 < Lk, A, for any i € I, where L is a positive finite number
that does not depend on i € I}*. In addition, by the differentiable assumption on g;(¢,x) :=

g1 (x), we have:

0g ogi(t,x
181i-1(Xpi-1) — ga(Xu)|| < sup —gz ’ o=t + SUP —gla(x ) X
t,x
< kA, +CHXM - X“|| (E.21)

So E(|gri—1 — guil? ‘ Fio1) < CE2A2 + CE()| X1 — Xu)? ’]—"i_l) < Lk,A,, for some L that
is independent of (4,1). It then follows that, due to pk2A, = o(1),

kn Z AnFAnF,[GZ 1= } ljtlH2 < OP Z Z |f/ 8m,i—1 — gmt”
el m 1ielp
1 & ) _
< Op(1)EE ]{;_p Z Z £ [gm,i—l - gmt”Q“’rﬁ?l = Op(kndy) = op((pkn) 1)-

M m=1 eIy

The proof for (iii) is the same because I'; is also It6 semimartingale.
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n n

(iv) Note that [ Yol < (& ierp 1B 2( Ciesp IEI1%)12 = Op(1). So
It (G Pea — gue) | < Op(J7") = op((pkn) ™).

Lemma E. 3 Suppose J = o(p?), (J? + ko)A, = o(1), and k, = o(p?).
(Z) 2 tkn\f >ierp Pic1CuwiPiz1g = op((knp)” 1?)

(i) knAn Zzel" *—'3th Pi 1, ATU'P; 1, = op((kup)~ 1/2)

(iti) 5xy Siery Bae 5 (Pic1Bi 1 — PuB)ATFATUP; 1y = op((kap) /%)

(1) 5o ety Ba0 5Pt (AT UAIU — EATUATU)P; 1y = op((knp) %)

Proof. By Lemma E.4, [|E;,| = Op(1). Also, [|E1.]| = Op( k—‘]p + l)_

(i) ‘E'/ltkm[ Zzel” 1Cuu7iPi—1,l” = éZzeh zléIQH‘—‘ltHOP( ) - OP( kn’p + %)p_l
which is op((k,p)~'/?) given that J = o(p?) and k, = o(p?).
(if) B|Pi—14]1* = O(Jp7").

1 1
E —AP,_ 1. ATUP,_|I? E(Y P AMU'P;_,)?
kf A Zezl; \/]_) 1’4)1 7 l,l” k?l; ZGXI;L i— 1k¢z i 1,l)
- _ZZE 1 ATUP ) :_ZZE _1%i) )’P;_ 1 Var(AfU|F_1) Py
p " k<piell n k<p i€l
< C?Z]EHPHH%HMHZHPHJHQA?@
pry, el
J
< E|P; = - 3,. 2 A
- Ck?; 1P ”H [iei?,se[%zr'l—al}){m,mn]p||ﬂs ﬁ(lfl)An” +J n]
= op((k.p)~ 1).

(iii) We use the same argument to reach

1 1
Z _(Pi—lﬁifl - Pt/Bt)A?FA?U/Pi—Ll”Q
knAp ey VD

= - Z —E O (PiaBiy — PiB)ifiiPi1 )Y (P18, — PuB)ifiuiPy )

Ell

k<p ” ielp JeIy
! / 2
= - E E E 171ﬁ¢_1 _Ptﬁt)kfiuipifl,l)
k<p 16["

- _Z Z Z ZE i— 1161 1 tﬁt)deLl,lE(uiu;fdifd’i|-7:z‘—1)Pz'—1,l(Pi—1,3¢—1 - Pt/Bt)kd’

P kn eIt <K d<K

o8



cJ koA J _
—maxsupEHP kB — P27k5t||2 < O( ) = o((knp) ™).

o knp k<p el knp

(iv) Similar to the proof of Lemma E.2 (iii),

Ell+

1 1
§ —P,_ 1 (AJUAU — EATUAPU)P,_y |2
knln S /P

S k2 E E g E Ehz—l kr i—1 lmhz 1 kr’hz 1 lm/COV(umzuma Uy Uyt 1|E l)
p k<p i€l myr<pm/r’'<p
< E E max By grhic1 imPio1 g Pie1im| E E |COV (Ui Upiy Uiy |
ik, lm,r’ m’
k<p il m,r<pm/,r’'<p
1 1
—1

< [k maX|Ehz Lierl = 0((knp) ™).

n

Lemma E.4. Suppose the eigenvalues of SIG/chslG/j are distinct, (J +p)A, = o(1)

(i) Vit = 0p(1) = V0.
(ii) | E24ll = Op(1) = ||Es.|
(iii) [E14ll = Op (/75 + 3)-

(iv) Hyy — ’I‘ntc;}w =o0p(1) and (X, X))~ = Op(1).

(v) Yo — Yy = 0p(1) where X, is nonrandom conditional on X;.

Proof. (i) Recall that \Aft is the K x K diagonal matrix of the first K eigenvalues of
;ﬁZzeﬁb A AYYAMY'P, = ﬁzzgn GtA”FA”F’G’ + op(1). Let V; be the
K x K diagonal matrix of the first K eigenvalues of T A Zze[" G:ATFATF'G). Then
|V — Vt|| = op(1). Note that ||Vt|| = Op(1), which implies ||Vt|| = Op(1). In addition, the
K th largest eigenvalue of A D oic I A?FA?F’ G} is the same as the minimum eigen-
value of cFFth’GtA}/;“ where Cppy = 5 >icrp AYFAYF', and is bounded away from
zero. Hence )\mm(Vt) > Amin(V¢) — op(1), which is bounded away from zero. This implies
IVl = 0p(1). o

(1) By () and 1 3, IATFI2 = K [l = | e Xy PraBy  AJFATE V7| =
Op(1). Also, ||E;.]| = Op(1). Hence ||Bs¢|| = Op(1). -

(iii) The triangular inequality and the expression for A?’F — H,A'F in (E.7) yields, by

Lemma E.2,

ZPlflA?U@/H S a; + ...+ as,

T Gern
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a; = ZP LIATUATF|Op(1) = Op((I/ka)?)

n nzeI”
1
a, = knAnieZ,n \/_A WP 10, ATU'P,_1]|0p(1) = Op(J(An/kn)?)
1 1 )
a; = | kHAH;ﬁPi_lﬂi_l—Ptﬁ»A?FA?UPi_luop(l)=0p<¢AnJ>
ai = [ 3 LR (ATUAIU — EATUATU)P, |05 (1) = Op((kup) %)
kS0P L ’ !
1 1 1
_ — P, (EA"UA"U)P,_ 1) = —).
a5 HknAanZ[ZZ \/Z—? (2 1( ZU 'LU) (2 ].“OP( ) OP(\/@)
So
n n _ 1/2 -1/2
k A ;PZ ATUATE || = Op((T/ka) V2 + p7?). (E.22)

In addition, by Lemma E.2,

> PiapA, A"F||<b1+ .+ by

kn n
e]"
b, = H_ZP] 19, ATF |Op(1) = Op(\/pAL /).
Gln
1
by = —Adll—~ ZPJ 19,;95P; 1] 0p(1) = Op(Any/p)
\/_ n i
b3 = ZPJ 1’(/)]\/—j /8] 1PJ 1= IB;Pt)HOP(]')
jGI”
< Op(VA, p)(m%Ell\/—(ﬁ] P = BiP)1)Y? < Op(An/pkn)
by = ||_ZPJ 19— A?UPJ 110p(1) = Op(J(An/kn)'?).
jGI” \/_

Hence because A, k% = o(1) and

ZPJ 1¢AAF||<OP(\/(p+J2 VAL kn 4+ A/ Dhn) = Op(\/ (0 + T2) A, ).

n njeln

Together, ||| < Op(v/(1 + J2/p)A,/kn) + Op((J/ky)V?/\/D+p~') = Op( +4)

k'np p

(iv) By definition ¥ = 5 3,0 APFATF. By (E.7), 15 3oy | A7F~H APF|” =
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op(1l). Hence Y,; = op(1) + HyyCppy, implying Tnteg}% = op(1l) + H,;. Also, H,; —

Tntcfmlw = op(1) since 6}?},7t — c;};,t = op(1). Finally,

1
kn A

N ATFATF = I = Hy@pp H), + op(1).
" jerp
Hence Apin (Xt X)) > )\min(Hn{c\%F’tH;t) —op(1) > )\mm(Hmﬁ%FﬂtH;ﬁ)C’ — op(1), which is
bounded away from zero. This finishes the proof.

(v) Define sp; := %B;Ptﬁt. Let V* = diag(Y,usp.Y,;) be a K x K diagonal matrix
whose diagonal entries are those of X,;85:X",. Also, by part (iv), V*~! = Op(1). Let

¢ = A ST VIAFAYF (B, P, — BIP)P.S, = op(1)
JGI”
& A—vtk— S (H,ATF - AF)ATF = 0p(1),
v jery
C, = Slg/f"f;tV**l/?-

Then the columns of C,, have unit lengths. We now divide the proof into several steps.
step 1: show that the columns of C,, are the eigenvectors of sjlg/i/c\pF,ts}g/i + op(1).
Note that

1

H, = —&;P8,=op(1)+ V! ATFA'F'B,_P;—P3
N/ \/— kA, ; j—15 35— \/— t
= op(1)+c1+V, " Trsp,.
This implies \A/'thFA”F =op(1) + TntthFA”F We have
Vt(HntAjF — A;LF) = Op(l) + TntSB,t AJF — Vt—AnF (E23)

VA, VA, VA,

Right multiply by \/%A}‘F’ and average over j € I

1~ 1 /\ ~ _
Cy = _Vtk‘_ Z(HntA?F — A?F)A?F/ =op(l) + YuspiCrre — ViX

A
n " jern

We have V,Y,,, = Y,iSp ©Crri+op(1). Left multiply V*~/2 and right multiply by Sjlg/i, and

reach V**l/QvtTmsB/t V*- 1/2TntSBtSB/tCFFtSB/t + op(1). It is more convenient to look
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at its transformation: ngT;t\AftV**l/Q = sl/fcpptsgfsgiT;tV*’l/Q +op(1). Since diagonal
matrices V*1/2 and {\/’t are commutable, we have Cth = sgf/c\pp,tsgi(]n + op(1), which
further implies

C,V, = (stcFFtsB/t +0p(1))C,.

This implies the columns of C,, are the eigenvectors of s B/?EF F,tsjlg/i +op(1).

step 2: show that || Y], — salt/QAV*l/QH = op(1).

Note that sg; — sp: = op(1) and sgj/c\ppﬂtsgf slG/f fsgf = op(1), and the eigenvalues

of slc/ fcfsgt are distinct by our assumption. Then by Sine-Theta theorem, columns of

C, — A =o0p(1). Thus

10— 5 PAVA2 ]+ sl = s llIAV2)
[(55:*(Co = A)V2| 4 0p(1) = 0p(1).

I, — s *AVA2| - <
<

where we used definition Y, = s;t/ ’C, V2,

It remains to prove that V* converges in probability. By the definition of V*, it suffices
to prove that Y,;sp5,Y,, converges in probability to a matrix that is non-random conditional
on X;. This is done by step 3 below.
step 3: show that Y,;s B,tT;t converges in probability.

—/ —_—
On (E.23), right multiply by \/;ATA?F and average over j (note that ﬁ Z]. AMFATF =1):
1 &1

—_— ~
A_thk_n ' (HntA?F — A;’F)A?F = Op(l) + TntSB,tT;u — Vt'

~ —_— ~
Note tvté Zjel{l (HntA?F — A?F)AZF = Op(l). Thus TntSB,tT'Int — Vt = OP(1>. More-
over, the proof of part (i) implies ||V, — V|| = op(1), where V, is the K x K diagonal matrix
of the first K eigenvalues of m Zieltn G:ATFATF'G). Also note that

Z G, A'FA'F'G) — —Gtch | = op(1)

el

kJA

and the first K eigenvalues of 1Gtch’ are the same as those of cl/sztcl/z. Let V, be
a K by K diagonal matrix, whose entries are the eigenvalues of SGthslG/ f .= A. Thus
V, — V, = op(1), implying Vt —V; = op(1). Thus Y,48p:Y,;, — V; = op(1) and V* =
diag(X,;sp;X",) — Vi = op(1). Therefore, Y, — X; = op(1), where Y; = V2 A’s 1/2.
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Recall that A and V, respectively denote the eigenvalues and eigenvectors of the matrix
s};/fc st/ ¢, 50 Y is a non-random matrix conditional on X;.
step 4: show that Hntm > jerp AJFATF — Xy = op(1).

knlAn >, IH,AYF — ATF||* = op(1) implies

Y, = > A"F—H,, ATF)A'F' +H,,——

JELy

Z APFATF' = op(1 )+Hm Z A'FATF'.

G]" EI"

k;A kn

Then the result follows from Y,; — Y, = op(1) Q.E.D.

E.4.2 Lemmas for the bias correction

The following technical lemmas are used to prove that the estimation errors for the bias term

are negligible.
Lemma E.5. Suppose k, = o(p®),k2A,, = o(p). Then
F? Somet [Dier, 3 2oumt Mic1ahio1ma (@ — ug;)]? = op(1)

Proof. Let Al'Y, denote the d th component of the p dimensional vector AY. Then for
i€ IP, g = ATYAL? — B T, implying

~ S /_ ~/ o
Uz — ug; = A ag;1 — EH By — H' Baiy) — By (f — Hyfy).

Also, Bd’t = ﬁ Zjelt" K]@A?Yd implies

I@d,t - H,nzlﬁd,i—l - (D Tnt)lgdz 1 where
1 ~
C = k_Zf ]d+—ZA Fagj+ - fo;ﬂdyj,l
ey " jery " jerp
1 s .
D = - > f(Huf - £YH
jerr
Thus we have
Ugi — U = A}/2ozd7i,1 —fH [ Z fiujq —|— Z A?Fag ;- 1]
EI" ]GI"
—f/H),— Z £8/(Baj 1 — Bai ) — Bus 1 (B — Hyf)

JeI}
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1 ~ ~ 1 ~
+/Bil,i71Hr:t1k_ > (f — Hyuf))FH,, f — f{Hﬁnk— > (f — Huf)uja.
" ey " jern

(E.24)

We also have

i—1,1dNi—1,md udz udz)]
m= 1 zEIt d=1

IA

i— lldhz 1,md ud’L udz) ] .

i—1 ldhz lmdudl (ud’L udz
m=1 zEIt = m=1 EL: =

Substitute (E.24) in the first term on the right hand side, it is straightforward to show the first

term is op(1) and we omit the details. Also ¢ 2 [Zlezt » B hic1galic1 ma(Tai—ug)*]?

is bounded by by + ... 4+ b7, with each term deﬁned and bounded below:

knA2
by = i—10ahi-1malna;_4]* = Op( ) =op(1)
m= 1 ’LEIt p
1
by = i—11ahi-1,ma(fH Z fiua)’]” = (7) =op(1)
m= 1ZEIt d=1 ]EIn p n
k,A2
by = i—1,1aMi—1,mad( ZA Fag;1)7]" = Op( ) =op(1)
m=1 ZEIt d= ]ejn p
b4 = i—1 ldhz 1 md f H/ Z f f/ /Bd,jfl - Bd,ifl))z]Q
m=1 zEIt ]EI"
S 2p Z Z ||16dj 1 /de 1||4
n d 1ia,5€ll
k,
< Op(=2)— Z D 1Byt — Bl
p " kap d=1 jeIp

Write By, _1 — Bar = ng]\{l + Mﬁmf + Mdj 1, Which are the Brownian motion, jump and
drift decomposition; see Chapter 2 of Jacod and Protter (2011) for detailed definitions of each
component. Then by the Burkholder-Davis-Grundy inequality (cf. Chapter 2 of Jacod and
Protter (2011)), max,<, Emax;csp ||1\/[le§\41||4 = O(k2A?Z), maxy<, Emax;esn ||Mi;;7ﬁ’i||4 =
O(knAy), and maxy<, Emax;emn ||M dj— IF = O(kEAL), so maxXg<p, Emaxem ||[‘5'd7j_1—6d7t||4 =
O(k,A,), implying

bi = Op(kyAn/p) = op(1).
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Also, note that, by the Burkholder-Davis-Grundy inequality (cf. Chapter 2 of Jacod and

Protter (2011)),

(E.25)

1
Z\lf H,f;|' < Op(AL + ) ZH (Pi1Bi — P3|
jEI" p GI"
1
< Op(A} p2 Z%?}f“ i—1,zﬁi—1_P;,lﬁt)H2]2
1
< Op(An+ 5) + Op(max Emax | (P18 — PyB)I)
1
< Op(kA% + E)-
Now by (E.25),
b5 = i— 1ldhz 1,md Igdz 1( - ntfi))Z]Q
m 1 Zelt d=1
ky, 1
< Z £ — Hof[|* = Op(=)Op(K2A2 + ).
n p p
]6[
be = i=tahictma (B Ho = Z — H,,.£;)f H,,.f;)?)?
m=1 zelt d=1 JEL}
< Z Hf H,.f;|%)* = op(1)
JGI"
b7 = i— lldhz 1,md le;ltl{Z Z(/f\ _Hntfj)ujd)2]2
m=1 zEIz JELy
< Z Hf H,,.£[*)* = op(1).
]EI"

Putting together, 5 370 1 [3 iy, 5 21 himtahionma(@y; — ug,)]* = op(1). QE.D.
The following lemma serves as an intermediate step to prove Lemma E.1.

Lemma E.6. (i) max,<, HkL Zje]" A}/%%»(f- — H,.f;)|| = Op(AnVE, + M)'
(i) maxasy || 5= 3 e ey (£ — Hoefy) || < Op(2 maxa 5lld(x5a)[|?) + 0p(1/5E2).
Proof. Note that

1

’(\/T? VP VP
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So (i)
~ 1
max ||— > AV Pug(E — Huf))'|| < Op(1 ) max Hk_ > A g
JeELy n jer \/p

+0p(1 )max|¢dt|||— Z AI/Q—P] 1|
]GI" V/_

+0p(1 )TgaX ||— ; A;/2¢dj%(Pj—1ﬁj1 - P8

AiﬂPj—ﬂ/)g‘H

A,J
+Op (A1) max max iy, — V[~ ZH Py w2 < Op(Auv/kn + ).
err d<p ]6]" pk
(E.26)
(ii)
max ||—n z,: ugi(f; — Hufy)[| < Op(1)(a1 + a2 + as)
E’,’L
1/2
a = maxuiz ! — P, Eujug| < maXZH—Z ! —|P’_, Eujugl|
= 5 Udj j—1,15W;Udg;
d<p kn jEIn \/ﬁ - ]EI” \/ﬁ ’
J
< OP(l)flnaX!led\maXHEujudelZOP( )flnaX!Pyld| Op(— m%X—W(XJd)H)

1
as = max||— ugiCill, C;=—
; VP

1 1
o=l 2 gt Bl
t

(P18, — PiBy)1; +7A1/2Pa 19

Note that for ay, conditional on {C;}, ugCj ~ N (0,07 ,,C%)) where Cj; denotes the [
th component of C;. Then

1
EmaX—ZO'udj 5l < ZEmaX_Zaud] \/]—9( jflﬁj—l_Pt’Bt);fj]Q

]Efn ]GI”

\/_Al 2P/ 17l¢j]2
JELy

¢ max||f; I ZEmaXHP B — PuB

IA

+0Emax— Z ;- 1l”2

]EI"
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< C(Apkplogk, + ApJ) ==, — 0.
Let x = ,/31°gp\/p@/)n log(k ,/loﬂ since A, pk? = o(1). As k, — oo,

P (a3 >2*) = EP (a3 > 2*|{C;}) <EP (a3 > 2*|{C;}) 1{max— Z on 4 Co < onlog(kn)}

JEI"
max— > 02 ,C% > palog (k)
]GI"
< Y EP|| Zud] Cjil > zp 2 {C;} 1{maX—ZUUdJ , < @nlog(kn)}
d,l<p ]EI" ]EI”
—FEI?;%;DX— Zau dj jl/ Pn lOg( )]
JeE}
~1/2)2}
Tp n
< Z Eexp <_L(z: O? CQ ) 1{max Z Ju d] 1< ¥n 1Og( n)} + Pn log(kn)
d,l<p k JEIf " jern
< (21 2k ) + (log k) ™! = o(1)
>~ exp ogp — ——— 7~ 0g kn = .
pn log(ky)
Hence ay = OP(,/%).

L 5 1 2 — P i — Faws i
In addition, a3 < maxgi<p(z- > e 2ja)”, where zjq := Pj_y j(ujug — Eujug;). Condi

tional on {P;_,}, 2,4 are independent across j, and

max— Z Ez2,{P;_1} = max— Z P, 1, Var(ujug)Pj_1; < max— Z IIP;_

JeIp JELy JELy

So for any fixed M > 0,

1
Plmax - SO EZ|(P, 1} > M) < Plmax - S by > Mp)

l
jEI" JEIy

< M 2Emax Zhﬂ )t < M'p -1l ZE Zh] L)' = o(1).
JeIp JEI;
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-1
Therefore for x = wp—l/{

Plag > z) < EP(%gﬂ— Z zig| > z|{P;_1}) < P(max— 2{: E2%,{P;_1} > M~ 'p~'/?)
" jerp

+EP( max\— Z Zia| > c|{P;_1}) 1{max— Z]E d]{Pj,l} < M*lpfl/z}

]EI"

ﬁ Zjelt" Ezgzd’{ijl}

< Eexp (QIng— i ) 1{maX ZE Py <M p % +o(1)

]GI”
< exp(2logp — ¥*Mk,) + o(1) = o(1).

Hence a3 = OP(,/%).

E.4.3 Lemmas for the estimated factors: bootstrap

Lemma E.7. Suppose kopJ 2" = o(1) and pk:A, = o(1). Then
(i) knA D iern A"Fd) P; A, = op((knp)~Y/?)

(i) knA S el AnFAnF'[Gz 1 = G* Py = op((knp) /%)

(i) fas Doiery ATFAPF'[T; g — T Py, = op-((kap) ™72

(iv) Yot(G1P7, — g1t) = 0p+((knp) ™)

Proof. The proof is the same as that of Lemma E.2, so is omitted.

Lemma E 8. (i) tx- A e Ba = AP 1¢¢A?U*IP3—1,1 = op+((knp)™'/?)

ielr =3t /p
(i) knA Diery By (PiciBi — tﬁt)A?’FA?U* P: = op-((knp) /%)
(iii) Tnln A Zze]" :gt\[P 1A?U[A?U*,Pf—1,1_% AU 1m(1q);71¢)’i*1>_1¢i—1,l] =

OP*((knp) 1/2)
(1) g Yiery B0 5Pt ATUL 300 [APU 07 1 (@11 ®ict) ™ i1y — AT Unihic ] =
OP*((knp>_1/2)

Proof. (i) Straightforward calculations yield

1 , 1 1 , 1.,
— P, ATUP: || = |— S —P 19, ATUY @ (=&, ®F_ ) 'o,_
I Z;\/ﬁ 1 ol Hknp;ﬁ 1 1(p 1271) il

nT T+ A * 1 s/ k| —
< Op (VAW ALK,) + ZH—Z ¢z P ATU (I)i—lH%?’K;(I)t &)
EI"
< OP* 1/2 Z ”_Z ¢z lle lm’lpzA?U*/@:—lH%’]l/z'J

ZEI”
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We now show the second term on the right is op-((k,p)~/?).

EkanQ Z H Z Z d)z lle 1m¢A?U;¢:If1,dH%‘
m=1

n lGI”
S A knpjzz Z E|_ZZ z 1m¢udz¢z 1dq2¢z 1lq1‘
m= 1q1 qg<J d 116["
+A knpjzz Z Z ’_Z z lm¢ud1¢1 1dq2¢z 1lq1‘
m= 1q1 QQ<J nze[”\/ﬁ
< CAnJB ;2 ;- rall*llir,ll® < CA J3ZEI}%&;< Ehi—1,dahi-1u
el

< O(AnJ?’) < o(1).

(ii) The object is bounded by

Z || (Pic1Bi1 — PiBYIP]? = Op+ (v Aukn) = op-((knp) ')

ze]"

(iii) The target is bounded by

1 n n * 1 Yy * _ ]_ _
Op(1)[15~ > =Pt AU ZA Ui s nl 0T 1®10) 7 = C@L1@i)
e VP P
< a3+ ay+az where

1 1 n 1 ¢ nyrk gx 1 * * -1 1 * s\ —1
ap = Op(1) knAnie;L%Pi—lAiUgmz:lAiUmd’i1,m[(5‘1’11q’i1) _(5@15 ;) kbi—l,lH

< Op«(VAK,) = OP*((knp)_l/Q)

1 1 i} T I U
az = Op(1) knAn;\/]_)Pz 1A U— ZA Un @i 1m[( @) 1—(];@2‘1%) el

< Op(VAnky) = op-((knp)™?).
1 1

1 1 <& , ,
az = Op(1) > —Pi,ATU- Z A?U;L(Pf_Lm[(—‘I’Q‘I’t)_l — (=®; ®}) gl
el \/2_) p b

Op-(1 Z I

kA,

Zd)z ll P’/L ldAnU ZA“U; ;k/ 1,m||%']1/2

el

IN

’I’L
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/

It suffices to show knp‘]f D e kn Zleln b, 1l\fP; 1 dA"U > A AU 7y I F = ope(1):

p
EknJQZH Z¢'L 1l i— 1dAnU ZA”U; zllmHF
el m 1

= Ek,J? Z ZE*|—Z P, 1duz Zumzaﬁz L P |

TL

dl,d2<Jd 1 " el VP
2
S k’ J Z ZE| Z Z 1duzumz¢z 1md2¢z 1,l7d1|
dy,d2<J d=1 zeI"
+k J2 Z Z Z |_Z_ i— 1duzumz¢z 1md2¢7, 1,l7d1|
d1,d2<J d= 1 Pr a4 in ielp VP
< —max Z Z |Cov (g, iUmi, Ugy i Unmi)|

el
m,m’'<p q1,q2<p

1
kpJ — Eh? hi hi—1 =o(1
+C Jp mdrggf{eln i—1,dm"ti—1,mm/b%—1,11 0()
given that k,J% = o(p?). The last inequality follows from computing the expectations with
respect to the “u” terms, glven the assumption that A?U is independent of {X;}.
(iv) Note that E*7 LS [ur,
that AU is 1ndependent of {Xy},

>|(/

i—l,m_umi¢i—1,m] = 0. It then follows from the assumption

1 1 1 < ;1
EE’ D =P AU Y AU B (=P @) by — AU 1|
Fn ielp VP P p
"1 < 1 1
= K Z _3 Z Var*(k— Z ngl,kuiu*miqb;:l,m(gq)gfléi—l)_ld)i—l,l)
m= n el
1 _
< EZ Z 3P it (R Bi) T i)
m= zEI"
C’ 1
S ]?Elm%}; E’hl 1mlhz lkq i— lkv’max ;;|COV uqzumzaumumz”
+CmaxZ|Eu U |maxZ|IEu Umi|  max  Elhi 1 ggPio1mihi—1 kg smi
p qt mi / —~ ql mi 7j,k’q7m7l7q/ (3 ,kq'Y1 ,m ] ,kq S,y
< o((pkn)” )+0( %) = ((pkn) Y.
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E.4.4 Technical lemmas for Theorem 3.5

Theorem 3.5 is regarding the inference about the long-term instrumental beta fOT grdt. While

the estimator has a similar expansion:

o —

T T
/ g dt — / gudt = a; +ay +op(\/A,/p)
0 0

and similar to the spot case that we need to show that the remainder term is negligible, the
major difference in the technical argument from the spot case is that, instead of focusing on
a fixed window I]', we should be concerned about the behavior and the dependence structure
of the blocking schemes over the entire horizon [0,7]. We rely on the following lemma in

this case.

Lemma E.9. Let ©f be a random variable defined on the block I, hence O} € FJ', . As-

sume O} is uniformly bounded in probability over time t. Consider a deterministic sequence
R, — +oo. If, for any finite T', either

sup E(R,|0}]) = o(1), (E.27)
te[0,7)

or
sup E(R2|07 %k, A,) = o(1),
t€[0,T

sup |E(R,O; | Fi')| = op(1).

te[0,7

(E.28)

is satisfied, then we have the following result:

LT/AnJ_kn_l 1 kn L(Aln*to)/knjfl
R,OFA,| = |— R,0O% k,A,| = op(1).

Proof. Consider a non-overlapping blocking scheme that has block size k, and starts from
the interval tg = 1,--- , k,. For any finite T, let

(= —t0)/kn) —1

th = RaO%, co kny.

t=0
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Then we have Z}ZSA”J_IC"_I R,O'A, = Zto Vi
First, in the case of (E.27), by Markov s mequahty, we have

' (= —t0)/kn) —1

“E(VI)<-E( Y Ral®lkiA.) =o(1).

t=0

—_

P(|Vigl > ) <

(@)

This holds for any #, and finite 7. Then P(\i S VT > e) < LLS™ EB([VT)) = o(1).
Next in the case of (E.28), it follows that

)

(L —to) en ] —1

E(\vgﬁ):E(‘ > ROEA,

t=0
(£ —t0)/kn] 1 (£ —to)/kn] -1
:]E( S (RORA) Y R2eyEY, +t0(knAn)2)
t=0 s#t,s,t=0
(2 ~t0) on) 1 (a5 ~t0)/kn=1
- ¥ E(E(Ri\@m%nAn | f?))knAn+2 3 E(E(Rn@g | F7) Rn@’;) (k)2
t=0 t>s=0
L(A-—t0)/kn]—1 (= —to)/kn]—1
= oDk +2 Y o(1)(kaAy)* = o(1).
t=0 t>s=0

Then by Markov’s inequality, we obtain P(|V,T| > €) < SE(|V,X 2) = o(1). Again, this holds
for any ty and any finite 7.
Consequently, Markov’s inequality and Cauchy-Schwartz inequality imply that

1 1 /1
P(|— Y VIl >€) < SE(|—= Vi)
nt():l € nto:l
R .l 11 on
<SE(D 5 DOIP) < 5 SE(VIP) = o()
€ to=1 T tg=1 € n to=1

Lemma E.10. (i) \/p/A, [T/A i AnAF}tk ietr ATFYiP,; = op(1)
(ii) \/p/ A, S AR p Gt G, = op(1)
(iii) /D] Ay L “ AnAFlFt,%gn Y ATFAIF[Gi g — Gy]'Pyy = op(1)
(iv) \/p/ By ST A e Ve ATFAIF Ty — TY'Pyy = op(1)
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(v) Forq=1,---  kn,

kn

p (T/(knA n)] kn—q 1
/ /=1 -1
(CFF,tknJrq CFFtknJrq E :ftkn+q+ium,tkn+q+z‘htkn+q+i—1,ml knAn
n n .
i=1

Proof. (i) Recall

P, = A_n/( ads + A (ﬁ — Bu-na, )dF

i—1)An (i-1)A

For any to = 1,--- , k,, define

[1]

(1) .= —ZA”FaZ Py

ZEI"

where we recall, writing ;1 := ay at t = A, (i — 1),

P, = o1+ {[;l + WZZ-, where
B 1 1Ay
’lpi = _— aS - aif ds
An (z‘—l)An( 1)
Y )
#’i = A /83 -8 i—1) Ay, F
An Ji—1a, (-na
We now show that
[T/ Ap]—kn
VP Z A, Crp E(1)F = op(1)
T/An] En )
VP Z Anc CFFtk Z ATFEmiPyy = op(1), mi =1,
el

In the above three terms, only the term involving b, can be simply proved by applying
the Cauchy-Schwarz inequality. Proving the other two terms (involving a;_; and 3, —
B(i-1)a,) are more involved. The proof for the a;_; term relies on the fact that c;; is
Fi_i1-measurable.

We first analyze \/p/A, S} T/ Anl=hn A€ E(1)7. Note that Z(1)7 is bounded in prob-

ability and is measurable to F/, . Using the localization technique, we can strengthen that
=(1)7 is bounded.
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Note that
E(|AFa; Py||* | Fity) < LA,

One can verify that for any t =0, -, L(Aln —to)/kn] — 1 that
-1 =r1\n 1 -1 n
‘E<CFF,t:<1)t | FZI)‘ < . Z HCFF,tE(Ai a; 1Py | —7‘711)” < LA,
"ery

Moreover, we have

-2
C
E((crkZ(00)° | ) =E(=0 37 ArFal Py ATFgIPy | 77)
nooggelp
-2
C
= B Y E((ATFal Pu)* | FL) | 77)

noogelpr

—2
C
P S B (AJFE(AIR | FL) o Pu | F 6P| )

noi>jelp

+2E<

Let R, = \/p/A,. Then, as long as pA,, — 0, we have (cf. (E.28))

< Ly/pA, = o(1),

A
sup E((R2()7) kol | ) < L= 2 kuldy = LpA, = o1).
te[0,7) n hn

sup} ‘E(RnE(l)? | ]-"t")

tel0, T

According to Lemma E.9, it follows that \/p/A, Z%Z{)A”J_k”_l E()rA, = op(1).

It remains to show that

| T/ A | —kn—1

Vp/An Z (/C\l;}f,t - CEEt)E(l)TZAn = op(1).
t=0

Note that (Cpp, — Cpp,)Z(1)} is also bounded (according to the localization technique) and

measurable to F}*. For any ¢, Crp, is a consistent estimator of cpps. Since cpp, is bounded

above and below on [0, T, continuous mapping theorem implies that €;p, — ¢z, = op(1) for

any t. There are two main sources of error in Cppy — cppy (see, e.g. Jacod and Rosenbaum
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(2013) and Ait-Sahalia et al. (2017)):

~ ATV N2 1
Crrt — Cppt = Crrt Z (( ‘ ) — 1) + — Z(cFF’Fl — cppy) + higher order terms,

k vV k
" eI An " iery

(E.29)

where W is the Brownian motion that drives the factors. Here with abuse of notation,
we write Cppi—1 = Cpr(i—1)a,- Recall that cpp; is bounded from below on the inter-
val [0,7]. Denote this lower bound by c. Since cpp; is right continuous almost surely,
with an overwhelming probability, cpp has small jumps over the local window. Formally,
IP’(|% Zielf(cppﬂ-_l—cppytﬂ > g/4> = 0(1). Following the argument used in Jacod and Prot-
ter (2011), it is sufficient to prove the desired result on the set {|ﬁ Yierr(CrRi-1—Crr)| <

c/4}. Conditional on this set, Taylor expansion implies that

Crpky — Crpr = %(EFFJ/ —crrg)". (E.30)
m—1 CFFt
Therefore, to study (Cpp,—Cpp,)2(1)7, we need to analyze (EFF,t—cFF,t)m% >ierr AfFoi_ Py
using (E.29). We focus on the non-overlapping blocking schemes, and the overlapping block-
ing scheme then follows from Lemma E.9.
We shall first study its mean. Consider m = 1. With the first term of (E.29), we have

(5 - )5 Dol

"ierr

whose mean is at most O(A,,). As for the second term of (E.29) multiplied by é >

its conditional mean is given by

/

el

1
n /
’E(k—g ) (Crrj-1 — crr) AFa) Py | ft> :
"o el
Since we are studying the continuous factor F, so AI'F is a Brownian increment, hence
it has zero correlation with the jump increment of cpr;_1 — cpps. Therefore, it suffices to
consider the Brownian part of cppj_1 — cppy.

When ¢ > j, the factor increment ATF does not overlap with cgp;_1 — cpp;. Therefore,

5



one can use the Law of total expectation and obtain that
E ! A"Fa/_ P "
o) > (crrj1 —crr)AFa, Py | F,

"i>jely

< Lk,AZ.

When ¢ < j, the factor increment AF may co-move with its volatility cpr,; over this small
interval. However, the order of this co-movement is bounded by O(A,,), uniformly over all

such intervals within [0, T']. Following this argument, tedious calculation yields that
1
‘E(ﬁ > (Crrj-1 — crr) AfFa) Py | ]-"[”) < Lk, A2

noi<gelp

Now consider the case with (Cpp; — cprt)™. Again, the cross product of A?F and the
first term’s any integer power has zero expectation. For the second term, following similar

argument, we can obtain

1
‘E<ﬁ Z (crrj_1 — crry)"AFal_ Py | }?)‘ < Lk Ay A,,.

" oi<gely

Since >, %(I%An)m < Lk,A,, we get, almost surely,
FF,t

sup v/p/A, < Ly/pk, A3 = o(1).

t€[0,T

E((€rk: — crkd) 2! | 77

Next, we consider the variance. As we shall use the Cauchy-Schwarz inequality, consid-
ering the conditional variance is the same as considering the unconditional variance. We

have
a1 —1 \2/=(1\n)\2 1 —1 \4 —pmay ) 2
E((CFF,t — cpry) (E(1)F) knAn> < (E((CFF,t — Crry) JE((E(D)7) )) kA

The analysis of spot volatility estimator and continuous mapping theorem suggest that
E((E;llp’t —Cppy)?t) = O(1/k2). The leading term in the expansion of E((Z(1)})*) is given by

1 1
IE(F Y (Aol Pyt + = (A;LFa;,IP“f(A;Fag,lpt,l)Z)
nely nigery
AY A7 A?
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It then follows that, for R, = \/p/A,,

sup E( R (€rky — Crp) B0 Haldn ) < OAn/k) = o(1).

te[0,T]
Therefore, under the same conditions as above, we have

|T/An]—kn—1

VoA ST @k — ik ) E)PA, = op(1).
t=0

These yields: /p/A, ZLT/A"J ~hn _161311”; ierp AfFai_ PyAy = op(1).
Next, we show /p/A, SIIE/An =k AnCrpyi iern ATFmPy = op(1), m; = 0, P;.
By Ito’s formula, one can show that

Vp/An ||E(CFFtAnF¢ Py | 77

1Ay

<Vp/A, ||E(CFFt A, / (Bs — ﬁ(ifl)An)dSPt,l | f?)“ < Ly/pA, — 0,

(i—1)A,
p/An[E(lcp, ATFg,|* | F) || < LpA, — 0.

According to Lemma E.9, it follows that /p/A, Z}Z{)A"J‘k - c;}tA?Fz/:)iPt,lAn = op(1).
To get

|T/An]—kn—1

Vp/An Z (/C\l;}?‘t cFFt)A”F'I,[; PuA, = op(1),
t=0

one just note that although A F 1/2)1 is an even function of the Brownian motion driving F,
the increment (B, — B(;_1)a,) = Op(VA,), and its mean is of order O(4A,,), uniformly in s

and 7. Therefore, the mean of

nyF m
() 1) i

is at most O(A,,). For those terms involving (cpp;_1 — Cpp¢), note that it also shrinks to
zero uniformly in j and ¢. Either case, one can replace o, ; by 1;, and the above conclusions

regarding «;_1 also holds true for 17% The desired results readily follows.
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Finally, Cauchy-Schwartz inequality and Burkholder-Davis-Gundy inequality imply that

(E(ICr k. ATF; Pl | FiLy)” < E([€rp ATFIP | Fly) B[Pl | Fily)

< LA, E( [ I(exi-1)an+s = —na) I* | FLy)IPull® < LAT.

It then follows that

[T/An]—kn
E(||vp/An Z N cFFtk > ATFgP,|)
el
[T/An] B
<\Vp/A, z A—z (B([erk ATl | 7))
el
[T/An]
<\/p/A, Z A—ZLA < Ly/pA, — 0.
ZEI”

(ii) Define
5(2)? = [Pth - G’t]l.
The sum ZLT/A"J “FnZ(2)7 A, is the average of all such Z(2)7. Therefore, with \/p/A,J 7 =

) VDA T E @A, = op(1).
(111) Define

1
EB); = 5 ) AIFAIF(Git — Gi|'Pyy.

M e

Write w;_1; = [G;—1 — G¢]'P;;. One can verify that

E(ZG); | f?)'
1
~|E AIFAIFwi | T ‘
(ha, 2 w1 77)
< E(klA ZAgFA?F'wi_l,t|ff>‘+‘E(k1A Z(A?FA?F’—A?FA?F’)WFM|]—“t">‘
< Lk,A,,
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and

(En*17)

E
1 n n/ 2
:E(m z%; (ATFAF'wi_1,)" | -7'?)*‘

1

]E(—<k A > (AIFATF'wi 1) (AJFATF'w, ) | F)

i#jel}

< LA, + Lk, A,.

Since cpp, is Fi-measurable and is bounded uniformly in time because of the localization

argument, we obtain the following results

sup E(\/p/Anc}}’tE(B)? | ]-T)‘ < Ly/pk2A,,

t€[0,T]
s[up]E((W/Anc;;,ﬁ(sw)%nm | ) < Lok,
te[0,T

Hence we have condition (E.28) verified. It then follows that as long as pk2A,, — 0,

\T/An]—kn—1

Vo/A, Z c;}ﬂtE(?’)?An = op(1).
t=0

It remains to show that

| T/ An | —kn—1

VoA ST @k — ek )EB)PA, = 0p(1),
t=0

Recall the discussion therein in part (i) of Lemma E.10. Similarly, we restrict our atten-
tion on the set {|% > ierp(Crri-1 — crpy)| < ¢/4}. Then we can use the Taylor expansion
(E.30). Recall the decomposition (E.29). We begin with the first component of Cprt — Cppy
in (E.29). We need to consider the expansion of

> () )"

Jelp
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When m = 2r is an even number, the leading term of the above conditional expectation is

P, A7 TWE N2 2 AP TWEN 2 2
‘E( v 2 () ) (Bs) Y

e}

1 APFATF/ 1 A
LN [Ty < LA, = L2
: e ieln Ay (G a .7-}")’ Tk kr—t

When m = 2r + 1 is an odd number, the leading term becomes

P, A7 W2 2 A7 TWE 2 2
s Y () 0 (G )

JreFGrAIE]

x ((A%F)Q - 1)Mi—i?F/[Gi_l — Gy | ]-‘[‘)‘ < Lkrl+1 - Li:.

In general, we have

APWFE m np AP A, cm
o B () S - ) 2

t

where [-] is the ceiling function.

As for the second component of Cpp; — cppy (recall (E.29)), when cpp; and G have
co-jumps, we have

1 m 1 = ATFATF/

‘E(k— Z (CFF,j—l — CFF,t) T Z A—n

Gic1 — Gy]; | ff)‘ < L(c/4)™ (knAy).

el

Otherwise, the bound will be replaced by L(k,A, )™ /2 In either case (whether co-jump
is present or not), the second component dominates the first one. Since cpp, is uniformly

bounded from both above and below, we have anozl (*Lm/f)ii < 00. It then follows that (note
Crrt

(@ +b)™ < 2m~L(g™ 4 p™))

(= —to) /kn | -1

< sup \/MZ (_1c::+21m—1 (‘EQCZ—? Z ((A?WF)Q — 1>]mki Z —A?ZA?F/ Gio1 — Gy | -7'71)'
, , ; n
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m 1 ATFAMF
’ < CFF] I_CFFt) k_Z#[Gi—l_Gt]”Ftn)D

A
jEI" " ern n

L/pA Z /2]+L\/ Pk2A, Z m+1 Pk2A — 0.

FFt

Next, we have
~1 21 \2/=/9\n)\2 ~1 1 \4 vy ) 2
E((CFF,t - CFF,t) (23)%) ) < (E((CFRt - CFF,t) )]E((:(S)t) )) <A,.

The last inequality comes from that E((2(3)7)*) < L(k,A,)%. We omit the detailed analysis

of E((2(3)")*), which follows from a similar argument as above. Hence

sup B (v/p/Bn(@hy — k) 20)) ke | F1') < Lpknsy.

te[0,7)

Then as long as pk2A, — 0, we have y/p/A,, ZLT/A"J - 16}11”:( A, =op(1).
(iv) The proof is the same as that of (iii) so is omitted for brevity.

(v) Recall the following definitions we introduced in the proof of Proposition E.2

kn
§tqg = E CFFtkn+q o E £+ qtiUm, thn+q+itkn+qri—1,mi knQp
=1

k:n
E : FFtknJqu E :ftkn+q+ium,tkn+q+ihtkn+q+i—laml knAn'
=1

What we want to prove is equivalent to

0 [T/ (knAn)l~kn—q
\/ A, V/(gt,q - ft,q)knAn = OP(l)‘
n t=1

. ~1 -1 o . .
Since Crpy 1q — CrEk, +q Oy depends on F', not U, it is easy to show using the above

argument that

p [T/(knAn)]—kn—q ~
VA, E(V' (&g — &ug) | Fir, ) hnAn = 0.
n t=1

Following a similar argument and the cross-sectional independence of wu,,, we can deduce
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that

[T/(knAn)] —kn—q

p ~ n

A Z E([V' (&g — &) | Fii, ) knA
t=1

[T/ (knAn)]—kn—q

k
T 1S, B 2
- Z ]E(_ Z I Z [V/<CF}7,tkn+q - CFllv,tkn+q)fiknﬂum,tknﬂhtkﬁqu,ml} | 3%) kA
t=1 Lo Fin i=1
Then using the above expansion, we can show that the the left hand side term converges in
probability to zero.
O

Lemma E.11. (i) \/p/—A Z[T/A T A Y e AIFY Py = 0p-(1)
(ii) /p/ B ST Ak e Y AVFAIF PGy — Gy = op- (1)
(iii) /p/Bn 3 AnCrptns 2iery AIFAIF[GY, — GI'Py; = op-(1)
(iv) \/p/A, ZT/A"] Ak Ssery AJFATFTT — TPy, = ope(1)

Proof. These are the cross-sectional bootstrap version of those term in Lemma E.10. Since
the proof of Lemma E.10 mainly concerns the time domain behaviors of these terms, the

proof here is the same as in Lemma E.10, so is omitted for brevity. O

Lemma E.12. Let

[T/AR]—kn
a” = A, ) CFF%A ZAHF ZA"U;L Bt ( ‘I’* ;)" Py
t=1 anI"
[T/AR]—kn 1 p 1
ai = A ) Shg A A D AIF- Y AU (- Bi8) ',
t=1 i€l P P
[T/An]— kn
ay” = Z Z mt¢mt ‘I)* ;)
[T/An] kn

a, = Z Z mt¢mt (I)(I)t) oy

Then at* — ai = op«((p/An)~Y?) and a3* — al = op- (p_1/2)>\1/-2 (V).

min
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Proof. (i) Note that ai* — aj = ET/A nl=hn Ofa,. , where

O ~ Gk YA, ZA"U;qb*’ (Core) - Cale))a,
el

Following Lemma E.9, it is sufficient to show that

sup [E(v/p/AnOF|F) =o0p(1) and  sup [E((p/An)|16](*knln)| = o(1).
t€[0,T] t€[0,7]
First, because AU /+/A,, is normally distributed with F;* ;-conditional mean being iden-
tically zero. Moreover, it is not correlated (hence independent) with AF//A,,, which is
also normally distributed. It then readily follows that

*/ s/ % 1 / — 0
B/ S 3 AT ZA”U;; G (B — 0@ $ul 71| =0

el

Next note that the estimation error E}}p’t - C;}p’t does not correlated with A?U/+/A,,. Hence,

following a similar procedure as in the proof of Lemma E.10, we can show that

~— — 1 n 1 & nyrx g 1 L 1 —
’E( V p/An(CFllV,t - CF}?,t)m Z A FZ; Z A; Um¢mt(<]_?q)t @) - (];‘I)Q‘I)t) 1) éulF)| =0
T ern m=1
The above two equalities hold for all ¢ € [0, T]. Hence, we get supc(o 7y [E(\/p/AnOF | F)| =
0p(1)
For the second order condition, we need to show that sup,co E(pk,[|O71?)| = op(1).

Using iterated conditioning, it is easy to show that

Pl B[Sk, g 0 ATF ZA"U* B (B #)7 — o)) a,]

el

(cFFt Z CFF,(i-1)A Z A\/”g P ((1<I>* ;)" (%‘P::(I)t)l)(ﬁztf)

el =1

>k * 1
3 Acillerroya I (27 )7 = C 8@ ) gul P05 |

i€l
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<CJE |E(— ) (Caren - o)) gl
= ZHCFF(z HA n||||CFFt||| t) (1_9 : ®7) (1_? 1 ®1) e

n el
2

1 1
< CJE| ¢y, |I’E* ||-®) ®; — 5‘1’ '®,|| <CJEh, ”p— Z . ]I* < CJp— ZEht o

O(J/p) = o(1),

where, for E;_;(.) := E(.|F;_1), and EZ ; be the conditional expectation with respect to the
bootstrap sampling, given {(u;, X;)} and F;_,

1 & AU a 1
Ay = Ei—1<|l_z \/’—’7‘¢;t||2> :ZEi—lE:—lﬁlgzu;igb;t,le)
” j=1 m=1
p

1
Z —®; . Var(u| F;— 1)¢>tj+p > (B hol?

m=1

JC 1 CJ
_“(I)tHF < —||—‘I’ @, < e almost surely.

IN

IN

(ii) First,

(T/An]—kn 1 1
Bio= A Y R - (BB
t=1 p p
[T/ An]—kn ! 1

< CA, Z |o@r ) - 2@

[T/An] kn

< Op-(DA, Z thmm_c)p* p).

Secondly, by Assumption 3.8,

[T/An]—kn

1
Bom 8 Y ||—vat¢mt|| I

[T/ An [T/ A”l

IA

So |lag* — a3]| < VBiBs < A (V,)O0p-(p71) < MV, )op-(p7Y).
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]

The lemma below is an intermediate step to show that for estimating fOT g dt, the boot-

strap variance “mimicks” the asymptotic variance of the estimator.
Lemma E.13. We have

p [T/An]=kn

z : ~—1 ,
2 Z Z FFch lmlfumz cFFshS mlf Umj

” m=1 ts=1 eIl jel?
|t S|<kn Z;éj

p T/An] kn

pl{:Q Z Z Z CFFt i— 1mlfumz CFFshsmlf Umj = OP( )

= t,s=1  delp,jely
[t—s|>kn

Proof. For notational simplicity, we assume dim(f;) = 1, as one can always work with
the terms element-by-elements. According to the assumption, for m # ¢, w.,; and wug
are independent. For i # j, f; and f; are independent, same for u,, and u,,;. Define

Etim = CFFch 1,mt fitmilgierny. Then the above sum writes as

p [T/An]—kn

pk.2 Z Z Z Z gt,z,m 5573 m {Z#j}

=1 ts=1 eIl jelr

Note that E(f;[F],) = 0 and E(uy,|FF_;) = 0. In addition 6}}7t only depends on {fi}ic,

hence is independent with the sequence {u,,;} for any m. Then we have

E(&im o 1>y ) = E(E(Eim Eusom Liss) | F11) )
:E( smlfjumjhz—l mlE(CFFSCFFt ’Luml|}~infl> ]‘{Z>J}> = 0.

Similarly, ]E(ft,i,m sjm 1{,-<j}) = 0. Consequently, we obtain

p [T/An]—kn

( 22 > ZZ&szsmlw)

nm 1 ts=1 i€l jelp
p [T/An]—kn

SO D DD 9 S CHTTIN B

m=1 t,s=1 il jel?
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Next, we show the variance of the above sum converges to zero.

p [T/An]—kn

<pk2z ) ZZ&,Z,mﬁs,Jml{#J})

= t,s=1  del} jelp
p  [T/An]—kn

< 2k4 Z Z Z Z Z Z ftzmgs,],m gt’i ,m/ gs m’ 1{i7éj,i’7éj’}>-

T mm'=1 tst's'=1 i€l jEIT Vel el

The situation here is very similar to that in the proof of Lemma D.4. Following similar
argument, the cases that the above expectation is non-zero are when m = m/,i =i',j = j'
and when m =m/,i = j', 7 = . In such cases, we have
1 -1 2
IE(CFFthFii’CFFscFFs h -1 mlhs mlf U’mz m]]‘{Z?ﬁJ}) L.
However, it is only possible to have i = ¢ and j = j' (or i« = j/ and j = ') when
|t —t| <k,and |s—5| <k, (or [t — | <k,and |s —t| <k, ). Therefore, we get

p  [T/An]—kn
( p2kd Z Z Z Z Z Z Stiasm Ss.gam St &t tamt Victsiry' })
T mm'=1 ts,t',s'=1 €l jEIP V'l el
A2 L [T/ An]—kn
=2 p2/:4 Z Z Z E <§t,i,m &s,jm &t im &t jim 1{i7£j,i’;£j’}>
" m=1 [t | <kn,|s—s'|<tn,t,s,t',s'=1i€l}NIT; jEIPNIT,
M1 L
p-—=ki=—=n0(1).
PPyt AT pkg

<L

Since both the mean and the variance of the above sum are o(1).
Q.E.D.
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Table 3: Averaged cross-sectional and time-series standard deviations of G and T’

Mkt

G

r

HML SMB
G r G r

RMW

G

r

small
medium
large

small
medium
large

small
medium
large

small
medium
large

0.221
0.179
0.165

0.082
0.085
0.178

0.195
0.152
0.148

0.142
0.155
0.194

Averaged (over time) cross-sectional std

0.499
0.446
0.411

0.352
0.425
0.550

grouped by size
0.409 1.140 0.144 0.613
0.352 1.063 0.112 0.524
0.333  0.994 0.142 0.466
grouped by volatility
0.267 0.799 0.182 0.407
0.271 1.018 0.178 0.503
0.412 1.310 0.204 0.668

0.336
0.281
0.260

0.186
0.206
0.325

Averaged (over firms) times-series std

0.471
0.416
0.389

0.368
0.403
0.503

grouped by size
0.407 1.095 0.175 0.590
0.324 0.993 0.140 0.511
0.315 0.908 0.133 0.460
grouped by volatility
0.294 0.861 0.131 0.447
0.324 0.946 0.139 0.490
0.426 1.187 0.177 0.622

0.431
0.353
0.336

0.324
0.347
0.445

1.405
1.290
1.245

0.949
1.219
1.670

1.332
1.214
1.124

1.042
1.158
1.467
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