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Abstract

This document contains an empirical study of testing proxy factors for S&P 500

returns, additional numerical results, and all the technical proofs of the main paper.
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A Testing proxy factors for S&P 500 returns

In this section, we use the robust prozy-regressed method and the test statistic proposed in
Section [4| to test the explanatory power of the observable proxies for the true factors using
S&P 500 returns. For each given group of observable proxies, we set the number of common
factors K equals the number of observable proxies. The sieve basis is chosen as the additive
Fourier basis with J = 5. We set the tuning parameter ar = C, / ﬁ with constant C
selected by the 5-fold cross validation.

We calculate the daily excess returns for the stocks in S&P 500 index that have complete
daily closing prices from January 2005 to December 2013. The data, collected from CRSP,
contains 393 stocks with a time span of 2265 trading days. As we know, two stylized features
of S&P 500 daily returns are asymmetry and heavy tails. The proxy factors (w;) are chosen
to be the Fama-French 3/5 factors and the sector SPDR ETF’s, which are intended to track
the 9 largest S&P sectors (Fan et al. | 2015). The detailed descriptions of sector SPDR




ETF’s are listed in Table In this study, we consider three groups of proxy factors with
increasing information: (1) Fama-French 3 factors (FF3); (2) Fama-French 5 factors (FF5);
and (3) Fama-French 5 factors plus 9 sector SPDR ETF’s (FF5+ETF9).

We apply moving window tests with the window size (T") equals one month, three months
or six months. The testing window moves one trading day forward per test. Within each
testing window, we calculate the standardized test statistic S for three groups of proxy
factors. The plots of S under various scenarios are reported in Figure [A.1]

According to Figure [A.1] under all scenarios, the null hypothesis (Hy : cov(y,) = 0) is
rejected as S is always larger than the critical value 1.96. This suggests a strong evidence
that the proxy factors can not fully explain the estimated common factors. Under all window
sizes, a larger group of proxy factors tends to yield smaller statistics, demonstrating stronger
explanatory power for estimated common factors. Also, we find the test statistics increase

while the window size increases.

Table A.1: Sector SPDR ETF’s (data available from Yahoo finance)
Code | Representative sector

XLE Energy
XLB Materials
XLI Industrials

XLY | Consumer discretionary
XLP Consumer staples

XLV Health care

XLF Financial

XLK | Information technology
XLU Utilities

Moreover, we also used the monthly excess returns for the stocks in S&P 500 index that
have complete record from January 1980 to December 2012, which contains 202 stocks with
a time span of 396 months. Here we only consider the first two groups of proxy factors
as sector SPDR ETF’s are introduced since 1998. The window size equals sixty months
and moves one month forward per test. Within each testing window, we also estimate the

volatility of «,, the part of factors that can not be explained by w; as:

T
—_— 1 ) o~
Vol(v,) = == > A



where there are 21 trading days per month.

The results are reported in Figure[A.2] For both Fama-French 3 factors and 5 factors, the
null hypothesis is rejected most of the time except in early 1980s and 1990s. When the null
hypothesis is accepted, Fama-French 5 factors tend to yield larger p-values. The estimated
volatility of unexplained part are close to zero over these two periods. For the rest of the
time, the standardized test statistics are much larger than the critical value 1.96 and hence
the p-values are close to zero. Also the estimated volatilities are not close to zero. This
indicates the proxy factors can not fully explain the estimated common factors during these

testing periods.
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Figure A.1: S&P 500 daily returns: plots for standardized test statistic S for various window
sizes. The dotted line is critical value 1.96.
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Figure A.2: S&P 500 monthly returns: plots for standardized test statistic S, P-value and
the volatility of the part of factors that can not be explained by the proxy factors.

B Additional numerical results

In this section, we present some addition numerical results for Sections [6] and [7]] Tables
provide simulation results under additional sample sizes (N = 100, 7" = 50 and
N = 100, T = 100), corresponding to the Tables in Section |§| respectively. Figures
and plots the forecast results of bond risk premia with maturity of 2 to 5 years.

The factors are estimated by either PCA or our method. The forecast model is either linear



model or multi-index model. See Section [7.3] for more details. Table [B.5 and [B.6] are the full
versions of Table [7] and [§ and provide full forecast results for factor-augmented linear and

multi-index models discussed in Section [7.4].



Table B.1: More results for mean relative estimation error of AF’ (%): the smaller the better
(with PCA as the benchmark)

Model (I)

N =100,T = 50

N = 100,T = 100

w o RPR Sieve-LS INT | RPR Sieve-LS INT
0.01 | 0.80 0.80 0.97 | 0.75 0.74 0.85
N(0, 8) | 0.3 | 0.88 0.88 0.99 | 0.89 0.88 0.95
1.0 1.64 1.63 2.28 | 1.93 1.92 2.31
0.01 | 0.82 0.81 0.91 | 0.78 0.77 0.87
MixN 0.3 | 0.95 0.94 0.98 | 0.99 0.98 1.02
1.0 1.75 1.74 1.94 | 2.11 2.10 2.39
0.01 | 0.58 0.87 0.97 | 0.73 0.83 0.94
2t3 0.3 | 0.59 0.88 0.98 | 0.74 0.84 0.97
1.0 | 0.60 0.89 0.98 | 0.75 0.86 0.99
0.01 | 0.63 0.84 0.97 | 0.86 0.78 0.93
LogN 0.3 | 0.64 0.85 0.97 | 0.87 0.78 0.95
1.0 | 0.65 0.86 0.99 | 0.89 0.78 1.00
Model (IT)

N =100,T7 =50 N =100,7 =100
uy o | RPR Sieve-LLS INT | RPR Sieve-LS INT
0.01 | 0.83 0.83 0.98 | 0.84 0.84 0.92
N(0, 8) | 0.3 | 0.92 0.91 1.03 | 0.93 0.93 0.95
1.0 1.50 1.49 1.75 | 1.62 1.61 1.84
0.01 | 0.89 0.89 1.03 | 0.90 0.90 0.97
MixN 0.3 | 0.98 0.97 1.06 | 0.99 0.99 0.99
1.0 1.61 1.60 1.82 | 1.70 1.69 1.78
0.01 | 0.53 0.88 0.97 | 0.66 0.83 0.94
2t3 0.3 | 0.54 0.89 0.98 | 0.67 0.83 0.98
1.0 | 0.56 0.90 1.00 | 0.68 0.84 0.99
0.01 | 0.63 0.86 0.96 | 0.87 0.80 0.93
LogN 0.3 | 0.63 0.87 0.97 | 0.88 0.81 0.96
1.0 | 0.64 0.88 0.99 | 0.88 0.83 0.99

Model (IIT)

N =100,T =50 N =100,T7 = 100
uy o RPR Sieve-LLS INT | RPR Sieve-LS INT
N(0, 8) | 1.0 | 2.06 2.05 2.61 | 3.01 2.99 3.05
MixN 1.0 | 2.37 2.35 2.89 | 3.50 3.46 3.58
2t3 1.0 1.19 1.18 1.09 | 1.19 1.18 1.14
LogN 1.0 1.17 1.17 1.18 | 1.18 1.17 1.19




Table B.2: More results for median canonical correlations of loadings: the larger the better

Model (1)
N =100,T7 =50 N =100,T = 100
uy o | RPR Sieve-LS PCA INT | RPR Sieve-LS PCA INT

0.01 | 0.89 0.89 0.7 0.84 | 0.93 0.93 0.85 0.89
N(0, 8) | 0.3 | 0.80 0.80 0.81 0.78 | 0.89 0.89 0.89 0.87
1.0 | 0.79 0.79 094 0.77 | 0.89 0.89 0.97 0.87
0.01 | 0.93 0.93 0.84 0.90 | 0.95 0.95 091 0091
MixN 0.3 | 0.87 0.87 0.88 0.85 | 0.93 0.93 0.93 0.90
1.0 | 0.86 0.86 0.96 0.84 | 0.92 0.92 0.98 0.88
0.01 | 0.55 0.36 0.24 0.33 | 0.69 0.45 0.34 041
2t3 0.3 | 0.53 0.33 0.25 0.30 | 0.68 0.44 0.35 0.40
1.0 | 0.51 0.32 0.27 0.28 | 0.65 0.42 0.38 0.39
0.01 | 0.65 0.32 0.23 0.29 | 0.74 0.46 0.35 0.40
LogN 0.3 | 0.62 0.29 024 0.25]| 0.71 0.45 0.37  0.39
1.0 | 0.60 0.27 0.27 0.26 | 0.66 0.43 0.39 0.39

Model (IT)
N =100,T = 50 N =100, T = 100
w o | RPR Sieve-LS PCA INT | RPR Sieve-LS PCA INT

0.01 | 0.93 0.94 0.90 0.92 | 0.94 0.94 0.92 091
N(0, 8) | 0.3 | 091 0.93 0.92 0.89 | 0.93 0.93 0.93 0.90
1.0 | 0.89 0.90 0.95 0.87 | 0.93 0.93 0.97 0.89
0.01 | 0.90 0.91 0.88 0.89 | 0.96 0.95 094 0.93
MixN 0.3 | 0.88 0.90 0.90 0.86 | 0.95 0.95 0.96 0.93
1.0 | 0.85 0.87 093 0.84 | 0.95 0.95 0.98 0.92
0.01 | 0.54 0.35 0.25 0.31 | 0.64 0.39 0.28 0.34
2t3 0.3 | 0.52 0.33 0.26 0.30 | 0.61 0.37 0.33 0.33
1.0 | 0.50 0.32 0.29 0.29 | 0.58 0.34 0.36 0.33
0.01 | 0.64 0.33 024 0.29 | 0.73 0.43 0.33 0.40
LogN 0.3 | 0.62 0.30 0.25 0.29 | 0.70 0.41 0.34 0.37
1.0 | 0.59 0.28 0.28 0.28 | 0.67 0.39 0.37 0.37




Table B.3: More results for median canonical correlations of factors: the larger the better

Model (1)
N =100,T7 =50 N =100,T = 100
uy o | RPR Sieve-LS PCA INT | RPR Sieve-LS PCA INT

0.01 | 0.96 0.96 0.83 0.88 | 0.97 0.97 0.85 0.94
N(0, 8) | 0.3 | 091 0.91 0.88 0.87 | 091 0.91 0.89 0.90
1.0 | 0.91 0.91 0.97 085 | 091 0.91 0.96 0.88
0.01 | 0.98 0.98 0.89 0.94 | 0.98 0.98 091 0.94
MixN 0.3 | 0.94 0.94 0.93 0.90 | 0.94 0.94 0.94 0.92
1.0 | 0.93 0.94 0.98 0.88 | 0.93 0.93 0.98 0.90
0.01 | 0.63 0.38 0.25 034 | 0.71 0.47 0.30 0.40
2t3 0.3 | 0.62 0.35 0.26 0.32 | 0.70 0.45 0.33 0.38
1.0 | 0.57 0.31 0.29 0.30 | 0.67 0.43 0.36 0.36
0.01 | 0.63 0.40 0.28 0.36 | 0.70 0.45 0.32 0.40
LogN 0.3 | 0.60 0.36 0.31 0.35 | 0.66 0.44 0.34 0.39
1.0 | 0.59 0.33 0.33 0.33 | 0.62 0.41 0.37 0.37

Model (IT)
N =100,T = 50 N =100, T = 100
w o | RPR Sieve-LS PCA INT | RPR Sieve-LS PCA INT

0.01 | 0.97 0.97 091 0.93 | 0.97 0.97 0.97 0.92
N(0, 8) | 0.3 | 094 0.94 0.92 0.90 | 0.94 0.94 0.93 091
1.0 | 0.94 0.94 097 0.88 | 0.94 0.94 0.96 0.90
0.01 | 0.98 0.98 094 0.92 | 0.98 0.98 0.95 094
MixN 0.3 | 0.96 0.96 0.95 0.89 | 0.96 0.96 0.96 0.92
1.0 | 0.96 0.96 0.98 0.88 | 0.96 0.96 0.98 0.90
0.01 | 0.62 0.37 0.25 0.33 | 0.70 0.44 0.28 0.40
2t3 0.3 | 0.60 0.35 0.25 0.29 | 0.68 0.41 0.30 0.38
1.0 | 0.55 0.30 0.26 0.27 | 0.62 0.37 0.33 0.33
0.01 | 0.60 0.36 0.25 0.30 | 0.68 0.41 0.29 0.35
LogN 0.3 | 0.56 0.35 0.26 0.28 | 0.65 0.38 0.31 0.34
1.0 | 0.53 0.33 0.29 0.28 | 0.60 0.35 0.33 0.33
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Table B.4: More results for mean relative mean squared error of forecast: the smaller the

better (with PCA as the benchmark)

Model (1)
N =100,T =50 N =100,T7 =100
uy o RPR Sieve-LS INT | RPR Sieve-LS INT
0.01 | 0.90 0.90 0.99 | 0.95 0.95 0.98
N(0, 8) | 0.3 | 0.95 0.94 1.03 | 0.97 0.97 1.01
1.0 | 1.03 1.02 1.07 | 1.03 1.02 1.04
0.01 | 0.76 0.76 0.95 | 0.74 0.73 0.93
MixN 0.3 | 0.78 0.77 0.98 | 0.77 0.77 0.97
1.0 | 0.95 0.95 1.02 | 1.02 1.01 1.04
0.01 | 0.22 0.29 0.51 | 0.45 0.56 0.61
2t3 0.3 | 0.23 0.30 0.57 | 0.24 0.41 0.68
1.0 | 0.24 0.35 0.70 | 0.28 0.42 0.72
0.01 | 0.34 0.43 0.65 | 0.36 0.48 0.77
LogN 0.3 | 0.34 0.44 0.71 | 0.37 0.48 0.80
1.0 | 0.36 0.45 0.76 | 0.39 0.50 0.88
Model (II)
N =100,T7 =50 N =100,7T7 =100
w o RPR Sieve-LS INT | RPR Sieve-LS INT
0.01 | 0.89 0.89 0.97 | 0.94 0.93 0.97
N(0, 8) | 0.3 | 0.93 0.93 1.02 | 0.96 0.95 1.01
1.0 | 1.10 1.09 1.11 | 1.04 1.04 1.07
0.01 | 0.75 0.75 0.91 | 0.80 0.79 0.92
MixN 0.3 | 0.84 0.84 0.95 | 0.84 0.84 0.99
1.0 | 1.12 1.07 1.09 | 1.21 1.19 1.19
0.01 | 0.45 0.66 0.70 | 0.46 0.67 0.74
2t3 0.3 | 0.47 0.68 0.76 | 0.47 0.68 0.79
1.0 | 0.49 0.71 0.85 | 0.48 0.72 0.91
0.01 | 0.61 0.72 0.77 | 0.62 0.75 0.80
LogN 0.3 | 0.62 0.74 0.82 | 0.63 0.78 0.84
1.0 | 0.65 0.77 0.87 | 0.65 0.80 0.90
Model (IIT)
N =100,T7 =50 N =100,T7 =100
uy o RPR Sieve-LLS INT | RPR Sieve-LS INT
N(0, 8) | 1.0 | 1.50 1.49 1.33 | 1.43 1.42 1.30
MixN 1.0 | 1.48 1.45 1.32 | 1.72 1.68 1.37
2t3 1.0 | 1.29 1.27 1.10 | 1.28 1.28 1.14
LogN 1.0 | 1.20 1.20 1.12 | 1.23 1.21 1.06
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Figure B.1: Forecast with linear model
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Figure B.2: Forecast with multi-index model
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Table B.5: Full results for forecast out-of-sample R? (%) for factor-augmented linear model:
the larger the better. The bold figures represent larger R? than forecast with factors alone
under the same scenario.
Zs RPR Sieve-LS PCA
Maturity(Year) Maturity(Year) Maturity(Year)
2 3 4 5 2 3 4 5 2 3 4 5

1381 329 256 229|373 324 253 225|34.8 32.0 27.1 24.3
Maturity(Year)

2 3 4 )
W, 61 55 47 45

(f/, w)) | 37.9 32.6 256 228|371 319 253 221|239 214 174 175
(f,wy,) | 38.0 328 255 229|371 292 243 21.9|33.3 279 229 194
(f/,wq,) | 37.6 31.1 252 220|372 30.0 252 21.7]29.0 229 181 156
(f/,ws,) | 36.9 29.0 240 21.8[36.1 284 239 215|289 226 179 155
(fwy,) | 381 328 257 229361 29.1 247 223|33.6 27.7 223 20.0
(f,ws,) | 37.6 31.3 254 225|372 306 254 223|294 231 185 16.0
(f,we,) | 37.5 30.6 254 220|373 30.1 253 219|290 229 180 154
(f/,wr,) | 37.8 325 254 223|374 322 253 220|287 228 185 16.1
( )

/
ft7 w8,t
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Table B.6: Full results for forecast out-of-sample R? (%) for factor-augmented multi-index
model: the larger the better. The bold figures represent larger R? than forecast with factors
alone under the same scenario.
Zs RPR Sieve-LS PCA
Maturity(Year) Maturity(Year) Maturity(Year)
2 3 4 5 2 3 4 5 2 3 4 5

"141.1 38.9 346 30.2|39.0 36.3 31.6 26.8|35.0 33.2 28.6 24.2
Maturity(Year)

2 3 4 )
w, | 136 108 100 6.8

(f/, w)' | 41.7 39.0 35.6 34.1|41.1 357 322 30.0| 308 263 246 22.0
(f,wy,) | 434 382 345 309395 373 322 288|39.4 36.9 31.7 28.5
(£, wq,) | 39.5 33.6 284 251|366 305 253 234|314 286 238 21.0
(f/,ws,) | 38.8 339 29.2 260|365 308 258 238|310 285 238 210
(f,wy,) | 41.5 39.8 354 332383 356 320 29.1|36.2 344 30.7 28.2
(f,ws,) | 37.6 343 30.1 27.5(369 319 272 249|292 272 231 198
(f/,we,) | 41.2 384 335 306|385 328 27.8 255|308 282 237 205
(f/,wr,) | 39.0 352 31.7 288365 31.0 259 24.0| 31.0 288 242 214
( )

/
ft7 w8,t

C Proofs of Theorem 2.1

The proof relies on the Weyl’s theorem and Davis-Kahan theorem in the random matrix

theory, as we now cite:

Lemma C.1 (Weyl’s and Davis-Kahan). For two N x N symmetric matrices 3, > (possi-
bly random), let {\;}Y., be the eigenvalues of Ay in descending order and {&,}., be their
associated eigenvectors. Correspondingly, let {Xz}f\il be the eigenvalues of S in descending
order and {Ez}fvzl be their associated eigenvectors. We have:
(i) (Weyl’s)
=N < IE -

(ii) (Davis-Kahan)

V21T - 2|

||Ez_£z||§ TS N ’
min(| A1 — N, [N — Aiqa])
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C.1 Proof of Theorem 2.1

We shall denote by {/):i,gi}’s as the eigenvalues-vectors of i, where the eigenvalues are in
descending order, and apply Lemma

Step 1 shows that \; = (¢; +0(1))N ,i =1, ..., K, for some constants ¢; > ¢3 > ... > cg
that are in [c, ¢].

In fact, from (2.2), we have
Y = AE{E(f;|w;)E(f;|w;) }A'.
Hence the first K eigenvalues are the same as those of
E{E(fi|w,) E(f,|w,)'}'?A' AE{E(f,|w) E(f;|w,)'}'/*

which are also the same as those of NE}\{]QVE{E(wat)E(ft|wt)’}2}\<]2v. By Assumptions [2.1
and these eigenvalues are distinct, and can be written as N(¢; + o(1)) for some ¢; > 0,
1 =1,..., K. Let them be ordered so that ¢; > ... > cx. This proves the claim.

Step 2 show that the first K eigenvalues of )y satisfy: with probability approaching one,

o~

(Ci +Ci+1)N/2 S /\Z S (Ci + Ci_l)N/Q, 1= 1, ,K

The remaining eigenvalues are either bounded or growing uniformly at rate op (V).
In fact, by Weyl’s theorem, uniformly in ¢« < N, max;<y |/):z — Ai| = 0op(NV). Therefore,
with probability approaching one, by step 1, for 1 < K — 1,

(Ci + CH_l)N/Q = )\z — (Ci — CH_l)N/Q S /):Z S )\Z + (Ci—l — CZ)N/Q = (Ci + Ci_l)N/Q.

For i = K, we have cxN/2 < Xz < (cx +ex_1)N/2.
In addition, note that A1 = ... = Ay = 0. Hence XN <...< XKH = op(N).
Step 3 show that

max [€, - & = op (1)

We respectively lower bound |/):Z-_1 — Ai and |\, — /A\i_i_]_‘ for i < K. As for the first term, for
any 1 < K, by Step 2, Xi_l —Xi > (¢ii1+¢)N/2 — ;N = (¢;_1 — ¢;)N/2 with probability
approaching one. As for the second term, when ¢ < K — 1, we have \; — Xiﬂ > N —
(Ciy1+¢)N/2 = (¢; — ¢;i—1)N/2. When i = K, we have \; — Xz’+1 > ¢;N/2 with probability

16



approaching one.
Therefore, by Davis-Kahan Theorem, max; < ng —&,|l <op(N)/N = op(1).
Step 4 Complete the proof.

From ([2.2)), we see that
Y = AE{E(ft|Wt)E(ft|Wt)/}A,

Let
L =3\ B{E(f|w,) E(f,|w,)}=)%.

Let M be a K x K matrix, whose columns are the eigenvectors of L. Then D := M'LM
is a diagonal matrix, with diagonal elements being the eigenvalues of L, which are distinct
values bounded away from zero by Assumption . Let H = E/_\,lj\/,QM. Then

1 . .
FEAH = AB{E(f,|w) E(f|w:)'} Sy vH = AT PLE S, vH = AHM'LM = AHD.

In addition, note that (AH)'(AH) = NI, hence the columns of AH/v/N are the eigen-

vectors of 3, corresponding to the K nonzero eigenvalues. By step 3, we have

1 -
\/_N“A — AH[| = op(1).

In addition, when ¥, v = I and E{E(f;|w;) E(fi|w;)'} is diagonal, M = I .. Thus H = I.

D Proofs for Section 3

Before formally present our proof, let us first provide a guideline of our proof’s strategy.
First of all, define, for 2 =1, ..., N,

i — @ b
b, := arg min E[z; — b’ cp(wt)] . b, = arg min Ea%p (90,: (We) ) .
beRJ beR/ ar

Recall that

/
=~ Tit Wtb
b; = arg mln—g azp % ,
beRJ
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As ap — 00, b, 4 is expected to converge to b; uniformly in ¢ < N. This is true given some
moment conditions on

€ = Xy — E(Xt|Wt)

We shall first prove this in Section [D.1]

In addition, let VbeaK x K diagonal matrix, whose diagonal elements are the first K
eigenvalues of /N := ST E(x,|w,)E(x;|w;)". By the definition of A, LZA = AV.
To effectively use this equality, we need to obtain the Bahadur representations of Bl and
E(x,|w¢). These are achieved in Section .

Furthermore, Section proves the rates of convergence for the estimated loadings.
Sections and respectively present the proofs for the rates of convergence for g(wy;)
and ~y,. Finally, Section proves the asymptotic normality of 7.

D.1 The approximation error of the robust estimator

Proposition D.1. For any 4 < k < (o + 2,

_hll = —(k—-1)
mis i — b = Ofa; ).
Proof. We first prove that for any 0 < k < (; + 2, max;<y supy, E(|e;|*|w; = w) < co. In

fact, uniformly in w for w, = w and i < N, aslong as (o +2 > k

E(leq|*|w,) = / P(lex|® > z|wy)dz < 1 —i—/ P(lew|® > z|w,)dz
0 1
<1 +/ E(21|ey| > a¥*}|wy)a Yk dr < 1 +/ Ca~ @ /k iy < 0.
1 1
Since ¢, > 2 by assumption, there is k > 4 so that max;<y sup,, F(|ex|*|w; = w) < oo,
Now recall that b; = argmin E(z; — b,®(w;))?. Hence

Bl(zie—b; o ®(we))* — (2t = bi®(Wy))*] = (b} o, —b;) E®(W:) (W)’ (bia —bi) > c[[bia—bil
On the other hand, let g,(2) := 22 — a?p(z/az). Then for C' > 0 as a generic constant,
El(wy — b o ®(w))* — (zie — bj®(W:))’] = Ega(tic — b} oP(Wi)) — Ega(wis — bi®(wW,))

+Eazplar (zie — b}, @(W,))) — agp(az (zi — bi@(w,)))]
<) EBga(wis —bi (W) = Egalwi — bj®(w,)) <o) B[22 — arplaz'2)[|@(w,)' (bi — bya)]],
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<@ 207" VEIEF|®(wh) (b — bia)l <t 207"V Blzi 4 e + (by = bi) ®(wi)[*|@(wi)' (by — bia)|
< Cap" VE(C+ (b = b d(w) ) @(wa) (b — by

where (1) is due to the definition of b; ,; (2) is by the mean value representation: g,(z1) —
9a(22) = (22 — arp(Z/ar))(z1 — 22), with 21 = x4 — bj ,®(W;), 20 = 3 — b;®(W;), and

Z=ay — B;CI)(Wt) for some Bl lying between b; and b; ,; (3) is due to

- 1. N - ]zt N N _
125 — arplar)] < 2B1{12] > ar} < 25150 1{2] > ar} < 203 ak.

al}’l
(4) follows from 2z = x;; — E(x|wy) + b P(Wy) + 23 —E;q)(wt), and that e;; := xy — E(x;|wy).
Next, for ease of presentation, we introduce My = C + |(b; — b;)®(w,)|* and A; :=

b; — b;,. Then the above inequality can be further written as:

= Cop " VEM,|9(w,) A = Caz " VE[M2ALD (W) (w,) A"/
<@ Coar " VAEM2®(w,)(w,) A)Y? < Car™ V| EM2O(w,)d(w,) |V A

We now bound max;<y || EMj®(w,)®(w,)'|| = max,<y supy, =, EM(®(w,)'v)* = O(1).

By the Cauchy-Schwarz inequality, since ®(w;)'v is sub-Gaussian with the universal param-

eter,

sup [EMZ(®(w,)v)?)> < EM;; sup E(®(w,)v)* < CEM; < C(C + E|(b; — Bi)’q>(wt)|4k)

(=1 [vl=1

~ 4k

= (B =Dy

< O+ CB|b; — by * (Hcp(wt)) <O+ O A" sup B@/'D(wy)™ < C + Cll A"
i — Dy lv[|=1

Therefore, we have proved that uniformly in i,
B[(i— 0 ®(wr))* (2= bib(wo) Y] < Cap ™ (CHCI AL A < Car ™V (1Al A
We have also proved that the left hand side is lower bounded by ¢||A;||?. Uniformly in 4,
|l < Car ™V + A,

If max; || A]| = O(1), then [|A;]| < Caz* ™. Otherwise, max; |A]| < Caz* ™ max, | A",
which then implies 1 < C(max; | A;]|/ar)*~!. However, note that |A;]| < ||b|| + [|biall <

CJY2 and J = o(a2), we have max; ||A;||/ar = o(1), which is a contradiction. Therefore,
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max; || A;|| < Ca;(k_l). Q.E.D.

The following lemma shows the sieve approximation error is uniformly controlled.

Lemma D.1. Under Assumption[3.9, there isn > 1, as J — oo,

max sup |E(xy|wy = w) — bi®(w)| = O(J7").
Proof. Recall that for k < K, vi; = argminy E(fr—V'®(w;))? = (E®(w;) (W) ) E® (W) far,
and that b; = arg mingcrs E[zy — b’ ®(w;)]? = (E®(w;)®(w;)') L E®(w;)x;. Also note that
Ty = ANif; + u;. We have b; = Zszl vi\ix. Hence

. N _~/
maxsup | B(wq|w, = w) = bid(w)| < I};%Slvlvplzkm (firlwie = w) — vi@(w))]
< O(1) maxsup | E( fix|w, = w) — vi.&(w)]

O(J).

D.2 Bahadur representation of the robust estimator
We now give the uniform convergence rate of Bl as well as its Bahadur representation.

Define
LS (i)

ar

Proposition D.2. When ar < C\/T/log(NJ) for any C >0, and any 4 < k < (o + 2,

-~ JlOgN —(k—1
may [b; = bif| = Op(y/ === +a7"7").
Proof. Let mp = M. We aim to show, for any € > 0, there is 6 > 0, when for all large

N, T,
P(min inf Q;(b;o +mrv) — Qi(bia >1—c¢€
(z<N [|lv||=6 ( T ) ( ) )

This then implies max; HbZ —bio|| = Op(my). The result then follows from Proposition .
By the definition of b; ,,

E[(I)<Wt)p.(a;1€it,a>] =0, €ito = Tit — (I)(Wt>/bi,a
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In addition, we have e;; = €;t o +Ait o, Where Ay o == (b; o —b;)'®(W;)—2;. Using the formula:
pla+t) —pla) = pla)t + fo a+z) — pla))ds for a = ap'ley o and t = —mraz ®(wy) v,

T
1 L
Qi(bia +mrv) = Qi(bia) = — > mrarp(ogeia)®(w,) v

t=1

1 T ) —mragn ®(wi)'v . ) . .
+ Y 1{d(w,)'v < 0}ad / plag eira + 1) — plar eira)de
=1 0
1 tT 0
—7 > He(w)'v > 0}ah / plag' e + 1) = plag’ e de.
—1 —mTa;lcb(wt)’u

By the definition of p, the integrant can be rewritten as:

p(a;leit,a + CE) - p.<04;1€it,a> = 2371{’06}16@5,04 + 513" <1, |04%1€it,a’ < 1}
+(p(a;16it7a +x)— p’(a;leitﬁa))lﬂa;leit,a +zx|>1, or \a;leim] > 1}

= 2z — (plog eira + @) — plog'eia) — 20)1{|az o + x| > 1, or oz eal > 1}

In addition, note that
p(z1) — px1)| < 2|z1 — 22|, Vi, 2.

Thus we can further write:

—mToc;l@(wt)’u

T T
1 1
Qi(bio + mrv) — Qi(bia) = T Z mrarp(ag eia) ®(W)'v + T Z 042T/ 2wdx
t=1 t=1

0

1 T mrog ®(wt)
-7 Z H{o(wy) v < O}a%/o (plaz'ena +7) — plap ei) — 27)
—1

><1{|c;;leit7a +z| > 1, or |ap e a| > 1}de
1 o 0
47 21wy > o)t (ifaz exa + 1) — plog'eua) — 20)
=1 fmTa;Li)(wt)’v
><1{|a;1em +z| > 1, or |ag'enq| > 1}dx
T

1
| r”1f6? E ag(—mpap' ®(wy) v)? — max Sﬂp ‘T E mrarp(areiq)®(w,) v
v Povl=s 4T

v

mrarg |<I>(wt) V|
— max sup ?ZQT/ dx1{|ar et + | > 1, or |agpteiq| > 1}dz
L vll=t

= Al A2 A3

We now lower bound A; and upper bound As, As.
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First of all, there is ¢ > 0 independent of §, with probability approaching one,

T T

1 1
Ar= inf V' mi®(w)®(We)'v > Ain (5 O (w)D(w,))m26% > em?2.6°.

As for Ay, note that |arp(ageira)| < leial < |eit] + [Aita]. Uniformly in i < N, j < J,
by Holder’s inequality, with an arbitrarily small v > 0, and p = (1 +v) 71,

E(p(az'eia)d;(wi)* < ap”Earp(ag'eia)d;(we)* < 200" E(ef + Af, ) (We)?
< 20;°EB{e}|wie;(wi)? + 20" BAG, (65(wi)” < Cap®((Efefwi}' )P + C) < Caz’.

Note that |p| < 2 and {¢;(w;)} is sub-Gaussian, thus by the Bernstein inequality, for x =
2log(NJ),

T Nasle. (wy))2
PUL S plartenals ] > | 22T cumdsm) P, Oy oy

Note that when ar < C+/T/log(NJ),

2E(p(ar €ira)dj(Wi))2x  Cux Clog(NJ) = Clog(NJ) C'log(NJ)
’ + — S 2 + S 2 2 ’
T T agT T ag T

Thus

C'log(NJ)

C
2T ) < CNJexp(—2log(NJ)) = —

T
1 Lo
P(mi?x |T ;P(aTleit,a)%(Wtﬂ > NI

Therefore, with probability approaching one,

T
1 Lo
Ay < mTaT(SmaXH— E plaz'eqq)®(w,)| < mTaT\/_5 max |— E plag elta)¢](wt)|

1 1CJ1
< Smpar cJ og cJ og

As for Az, note that uniformly for x < mTa;1|<I>(wt)’V|, and e; = €10 + ANjta,

1{|a;leit7a +zxz|>1, or |a;1eit,a| >1} < 1{|a}leit7a +a|>1}+ 1{|a;leit,a| > 1}

22



<
<

2 X H|eirn| > 3ar/4} + 1{mr|®(w)v| > ar/4}
2 x {|ex| > ar/2} + H{mr|P(w,) v| > ar/4} + 1{|Aia| > ar/4}.

In addition, with probability at least 1 — €/10,

T
1 log N
max g Hlew| > ar/2} <n)y max P(leq| > ar/2) + 4/ O&; max P(|egy| > ar/2)"?,

t=1

%Zl{mﬂ@(wt)\lé >ap/4) < 10P(mpd]|S(wi)|| > ar/4)/e,

T T

1 1
max - > H{|Aiel > ar/4} < max - > {ll@(wo)ll > Cak} + 1{|za| > ar/4}

t=1 t=1

< 10P(||@(wy)|| > Caf) /e + CT 7" ag + 4/ 1OgNCJ "o,

where (1) follows from the triangular inequality,

T T

1 1
m?XTZ H{|ew| > ar/2} < Hl?XP(’@it‘ > aT/Q)—l—miaX]?Z Hlew| > ar/2}—P(lei| > ar/2)|,

t=1 t=1

and we used Bernstein inequality+union bound to bound the second term since the indicator

function is bounded. Hence for an arbitrarily small v > 0, by Holder’s inequality, for some

generic constant C' > 0, independent of 9,

As

IN

IN

IN

T

m?XHSuL\Tpé_ 24 mr|®(w)'v|)2[1{|ex| > ar/2} + {mr|®(w,)v| > ar/4} + H{|Ayo| > ar/4}]

C'max( ! Z Wlew| > ar/2} + H{mpd||D(wo)[| > ar/4} + 1{|Awal > ar/4}])' ™"

Z 1 (we)[|**)" (mrd)?
2 log N 1/2
(mrd)°C| max P(|ey| > ar/2) + T maXP(|eZ-t| > ar/2)° + 10P(mgpd||®(wy)|| > ar/4)/e
k -2 2 IOgN e 2/v\v
+10P(||®(wy)|| > Cag)/e+ CT a7 + CJ " ar (C'+ E||®(wy)||7")".

We now upper bound E|®(w;)|?* and P(|®(w,)|| > ) for any z. Since {¢;(w;)};<s is
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sub-Gaussian, by Lemma 14.12 of Bithlmann and van de Geer (2011),

E|@(w,)|*" < Jl/”E(I;lg}%(Wt)Q/U) < JI/UE(?gfl%(Wt)Z/U — Eg;(w,)")
+JY max E¢;(w,)** < JY*Clog(J).
j
P(lo(w)| > 2) < P(max|é;(w,)J > 2®) < Jmax P(|¢;(w,)| > x/J"?) < Jexp(~Ca®/J).
J j

Therefore,

log N

As < (mT5)2C<maxP(|eit| > ar/2) + max P(|e;| > ozT/Q)l/2 + CJ exp(—Ca2./(Jm30?)) /e

1 N 1—v
+CJexp(—=Ca2¥/J) e + CT72" /a2 + 4/ Ofr CJ‘”/aT) J(log J)" := (m70)*Cly.

Note that Ir = o(1).

Consequently, for any ¢ > 0, there are C, ¢, and ¢, independent of § (may depend on ¢),

Jlog N
T

with probability at least 1 — €, uniformly in ¢ < N and ||v|| = 0, for mpy =

[Jlog N
Qi(bi,a + mTV) — Qi(bi@) Z m%«(SQ(C — CelT) — 5mTC J (;g Z mT5(mT(50/2 — CmT) >0

so long as dc > 2C. Thus max; ||BZ —bio|| = Op(my).

We now prove a simple lemma.

Lemma D.2. There is M > 0 for all x > M,

Cg— 22

IN

max sup P(|e;| > z|w; = w)
axsu

max sup E(lex|1{|ex| > a}lw; = w) < Ozt
Proof. Uniformly in w = w; and i < N,

P(lex| > zlwe) = E({|ex| > a}lwe) < B 1{le] > a}{we)a™ < Cam@7?
E(leq|H|ew| > x}wy) < E(eA1{|ex| > z}|w,)z ™t < Cz=271

Lemma D.3. Uniformly fori=1,..., N,
T
N n-1 1 s o —1
bi = bio = 2E0(w)2(w))) " > " arplagend) ®(wi) + Riy,
t=1
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where max;<y | Rip|| = Op(a;(gl_l) + \/%)J\/‘]k}%’]\f

Proof. Note that VQ;(b) = — 7 S arplap! (2 —®(w,)'b))®(w,). Define Q;(b) = EQ;(b),

pi(b) == VQi(b)=VQ;(b) = EOéT/)(OéEl(xit—@(wt)'b))q)(wt)—% > arplag! (wy—0(w,)'b))d(w,).

t=1

The first order condition gives VQZ-(BZ-) = 0. By the mean value expansion,

0 = ( b;) - ( i)+ VQi(b)) — VQi(bio) + VQi(bia) — VQi(bia) + VQi(bi.)
- < )+ z (B) = VQilbia) — i(bia) + VQi(bia)
= VQQz( Z)(bz i a) + sz( i,a) + I‘l’i(bi> - “z’(bi,a)-

for some b; in the segment joining b; and b; . We now proceed by: (i) upper bounding
max; ||p;(b;) — p:(b;.o)|l, and (i) finding the limit of V2Q;(b;) uniformly in i.

(i) Note that in the proof of Proposition , we have proved that for any € > 0, there is
0 > 0, so that the following event holds with probability at least 1 — e:

Jlog N
T

max ||BZ —bio| <omp, mp=

We bound E max; Supjp_p, . |<smy [[14i(D) — pi(bia)ll- Let pi;(-) be the jth element of p;,
Jj < J. Since {x;, w;}<r are serially independent, there exists a Radamacher sequence
{et}1<r with P(e; = 1) = P(e; = —1) = 1/2, that is independent of {x;, w;},

E max sup tij(b) — i (bi g
s ) = )

IN
&

T
1 . —1 / 1 !
2Eigr}1\[§>§] ”bibiljﬁ)ng | = z; gtar (P(&T (zit — ©(w)'b)) — plag (zi — D(Wy) bw))) ¢j(we)l

T
1
<p) 4E max  sup [z Y &®(w) (bia —b)g;(w)]

ISNIST |Ib—by; o || <dmr

IN

T T
1 1
A6y B ma | ; 20y (wi) @ (we)'|| < 40mrv/JEmax | ; ee (We)pu(we)|

T
L _
S(C) 45mT\/j? log FE exp (L 1 {2?} | ; gtgbj (Wt)qbl(Wt) |>
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L T
<(a) 457717“\/3? log Z FEexp (L y Z&@ W) Wt)|)

1j<J t=1

L T
<(ey 40 J=1 _
s smnss w5 1)

2Llog J colog J Jlog J
— < .
45meV'J ( =+ \/ | < Comry [

Note that |p(-)] < 2 and {¢;(-)} is sub-Gaussian, hence (a) follows from the symmetrization

L T
=4 — (21 —_—
(5mT\/7T( OgJ+2(L2—LKO)>

theorem (see, e.g., Theorem 14.3 of Bithlmann and van de Geer (2011)); since p(-) is Lips-
chitz continuous, (b) follows from the contraction theorem (e.g., Theorem 14.4 of |[Bithlmann
and van de Geer| (2011)). Let K, denote constant parameter of the sub-Gaussianity of

{1(We) (W) b j<s; for some ¢o > 0, let

T

L=K .
ot colog J

Then (c) follows from the Jensen’s inequality; (d) follows from the simple inequality that

exp(max) < Y exp; (e) follows from an inequality of exponential moment of an average for

sub-Gaussian random variables (Lemma 14.8 of |[Bithlmann and van de Geer (2011))).
Therefore,

logJ  CJ3%(log N log J)'/2
Emax  swp  [(b) — p(bin)l| < Cmypy | 28 - €/ (log Nlog /) 7
U |Ib=by || <émr T T

Hence
max || p;(b;) — p;(bia)|| = Op(J¥?(log N log J)/2/T).

(ii) Note that
VQi(b) = —E®(wy)arp(ag' (e + zit) + oz ®(wi) (i — b)) = —E®(w,) Ay (b)

where Ay (b) = Elarp(az’ (i + 2i) + ap ®(w;) (b; —b))|w,]. Let g.; denote the density of
e;t, and let P. denote the conditional probability measure conditioning on w;. Then careful

calculations yield: VA;(b) = —2&(w;)" + Z?zl B ;j(b)®(w;)’, where

Bui1(b) = —2arg..(ar — (b —b)'®(w;) — zi),
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= —2argei(—ar — (b = b)®(w;) — zi),

= —2P.((b; — b)'®(wy) + 24 + ey > ar),

2((b; = b)'®(wy) + 2it)ge.i(ar — (bi — b)'®(wy) — 2it),

= 2Pe<€it < —Qap — (bz — b)/(I)(Wt) — Zit>7

= —=2((b; — b)'®(Wy) + zit)gei(—ar — (b; — b)' (W) — 2i4),

Q[OlT — (bz — b)/Cb(Wt) — Zit]ge,i(aT — (bz — b),(I)(Wt) — Zit)7

= —2(—06T — (bz — b)/(I)(Wt) — Zit)ge,i(_aT — (bz — b)/q)(Wt) — Zit)‘

N .
o R
w [\

<7
jﬂ-
~

.
o
(=2

=
=
~

T EIEE R ®
/\/\/‘\\g‘\/\f\/\
TZTZZZZZ

=0
o
o]

Since max; ||Bl—bl|] = o(mr), max; |z;| = op(ar), P(w;) is sub-Gaussian and J log Ny/log T =
o(T), we have: with probability approaching one, for any ¢ > 0,

mf%X |(bl — Bl)’CD(Wt)\ + Hl%X ‘Zit’ < €.
Hence with probability approaching one,
max | Z Biy;(b)| < Carmax sup gei(tap+1z) < C’a;(<1_1),
v i£35 v jzl<ear

max |Bit3(bi) + Birs(b;)| < C’mzax P(lex| > (1 —e)ar) < C’a;(<2+2).

Hence

8
IV2Qi(by) — 2B0(w:)(we)'|| = | Y E®(wy)®(W:) Bt j(bi)|| = O(Jaz ™V + Jagp ).
j=1

Consequently, Bl —bio=—(2E®(w,)®(w;)")'VQi(b; ) + Rip, where

max Rl < [QED(w)@(we)) M (IV2Qi(by) — 2ED(w,)B(w,)'| by = bl + max [|p;(b) — pi(bio) |

(e _ log J
_ OP(QT(Cl 1)+aT(C2+2)+ jg_‘

)JmT

Proposition D.3. Let E(mlﬂwt) = B;@(Wt). Then for A = (2E®(w;)®(w;)' )71,
T

~ 1 .o
E(zy|wy) = E(zy|w:) + (I)(Wt)IAT Z arp(ares)®(ws) + Ry + Rou + Raat,

s=1
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where
1 T
Ry = @(Wt)IAT Z O‘T[p.<a;1eis,a) - ﬁ(@;leis)]‘b(ws)
s=1
Ry = ®(wy)(Rip+ bia — bi), Rs it := —2z.
Write Rit = Rl,it + RZ,it + RS,it; then

a1y JP log N J3logNlogJ)
T T2 ’

Jlog N

max—ZR = Jl 2774—

+ J7).

mlaxf Z |E(z|wy) — E(zu|we)|*> = Op(

t=1

Proof. By Lemma and Proposition [D.3]

E(za|lw,) = E(zgw;) + ©(wy) (b; — bia) + ®(w) (bsa — b;) — 2
T

= E(zy|w:) + (I)(Wt),Al Z arp(arisa)®(ws) + @(wy) (Rip + bio — by) — 2
= FE(xy|w;) + O(w,) Z arp( aT eis) P (W) + Ry
On the other hand, uniformly in i, for a = Apax (7 S D (wy)B(wy)),
LS R < aCIAFIL S arlplarena) - i e B
T it S T T Cis,a T Cis s
=1 s=1

1
+CLC||RZ',1, + bi,a — bz”2 -+ CT Z ZZ-Qt
t

1 1
= Z leisa — eisl|P(Wa)[))* + ClIRig|* + Cllbsa — bl + C Z Zi

<

< TZ (12 + i = by *[| @ (w2)[|*) E:IICI> W) ||2+C|!szH2+CHbm b|[* + Op(J ")
: . : log J

= Op(N)(J™2"+ Jaz"" V) + Op(a; ™" 1)+ o " £ Z25)
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Also note that a;**~* = O(log N/T). Finally,

T T
1 N
max E |E (2 |wy) — E(zi|wy)|* < maX— E |D(wy (b —by)> + max E

t=1 t=1 =1

1 Jlog N
b. 12 2 —2(k—1) —2
< alb; —by||* + max tg 1 zi = Op( + ap + J7).

2(k—1)

The term involving o, is negligible since it is smaller than (log N/T')3.

D.3 Estimating the loadings

Write M, be an N x J matrix, whose ith row is given by

T
1 .
M, = T E arplaptes)®(w,)'.
s=1

Write Ry = (Ri, ..., Ryt)’. Then the Bahadur representation in Proposition can be
written in the vector form: A = (2E®(w;)®(w,)" )™},

E(xi|w,) = E(x,|w;) + Mo A®(w;) + R, = AE(f;|w;) + M, A®(w,) + R,. (D.1)

Let V be a K x K diagonal matrix, whose diagonal elements are the first K eigenvalues
of B/N = ﬁZ?ﬂ E(x;|w;)E(x¢|w:)’. By step 2 of the proof of Theorem , all the
eigenvalues of V are bounded away from both zero and infinity with probability approaching
one. By the definition of K, %EK = AV. Plugging in 1} we have,

8 T

~ 1 —~—
A-AH=) B, H= =~ > E(flwi)E(fi|w,) AAV ™ (D.2)
=1 t=1
where
1 T —~— 1 T
Bl = ﬁ Z AE(ft’WQq)(Wt),AM;AVil, = ﬁ Z ft‘Wt R AV 1
t=1 —1
T
1 . 1 .
By = o ;MaAé(wt)E(ft|wt)’A’AV‘l = 7v 22: WAD (W) D(w,) AM. AV
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T T
1 ~e 1 Ny
B; = - MASW)RAV,  Bs=—— % RE(f|w,)NAV

t=1 t=1

T T
1 e 1 e
B; = ﬁi R;®(w;)AM/, AV Bg= ﬁi R,RAV .

Lemma D.4. Recall that V is a K x K diagonal matriz, whose diagonal elements are the
eigenvalues of EX/QE{E(ft|Wt)E(ft|Wt)’}2}\/2. Then V =P V and |V = Vy|| = Op(J " +

V.

Proof. Let Vy be a K x K diagonal matrix, whose diagonal elements are the first K eigen-
values of 3X/N. From step 4 of the proof of Theorem , the diagonal entries are also the
eigenvalues of { E{E(f;|w;) E(fi|w,)'} }\/2S s n{E{E(f;|w;) E(f;|w;)'} }}/2. Since ¥y x — Xy,
by Weyl’s theorem (Lemma ,

IV =Vl < [{E{EE W) E(filw.) }} 2 (Zan — SO{E{E(f|wy) E(f|w,)'} 2] = o(1).
On the other hand, by Proposition [D.3]
IZ -2l < max—z |E (i we) B0l wi) — E(wi|we) B (] w,)|

+m£.lX lT Z E(wu|wi)E(xji|we) — E{E(zi|wi)E(zje|wi)} = op(1)

log N

< m?XHb — b;||Op( ||—Z<I> (we)®(wy)'||) + Op(J"+ ? )
log N
= Op(J7"+ gT ).

By Lemma |C.1| [V = V|| < LIS = 2| < |E = Slloe = Op(J 7 + /*8Y) = 0p(1). The

result then follows from the triangular inequality.

D.3.1 Proof of Theorem [3.1} A — AH
Result (3.4) follows from the following proposition.

Proposition D.4.

—2(¢1-1) J IOgN

—||A AH|% = Op(J/T + J" 72" + T ).
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Proof. Under the assumptions, J max; 7 ST R% = 0p(1), and |[M,||>/N = Op(1). Hence

from Lemma and Proposition and ar = C\/T/log(NJ)
|A—AHJZ = O §jw3mv = Op (ML |2 max }jR
L I
+O0p(IIMa|l* + [Mal/N) + Op(N max — Z R, + N(max — > R
t=1 t=1

T
1
= Op(Mal[*) + Op(N max > R

t=1

The result then follows from Lemma and Proposition [D.3] Note that the term that

(k=1)

reflects the effect of o M1 s removed, since it is negligible when £ > 4, which is guaranteed

by our assumption that ¢, > 2. Furthermore, by assumptions J%log® N = O(T) and {; > 2,

a,Q(lel) J3 lOgN . (lOg(JN)
T T T

)" = 0.

Nl <

Q.E.D.

D.3.2 Proof of Theorem max;<y || A — H'A]

Note in Lemma below that terms B, B, and B; have two upper bounds, where the
second bound uses a simple inequality |MaA|2 < M2 A% Such a simple inequality is
crude, but is sufficient to prove Proposition On the other hand, given Proposition [D.4]
a sharper rate for Hl\/IajAXH2 can be found. As a result, the first bounds for By, B; and By

are used later to achieve sharp rates for g(w;) — g(wy).

Lemma D.5. (i) [M,||> = Op(NJ/T + NJ'72m),
(i) |B1]|7 = Op(IMLA|*/N) = Op(|M.?),  [IBs]|F = Op(|[Ma|?).
(1) |Balfz = Op(N mavs, & S0, 73) = Bl
(iv) [|Bal3 = Op(|Ma|?[|[MaA|[?/N?) = Op(|[Mal[£/N),  Bsl|} = Op(N(max; 3 >, £%)?),
(v) |Bsll% = Op(|Ma* J max; 7 Z;l R3).
IB7]3 = Op(max; 3, RAJ|MoA[?/N) = Op(|M,|*J max; 3 3/, B2).
Proof. (i) Recall that e; = €it 0 + A, Where Ay := (biq — b)) ®(Wy) — 2.
N N J L I
E|Mul}=EY Mol =YY E(7 > arplag'eis)di(w,))’
s=1

i=1 i=1 j=1
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N J T
< 2) ) B(x Zan a7 eisa) i (We))? + 2ZZE Z2[eis — eisalld;(wy)])?
i;1 jjl , i=1 j=1 s:l
< 23 ) mvar(arp(or cia)d;(w))
i=1 j=1
N J T
+CZZE Z| o — D) ®(w) b (W) +C’ZZE Z|zis¢j(ws)|)2
i=1 j=1 i=1 j=1 5:1

< O(NJ/T + NJ*a; a0 ) NJY,

where the first inequality is due to the triangular inequality and |p(t1) — p(t2)| < 2|t; —t5]; the
second inequality is due to Ep(az' eis.0)®(W,) = 0 and that ejs—ei50 = (bia—b;) ®(W,)— 2.

(ii) Since 7 Y=, ®(wy) E(fy|w) E(f|w)®(w,) = (Il 22, E(filw)®(wi)') 5 >, E(fi|we)®(w,)'

is semipositive definite, we have

H%ZE(ft’Wt) (wi)[I* < ||—Z‘I> w) E(fi|w) E(fi|w,) @ (w,) || = O(||[E®(w) /£, 2(w,) ).

IBullf < Sl APl ey Bl w) @ (we) AP IMLAIP VT2 = Op(IMLA?/N) = Op (M)
The bound for ||Bs|% is similar.
(iii) By Proposition > IRe|I* < Nmax; 1 ST R%. Hence

IB2% < IIAII%IIAV‘llleQT Z B wo)|* Z IR:|1* = Op( NmaX—ZR

The bound for ||Bg|% is similar.

(iv) ||B4]|% is upper bounded by
1 21T A2 FA N2V —12 2 A2 /02 4
2 IMaA P > @(w)@(we) AP IMLAIP[V* = Op (| Mol P[MaA[?/N?) = Op(|Ma[/N)-
=1
Also, |[Bs|l7 < w7 iy IRl IAV T2 = Op(N (max; 7 32, R)?).-
(v) Bs and By are bounded similarly. We have,

T

1,1 SO

~all D Re@(wo) AP IMA|P[ VT = maX—ZR JIMLA|*/N)
t=1

IB7[|7 < N
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T
1
Op (M| T max = > F3)

t=1

Q.E.D.
Given Proposition due to

VLA < 2/ Ma[1*[|A — AH[E + 2[[MLA|?[H %,

the rate of convergence for |M.AJ% can be improved, reaching a sharper bound than

M, |2||A||%. This is given in Lemma below. As a result, rates for By, By, B; can
be improved as well.

Lemma D.6. Given Proposition[D.J], we have

IMLA[lF: =
IM A =

Op(JN?|| cov(v,)||/T + JN/T + N?Jaz/T),
Op(JN?|| cov(v,)||/T + JN/T + N?Joa;@ )T + NJ'7=2( 72 4 o -

Proof. The proof is a straightforward calculation as follows:

N T N
1 L
E[M A7 = E| Y AM, |7 = El% D> Narplagen) (w17
i=1 s=1 i=1

N

=

N

Dj

Ssas

=1 S
J
+ ZE ;ZZ)\ kaT;O Qr 6,5)1{|615| > aT}¢](W8))

1= k=1 j=1 s=1 i=

’;(:l ]J:1 1 L;:l ;\?1 K J 1
S 8ZZE ?ZZ zkezs¢j Ws ZZE(TZZ)\Zkezsl{|ezs| > aT}¢j(Ws))2
k j=1 s=1 i=1 k=1 j=1 s=1 i=1

J 1 T N
+30D B0 2Pwlart{len] = arkés(w.))

e
Il
—_
.
Il
—
vl
Il
,_.
.
Il
—

IA
o

[M] =
M“
g

)
M)~
Mz

k=1 j=1 s=1 i=1 k=1 j=1 s=1 i=1

To bound the first term, Let F,, be the conditional expectation given w,. We need to

bound Y7, v | Eweisers|. Note that e, = x5 — E(xis|Ws) = Ny +uis. Since E(ulf,, wy) = 0,

33

_ch 1) J lOgN

T N
Alkels¢j Ws + 12 Z Z E ; Z Z |>\zk€zs|1{’€zs| > aT}(bj(Ws))Q-

—))-

J T
1
)\zkan aT €is ¢] Ws E E E(T E 2)\ikeisl{’eis| < aT}¢j(Ws))2
1 1



we have
E(7su;|ws) = E<fsu;|WS) - (Ef8|WS)E(u;|WS) = E(fsu;|W8) = E(fsE(uuW& f,)|ws) = 0.

Hence By (eisers) = BNy, + i) (ANys + ws) = X cov(v,)A; + Ey(uisugs ). Therefore,

K J | N K J N
822 ZZ)\Z;C@ZSQSJ (ws) :8ZZ?V8’I‘(ZAZ‘]€61‘S¢]‘(WS))

k=1 j=1 s:1 =1 k=1 j=1
K J | N X
= 83 S SIS N Bu(enen)dy(wo'} < C Z 7 E0;(w.) SﬂpZZiE eiseis)|
k=1 j=1 = i=1 i=1 =1 =1
7NN cJ N N
< - Z Z IA; cov(y ) N| + — Supz Z | B (uistys)|
i=1 1= i=1 I=
CJ 1 N L
< = Ncov(v)ll + Supmaxz | B (uisuis)| = O(JN?|| cov(y,)|l/T + JN/T).

=1

Note that the second term is bounded by

IA
Q
]~
]
N —
NE
WE
o
o
=
o
M
o
=
2
=
2
v
§
=B
RS
E)
e

IA
Q
]~
M&
N~
M =
WE
wn
5
&y
=
=
S('T)
v
S
=
2
=
2
v
5
=B

>
I
—
<
Il
—
-
Il
—
—
I
—_

IN
Q

—_N? maxsupE er1{|eis| > ar} + C’KJNQ(maxsup Eleis|1{|ess] > ar})?
= O(N2JaT<2/T+N2J 7Ty,

Hence E[MA[[% = O(IN? cov(y,)[|/T + IN/T + N2Ja;y /T + N2Jaz ),

The rate for ||1\/I'C¥1AX||% comes from
IMLAE < 2 Mo |*[|A — AH|[F + 2[[MLA|?|[H 5.
Lemma D.7. max;<y |[Mio| = Op(J"V.J ++/J(log N)/T)
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Proof. First, it follows from the proof of Proposition that

T

1 L Jlog N
max [ Y arp(a'eia) 2(w.)| = Op(y/ =),
s=1
Secondly, since |p(t1) — p(ta)] < 2|t; — tof,
1 & 1
max | = 3 ar(plaz'es) = plar'eia)) 2w, < max |2 D" e = eisal@(w,)]
1 8;1 5:1
< max | D7 2(bia — b)B(we) — 2 ®(w.)| < 2max [y — bi|Op(]) + Op(J V)
s=1

= Op(JWIT + Jaz "),

The result then follows from the triangular inequality.
Q.E.D.
Proof of Theorem result (3.5): max;<y [[A; — H'A||

Proof. Let B, ..., Bjg respectively denote the ith row of By, ..., Bg. We have

max By | < Op([[M, AH/N) < Op(max [M;q|)

max | By < max—ZR2 )12

max |Bi| < Op(max ||Mi,a||) = Op(J VT + Jaz*™Y 4+ \/J(log N)/T)
max|Bul| < Op(max | Miq|)Op(IM,A[/N)

max |Bi|| < Op (max||Mla||)Op(\/_maX—ZR2 )12

max ||Bj|| < maX—ZR2 )12

max [Byr|| < max—ZR )2V I)Op(IMAll/N)

miemx||Bi8|| < pm?XT;Rit.

Hence

max [Ai — H'Aj|| < Op(max | Bz + max || Bjs]|)
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. log N
o(J T + /TTog N)T + ;G0 [ 1e N B2) = 0p(I VT + T og M),

where the last equality follows from

—(-1) [J3log N log(N.J) a2 732 Jlog N

under assumptions (log N)3J% = O(T) and ; > 2.

D.4 Proof of Theorem (3.2; %Zthl lg(w;) — H 'g(w,)|?

Recall that g(w;) = %/A\/E(Xﬁwt). By (D.1), g(w;) — H 'g(w;) = 3., Cy, where
1 -~ ~ 1 ~

Cﬂ = N(A - AH)/(AH — A)H_lE(ft|Wt>, Ctg = —NH,A,(A - AH)H_IE(ft|Wt)
1 ~/ 1~/

Ctg = NA MOCA(I)(Wt), Ct4 = NA Rt.

Lemma D.8. Assume J = O(N),

1., ~ B J  +/J3logNlogJ Tlecov(y)Il | e, —-1) [JPlog N
HNA(A—AH)HF—OP(\/TN+ Tt T ST O R,

and ||N (A AH)||r has the same rate of convergence.

Proof. A’(jAX — AH) = 3% | A'B,. Keep in mind that ||A’M,|| and ||1AX/MQ|| have sharper
bounds than ||Al|[[Ma||, [|Al[[[Ma]], given in Lemma

For i # 3,4,5, we simply use ||A'B;|| < ||A[[|Bi[| = O(V/N)||B;|| and Lemma . But
note that for By, By, the first upper bound in the lemma is used.

T
~ 1
IABi = Op(IMLAN)  IABy] = Op((max = 3 R2)V2N) = | 4B
R t=1 ) .
|ABA]| = max—232 JLIPIMGAL,  [ABy| = Op(max ST FAN
t=1

As for Bs, B4, Bs, we have

T
!/ !/ ]‘ / /
[ABs|| < Op(1)[A MQIIHTZ@(M)E(Q\M) I = Op(|A'Ma).

t=1
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IAB4]l < Op(DIAMalll77 ZCD wi)D(w,)'[[|[ M A]| = Op (|| A'M, || M, A|/N)

IABs|| < Op(1)]|A'M, ||H—Z<1> wORY[/VN = Op(|A'M, ||(JmaX—ZR )'/2).

Note that \/7||M;./A\||F < N. Hence

1, ~ 1, ~ 1
1A (A= AH)|F < \/fII—A'(A—AH)II=—OP(IIA’Blll+IIA’BQII+||A/B:>>||+||A'Be;||)

= (—HM’AH+ maX—ZR2 )12,

t=1

In addition, we have
1 NN I 2
IR R - AR < I AR = A+ 1R - AR

1 ~ 1
= Op(5 IMLA + ML+ ( max—ZR 12),

which is straightforward to be verified to have the same rate as ||%A’(K — AH)||g.
Q.E.D.
Proof of Theorem 3.2 first result
The convergence of Zthl |lg(w;)—H 'g(w;)||? in this theorem is proved in the following

proposition.

Proposition D.5.

J  JPlogNlogJ  Jl| cov(vy,)| -2 | 26D J3log N
TN + T2 + T +J + « T —).

T
Z 8(we) — H 'g(wy)||* = Op(

Proof. By the proof of Proposition and Lemma , %HK — AH||% = Op(+ M. %) +
Op(max; % Zthl R)

1 T
=3 ICal?
t=1

T

1 1., -~ ,

=3 ICAI = Op(I AR ~ AE)I?) = Op(55 M, A||2+max—ZR
t=1

T
1 4 1 2\2
Or (M + (nc - 3 7))
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1 o 1 o
TZ ICull®> = Op(m?XTZRiQt)
t=1 t=1
Finally, let 3, denote the 7th row of %‘/A\,MQA, 1 < K. Then
1 T
—Z ICul* = Z ||—AM Ad(w,)|* = Z Z (B;®(wy))
t=1
-~/
ZHB I ||—Z<I> w,)@(we)'|| = Op(1 )HNA MLAlff = Op(—||AM I1%).

Hence

’ﬂ |

T T
~ 1

E (wo)lI* = OP(—HM I+ QHM;AH“rmZ.aXf > R})

—1 t=1

J  JPlogNlogJ J| cov(vy,)] Lo a1y J° log N
JEn v
TN + T2 * T * Ta T —7

= Op(

Finally, due to ¢; > 2.5 and log N? = O(T),

—otei—1y 3 log N J3log N log J
05’1“2(41 Y T :O( T2 )

D.5 Proof of Theorem |3.2} %Zthl |7, — H1y,||?

Note that x; — E(x¢|w;) = Ay, + u;. and 7, = %K/(xt — E(x;|wy)). Hence from (D.1

d

~ 1

¥, —H 'y, = NH/A/ut + E Dy,
i=1

where for C;3, Cyy defined earlier,

1 ~/ ~ 1 ~
D, = NA (AH — A)H ', D, = N(A — AH)'u,

1 ~/ 1~
Dy = NA M,A®(w;) = Cy3, Dy = NA R, = Cu.
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Hence for a constant C' > 0,

T 4 T

1 ~ _ 1

DI E7 : e el S | I
t=1 i=1 t=1

We look at terms on the right hand side one by one. First of all,

K K

T
E”_ Z'Yt')’t cov(yy) [l = Z Zvar Z%’t%’t) = Z ! Tvar (it vit)

t=1 =1 j=1 t:l i=1 _7:1

= O(T"") max var(7:e751)-

As for Dy, let G = %K/(AH — A)H! and let G/ denote its ith row, i < K. Then

1 T K T K 1 T 1 T
=0 IDalr = Z )2=ZG§TZ%%G2‘§HTZ%’YQHHGH%
t=1 i=1 = t=1 t=1 t=1
= GIE (] cov(y,)]| + Ol:) ma var(ricn)

T
1 1 ~ 1 1
= Onllcovtn)l + 7 g or i) OraIMLRIR + ML+ £ 5 I
Terms Dy3; and Dy, were bounded earlier. Term Dy, is given in Lemma [D.T1] below. Also
note that the rate for 5 ||M,||* is dominated by the rate of 55 LML A2 + max; ST R

Thus by Proposition [D.3] Lemmas [D.6] [D.9] [D.10]

4 T T T T
1 1 ~ 1
OESSI NQTZHu ML+ s 30 S R + 5 IMLAJR + max £ 37 R2)
=1 " =1 s=1 =1 =1
J J4logNlogJ J|| cov(~,)|| 1y J*log N
= 0 S Jl 2n 2(¢1—
gy T T2 T o 7 )

Finally, + >/, [+ H'A'w[?> = Op(7hz o) E||A'u||?) = Op(+). Hence

T
1 N _ 1 J'logNlogJ J| cov(vy,)ll 261 Jlog N
— E —H N2 = 0Op(—= s/l gi=2n (C1—

T — ||F7t 7t” P(N + T2 + T +a T )
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Lemma D.9.

T
S [uM, |2 = Op(IN|| cov(y,) | + IN?/T + J + JN?a;).

Proof. Note that EZtT  [lui M, H2 = % ZtT 1 Z;} 1 E(va1 ZST 1 UitOéTp(Oé%lezs)ﬁbj(Ws))Q-
We now bound the right hand side. In fact, since e;s = )\;ys + Ujs,

N T
EQ Y uparp(og'ei)d;(w.))?
N N7
< BB Y waeisl{les| < ar}o;(wo))? +2B(0Y Y ugarplares) {|es| > ar}o;(w,))’
i:]\l/v 5:7} N i=1 s=1
< E(Z Z uireisdj(ws))? + CE Z Z uieis1{|eis| > ar}o;(wy)])?
i;l s;l z:l]\}s:lT
< CEQY Y uaXiyd(we)) + CEQ Y (wiuis — Eluiuis))d;(w,)) +
i=1 s=1 i=1 s=1
N T
+CE) Y (Buyui)é(we)* + CEQ DY |uuess{lew| > ar};(w,)|)*.
i=1 s=1 i=1 s=1

The first term is bounded as: uniformly in ¢,

N T N T

Z Z uzt}‘z7s¢] ws)) Z Z Z Z A;E'Ys(ﬁj (W) upuipd; (Wk)'Y;c}‘l

i=1 s=1 i=1 s=1 I=1 k=1
N N N N
= Z Z N By i (We) Y + Z Z Z X cov(v,) Ej(ws)* A By
=1 =1 i=1 s#t =1
N N N N
< > EllBuualwe, )6y (wo) [yl max [Ml* + T Y Yl cov(v,) | B (we)? | Buyeuie| max || Ai]|
i=1 1= i=1 I=
' N ' N
< VO s S (Bt )00 Bl P = w0, 0+ | eos(.)[TNC s S B
I=1
< NC sup maxz |(Eugwie|[we, £)|]] cov(v,)]| + || cov(y,) | TNC maxz | By

O eovia ). -
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The second term: note that for some v > 1, E{Fu},|w;}* < oo, uniformly in ¢,

Z Z Uiplhis — Uztuis))¢j(ws))2

i=1 s=1
N T N T

= Z Z Z Z E ultuzs — uztuis))(ultulk — E(ultulk))gzﬁj (W].C)Qﬁj (Ws)

i=1 s=1 l=1 k=
N N b N N
= Z Z E(uj, — Euiy)(uj — Eu%t)(b]'(wt)Q + Z Z Z By (uj, — Euth)¢j (We) Euisdj(ws)
i=1 =1 i=1 s#t l= 1
N N
+ Z Z Z E(u Eu ultgbj (Wt)Egzﬁj W)k + Z Z Z Fuju Busuigg; (Ws)
i=1 =1 k#t i=1 s#t =1

N
+Y Y YD BuiunBusdi(wo) By (wi)ui

i=1 s#t =1 k#t,s

N N N N
= Z Z E(uj, — Bug,)(u, — Bui);(wi)? + Z Z Z Euguy Buisuisg;(ws)®

i=1 I=1 i=1 s#t =1

N N N N
< Zl ZZI E(u;, — Bugy)(uy — Euy)éj(we)* + CT (max ZZI | B |) (sup max Zl | Bursuis|w) | Ed;(w,)?)
= O(N*+T).

The third term is bounded as: uniformly in t,

E(Z Y (Buiui)d;(w,))* = E(Z(EUZ)%(WJ)Q = O(N?).

Finally, the fourth term is :

B fune{lew] > ar}a;(w.)])?

N T
= =1

1 s

i

N T N T
= EY > 3 > luweslew] > ar}o;(wo)llunenl{len] > ar}o;(wy)l

i=1 s=1 [=1 k=1

N N
= N Elugunent{len] > aryé;(wi)|Elewl{les] > ar}é;(w,)]

i=1 s#t I=1

N N
+Z ZE|uiteit1{\eit| > arbugepl{|en| > ar}|o;(w)?

i=1 [=1
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N N

+EY YN fuiunenI{len| > ar}o;(wi)|Elew1{|ew| > ar}te;(wy)]
i=1 =1 k£t

N

N
‘f‘ZZZE|Uz‘tUlt|E|€l51{|€ls| > artes1{]es| > aT}¢j(WS)2|
=1 sAt =1
N N
+ 3 Y Eluiuy| Bless1{leis] > ar}e;(wo)|Elewl{lew] > ar}é;(w)]
i=1 s#t

=1 k#s,t
5

=1

We look at a;,i = 1, ..., 5 respectively. By Holder’s inequality, and the assumption that
E{E(u}|w)}" < 0o, and by repeatedly using Cauchy-Schwarz inequality, uniformly in ¢,

N N
ar = > ¥ Y Eluguen{len] > ar}o;(wi)|Eles1{|ew| > ar}o;(w,)]

1= 1 s#t 1= 1

< X S (Bl > arh B ) s Bl 1l > arl) Eles e
1=1 s#t [=1

< CTN? m?X{E[Euit|wt]”}1/ (2v) OZ;(C2+1)*C2/2 _ O(TNQQ;(Cerl)*Cz/?)

N N
ay = ZzEluiteit1{|eit| > ap buger1{|er] > ar}|o;(wi)?

=1 |=
N 1\71
< O BluaXy {leal > arbupXpy, 1 {len] > ar}|é;(w.)’
=1 =
1]\7
+3 Y EluaXy Hex] > arui1{|en] > ar}d;(w,)?
=1 [=1
+3 ) Elugi{lea] > aryundiy, 1{leu| > ar}|o;(w,)?
=1 [=1
+> > Elui{lea| > aryuil{len] > ar}lo;(wi)®
=1 =1 NN
< CZZm?X(EU?t)l/Q(E{EH’Yt||4|W OV 1O TN B () I E v g (we) )V
i=1 [=1 i=1 [=1
+0 Y Y {EIBuiw)] '} = O(N?)
=1 [=1
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N N
ag = EY Y3 fugugeql{leu] > ar}o;(wi)| Elen1{lew| > ar}é;(wy)|

i=1 1=1 k#t
N N
< S (Bluiune;(w) ) 2 (Eel1{[ex] > ar})'?Elen{|en| > ar}d;(we)|
i=1 1=1 k#t
N N
< TCZZ{E ztult )] }1/21} —C2/2—(C2+1) _ O(N2Ta;§2/2*(C2+l))
=1 [=1
N N
_ 2 —Cz
- 7 S S 18 18 J S
ay > Y Eluguul Ble1{|ew] > arteil{les| > ar}é;(w,)’] = O(TN?a;?)
1=1 s#t I=1

N
as = > > 3> Eluguy|Ele1{leis| > ar}te;(wo)|Elen1{|en| > ar}e;(wi)]

1=1 s#t 1=1 k#s,t
—2(Co+1
= O(N*T?a; @)y,

Therefore, uniformly in ¢t < T,

E(Z

|
=1 s=1

T
wieis1{leis] > ar}o;(w,))? = O(TN?az # T 2L N2 TN 0 @+ N2 T2 1Y),

Consequently, (note that JN2a; + JN2Ta; 2@t > JN2/Ta, @)@/
T
EN " [upM,[? = O(IN|| cov(y,)| + IN*/T + J + IN?a;® + JN*Ta, "),
Lemma D.10.

T T
SS TR = Op(NT*log Nlog J + J* ™' TN + Taz " VN2 log N).

s=1 t=1

Proof. Recall that Ry = Ry + Ra it + Rs, where

1 L Lo ’
Ry = TZOCT[P(OCTlezk,a)—P(OéTleik)M)(Wk) Ad(wy)

k=1
Ry = (I)<Wt)/(Ri,b +bio — b)), Rs i = —2zy.

In addition, recall e;; = €;; o + At o, Where Ay o = (b; o —b;)'®(W,) — 2;;. For notational
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simplicity, we also write Hy; := ®(wy) AP (wy).

Z Z WR,* <C Z Z(Z uisRy ) +C Z Z(Z Uis Ry i) +C Z Z(Z uisRs i0)°.

s=1 t=1 s=1 t=1 =1 s=1 t=1 =1 s=1 t=1 =1

We look at these terms respectively.

bounding the first term

Z Z E(Z uisRl,it>2 = Z Z E{Z Uis Z ar|p OéT Cik,a) — p(@%leik)]CD(Wk)/Aq)(Wt)}z

s=1 t=1 i=1 s=1 t=1 i=1

T T N LT
< C Z Z E{Z1 Uis kz Ao Hyi
1= =1

s=1 t=1

T N T
1
+CY Y B tio| > [Awalt{lew] > ar or leal > ar}|Hyl}?

s=1 t=1 =1 k=1
= Cay + Cas.

For notational simplicity, let [; x := 1{|ex| > oz or |eita] > ar}.

T
ap = Z Z E{Z uis% Z Aik,aHkt}Q

IA
£
™
IS
=
&
£
J»—l w
™
Mq
NE
M’ﬂ
M’i
=
E
&
P>
g
=
L
3
Q
£

IN
Q
<
=
o
sii
o
T
é
_I_
<
4
e
=

T N N
ay = 1 ZZ {ZZW’S wolineHi} = ZZE\uisujsAik,aHktAﬂ,a[i,kt[j,ZtHlt’

s=1 t=1 i=1 k= 1 kJILZT i=1 j=1

1
S _2 Z Z ZZ uzsu]s ik aHktA]laHlt> ) Z(Eli,ktjj,lt)l/Z
t,k,I<T s=t or k or | i=1 j=1
1 N N
D) Z Z ZZE|uisuj8|(E(Aik,aHktHltAjl,a)Q)1/2(E]i,ktjj,lt)1/2
t,kI<T s#t,k,l i=1 j=1
CN(N+T), _(x
< %(%(’“ T+ T 22 (BLdin) '

tkI<T
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< COPNT(N +T)(az " VT + J7m)2a =197
where the last inequality is due to, uniformly in i, 7,

P(leial > ar) < Pllea| > 3ar/4) + P(|®(w,)]| > Cak) < Caz*?,
N (BLiwln)'? < CT a2

tk,I<T

Therefore, S0 ST7 (SN wioRy )2 = Op((a " VT + J2J2TN(T + Naj @272y,
bounding the second term
By Lemma max;<y |Ris? = Op(az —2G-1) az ~2(G2+2) | logJ)J3 l;gN Hence

T T N T N
Z Z(Z UisRoit)® = Z Z(Z u;s® (W) (Rip + bio — by))?
s=1 t=1 =1 s=1 t=1 =1
T T T T
2555 S)IITITILIEED 3) 9y BRI A
s:lt:lz— s=1 t=1 i=1
T T
a < 2) ) Zl\uw (w)ll)? maXHRmH2 (T2N2J)m?XHRi,bH2
s=1 t=1 1i=1
- op((Ta;Q““” + Ta @™ 4 1og J)N2J* log N).
T N N T
Elag| = 2) 3 (bia —bi) Buiujs Y ®(w)®(wy)(bje — by)
s=1 i=1 j=1 t=1
N
< 25upmax2| Buistjs|ws)| max||biq — b, 12 ZZEHZ@ wy)®

s=1 i=1 t=1

< O maxub,,a—bin N) = O(T?Naz %1y,

Therefore, S0 S8 (SN wigRoit)? = Op((Tayp™ ™Y + Ta %) 4 log J)N2J log N +
T2Na, 21y,
bounding the third term

E Z Z(Z uisRS,it)2 = Z Z(Z Uiszip)? = Z Z Z Z Bugsujszinzje = O(NT?J—27).

s=1 t=1 i=1 s=1 t=1 i=1 s=1 t=1 i=1 j=1

Hence the result follows.
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Lemma D.11.

—Z Do f* =

Op —HM’AH +— maX—ZR

N2T Z Hu O‘H +N2T2

ZZ\u R,|%)

s=1 t=1

Proof. First of all, note that max; Z]‘ | Eusu;s| < 0o, hence

1 T
E?Z [l Al
s=1

In addition, & >°1_, |Ds|? =

T
> By
=1

N2T &

T
> B
1

N2T &

T
Dl By?
=1

N2T &

T
D lhBy?
=1

N?T &

T
> B ?
=1

N2T &

IN

IN

IN

IN

= O(N).

K
> EuN;)
=1

TZt 1 ||N(A AH) U-ltH2 < sz 1 N2T Zt 1 [u;B; ||2

Z” ‘A NZE f,|w)®(w,) AM, AV~

N2T
N4T Z Hu;AHZHT Z E(f,lw)®(w,)'||*[|MLA[*Op (1)
s=1 t=1
T
Op(l)N4T Z [ AP [MLA? = Op (ML A?/N?),
N2T Z A~ ZE (f,|w) RLAV Y2
W Z HU;AHZHT Z E(filw)R;[*Op(1) =
s;l 1t=1 - -
o7 D EMaA = > @ (wi) B(fi[w,) A'AV
s=1 . t:ll .
Or(1) 37 Z Hu;Ma|!2H— Z O(w,) B(f|w,)'[|* =
N?TZ M A—Zcb w;)®(w;) AM, AV} |?
1 -
NiT Z [, ML [[*[[ ML A[*Op (1)
8;1
T > M A—ZCID w,)R/AV !
s=1
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2
P(N max — ; R3,),

T
D ML *0p(1),
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IA

T T
J 1
LS M ||—Z<1>wt R = Op( e S ML [P & 37 R2)
s=1 t=1

s=1

T T
1 ~~
o D BlP = o ZIITNZu;RtE<ftlwt>’A’Av—1|y2
s=1 s=1
T

T
< Orlxg7s Z H Zu RB(EIw) ) < Op(gmg S0 3 MR

s=1 t=1

T T T
1 / 2 ’ 112 J / 2 NP
NQT;\|uSB7H — N2TZ”TNZU R, ®(w) AMLAV P < Op (57 D ) IR IMA?)

s=1 t=1

r T T
]\;T'SZ;HH;BSH2 - NQTZH STNZR’tRIAV ||2 < O N2T222|u;Rt|2max—ZR

s=1 t=1

IN

Summarizing, we have

r T
1 2 1 AT 1 1 9 2
f;HDQH = Or(55IMA| +Nm?XT;Rﬁ NQTZHu M, [|* + N2T222|u R.[?).

s=1 t=1

D.6 Proof of Theorem [3.3} Limiting distribution for 7,

Recall (D.3|), we shall examine Dy, ..., Dy for each fixed t. As D;; depends on %A/(AH—K),
whose rate of convergence has a leading term \/J|| cov(~,)||/T as in Lemma D.SL therefore, we

need to re-investigate the expansion of %]A\,(AH — ]A\) in the proof of Lemma |D.8, Similarly,

we also need to bound %u;(f\ — AH) for a fixed ¢. For these purposes, we need to bound
LIAB, and || uB,].

In fact, the rates for +||A'B;[|,i # 1,3 and +||u;B;||, i # 3 are sufficient for the purpose
here, which are found in the proof of Lemmas - and - However, NHA B;|,i = 1,3
and +||u;Bs| should be treated separately. Therefore we need to re-examine the expansion
of +M/A and +u;M,. This is done in Lemma below.

In the lemmas below, for two matrices A, B, we say A = B+Op(ar) if |A—BJ| = Op(ar).

Lemma D.12. Write ¥y y = +A'A, Gp = %ZtT | E(fy|w,)® (Wt)’.
(i) Write Enr = \/ 7% + \/ G + \/ Zr, and Evy = Enr + % &+ =T+ ()T,

T

1 1

NAIMO{ = 22/\7]\/?5 ’)’Sq)(ws),—f—OP(gNT),
s=1
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T
1 ~/ , 1 , ~
VAM. = 2H EAWT;VSQ)(WS) + Op(ént),
1 .
||Nu;1\/[a|| = Op(&nT) for each fized t,
1~ 2 /1 log N
AR = Op(sr 4 srage o L8 TREN,

(ii) Let M, = Sy vGrA, My = 35 yHV ™!, and My = AG, Xy yHV L. Then

1
NA/Bl = 2M1

1
—A'B; = 2X,\n= Z’Ys (W) M3+OP(§NT)
s=1

~. M, + OP(fNT)

Me

N

(i1i) For each fized t,

T T
]. an o ]- / 1 /
NA (A—AH) = 2M1T ; O (w,)v,M; + 22A,NT Zl s P(Ws) M3

. /T?log Nlog J
+OP(§NT+J1/2_"+04,;<1J3/2+ SeEe ).

T
N e )
Proof. (i) Note that
1 1 v 2 -
NAMQ = TN ZZ}“O‘T'O arle)®(w,) = ﬁ Aieis®(wy)

s:l z:l

2\“ L0
||M’ﬂl‘

Z )\'Lezs Ws |ezs’ > aT

s=1 1

N
Z iarp(ar’ei)®(w,) 1{|e] > ar}
= a1+a2+c;3, say. =

As in the proof of Lemma Ellas||? + E|jas||* = O(Jaz® /T + Ja 2(C2+1 ). As for ay,
note that e;; = Ay, + u;s. Hence

9 T N 9 T N 2
:_NZZ 1’73 _NZZ zuzs s NTAAZ’Yt Wi +OP( J/(NT))

This gives the desired result for A’M,. On the other hand, the expansion for K/Ma follows
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from Lemma [D.5 for |M,]|| and A M, = H'A'M,, + Op(||A — AH)]||[M., ||>
In the proof of Lemma D | we showed that E||xuM,|*> = O(% + 755 + aT ?). This

implies +u;M, = Op \/ + \/;04;42/2).
Finally, for each fixed ¢, HNA Ri|| = Op(% SN |Ral) = Op(Jl_”—l—J2 741—1—‘]2— Vog Jlog V)
(ii) The first part follows from ( ) and - +A'B; =3, NGTA M/, AV
The second part follows from (i), Lemmas -,-, and

~ 1 1 ~
/ — / 1 / ! —1 / / .
—NAB3 —NAM AG! AAV NAMQAGTEA7NHV +Op (|| A M| A" (A- AH)]).

(iii) It follows from the proof of Lemma that

v/ J3log N'1
Z H—AB Il = Op(( maux—X:R2 )24 MlAH)) Op(J"* a1+ e Oiw o8/ +Exr)-

i#1,3

The result then follows from part (ii).
Finally, straightforward calculations very similar to the proof of Lemma give:

u R,
H—ut(A AH)| _OP<H_utA”(||_M/A||+ (max = ZRQ ) )+~ utM I+(= Z(tTf)m)-

s

In the proof of Lemma [D.10] we have already proved that

1 u R, 1 ¢ . Vd0ogNlogJ
(F 2 = Op( ' (ag® 4 S22 0) 1),

s

On the other hand, the rates for other terms on the right hand side are found in part (i),
and Proposition [D.3|

Q.E.D.
We now study the limiting behaviors of H. Define

T
Yrr = Z (fy|wy) E ft|Wt)/, Yp= E{E(ft|Wt)E(ft|Wt)/}~
Let 1
Cy = NA/A

49



In addition, define and recall the following notation:

(i) Vi is a K x K diagonal matrix, consisting of the eigenvalues of /N, where ¥ =
E{E(xi|w;)E(x;|w;)'};

(ii) V*is a K x K diagonal matrix, consisting of the eigenvalues of CyXp7Cy;

(iii) V is a K x K diagonal matrix, consisting of the eigenvalues of Ejlx/ ’y FE}\/ %

(iv) Vis a K x K diagonal matrix, consisting of the eigenvalues of ¥ /N, where ¥ =
% > E(Xt|Wt)E(Xt|Wt)/-

Denote

| J  \/J*logNlogJ \/J||cov('7t)|| 1o—y | —(a-1) [J?log N
GNT-—\/TN+ T + T +J + ap —7

which is the rate of convergence for H%A’(K — AH)||r by Lemma .

Lemma D.13. (i) H »F S°’TV-1/2.=J,  LAA =P 5. /°TV12,
(ii) Let T' be the eigenvector matriz of 2}1/22/\,]\;2}/2. Then

log N

IH - STV = Oplany + 7"+ 1/ =),

Note that result (i) provides the limit of H and is useful to derive the limiting distribution
for 4, while result (ii) provides a rate of convergence. But since 2}/21;V;,1/ ? still depends on
N, it is not the limit. Note that it is possible to obtain the rate of convergence for part (i)
as well, but it then requires the knowledge of the rate for %A’ A — X, and is not pursued

here.

Proof. (i) By definition, H = EF,TCNV’I. Hence
AV — AX;7Cy = (A — AH)V. (D.4)

Step 1 The limit of CyXrrCy.
Left multiply IAX,/N on (D.4]), and note that %/A\/K =1, by Lemma |D.8

~ 1~ ~ ~
V - CySprCy = NA’(A — AH)V = Op(anr) = op(1).

By Lemma[D.4 V =" V. Thus CySprCy = V.
Step 2 The limit of Cy.

20



Left multiply £/7A'/N on (D.4), Si2CyV-E/75) ySrrCy = Sia L+ A'(A-AH)V.
Call the right hand side to be D. By Lemma A(A = AH)||r = Op(ant) = op(1).

Hence ||D|| = op(an7t). It also implies

I

1/2 CNV (21/2 4 NEl/Q L DC 12—1/2) 1/2 2Ch.
Let T = 2}/’;0 ~V*71/2 50 that each column of T has a unit length, and we have
IV = (Z/78\ v 27 + DCY'E /AT

Thus the columns of T' are the eigenvectors of 2 SN NE}%—}—DC 'S 1/2 By ||ID|| = op(1),
Assumption , and LemmalC.1} the eigenvalues of X ETE A, NE};}#—DC NlE}}T/Q are distinct,
which are asymptotically those of E;ﬂZ AE;/Q. This implies that T is uniquely determined

except that each column can be replaced by the negative of itself. In addition, the kth
column of T (and E}/}C ~) depends on A only through the kth column of A. Hence the sign
of each column of T is also uniquely determined by the column signs of A. Then applying
Lemma on the eigenvectors, we conclude that there is a unique eigenvector matrix I' of
21/22/&21/2 so that T —% I', which also implies Z]}w/zCNV*_l/2 —Pr.

By step 1, V* =¥ V. Hence Cy —F E;l/QI‘VI/Q. We have H = E]F,TCN{/*1 —
EFE_I/QI‘VWV Lo STV =

(i) Since H21/2 11[,/2H = Op(T~Y2), by Lemma|C.1| and that £}/°3, %/? have distinct

eigenvalues, we have

=~ = - 1
IT = T < [Z5° 0w B = SEENEI + DOV S = Or( = + avr).

IV =Vy|=0p(J "+ 2% Tt then follows from step 1 that

flog N
||C§VEF,TCN — VNH = OP(J_77 + gT + CLNT)

This implies |[V* — V|| = Op(J 7"+ logN + ant). Lemma [D.4] also states ||\A7 —Vy| =
Op(J "+ logN) We also have H = ZI/QI‘V*l/QV . Hence

Also by Lemma |D.

W

log N

IH = STV 2| = STV = STV = Op(ayr + 777+ 4/ =),
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Proof of Theorem [3.3]
Proof. Recall (D.3]),
d
~ _ 1
F,—H v, = NHIA/ut + Z Dy;.
i=1

Under our conditions, by Lemma |D.12]

1 ~ ~ 1 ~ I~
D, = NA/(AH—A)H‘lfyt = FHA(AH — A)H 'y, + Op(5 A — AH|)
T
2 1 1
= —= ) H(M;®(w,)y.M; + S x7,2(w,) Ms)H 'y, + 0p(—= + —=
T — ( 1 ( )’Y 2 ANY ( ) 3) Y P( /—N ﬁ)
1 - 1 1
Dy = —(A—AH)uw, =op(—= + —),
t2 N( ) t P( N \/T>
D L A'M Ad(wy) = 2H'S ! §T D (w,) A®(w;) + op( S )
= == o - T s s OP\—F= ’
5N t T 27 TIRYN T
1 1 1
Dy = —AR,=op(— :
w = yhRe=orlGSt )

By the definitions of My, My, M3 in Lemma and Lemma [D.13| and that Gy —%
G = Ef,®(w,)’, we have

M, —P SAGA, M, P EAE;/QFV—S/Q’ M, P AG/EAE¥2FV_3/2,

In addition, M,H™! =% 3! and 1\43H—1 —P AG'E
Let dn7 = mln{\/_, \/_}, and \/_N \/LT = (5]}1T. Let ant = ‘SNT]@, byt = (SNT;- Note that
o(ayt) = o(1) and o(by7) = o(1). Since H' =¥ J := V‘l/zl“’E};/?,

6NT( —H ’Yt) = aNTH\/—_Zuzt)\ +bNTH EAN\/—275 Ws> A(I)(Wt)

_bNTT Z H' (M @(w, )y, Mz + Za x7,2(w,) M3)H ™y, + op(1),

= by

3\

T
ZJzA D(w. ) AD(w,) — GAD(w,)7, T, — 7,8 (w. ) AC S y,)

‘I'aNT\/— Z JAiuy + op(l) = byrer + ayrdy + op(1),
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where dy = \/—% Z@]L J\uy, and for my, = [O(wy) — G’E;lfyt]’ACI)(ws),

T
1
cr = ﬁ Z 2J07, (W) A[D(W;) — G'S5lyy] — 2IB GAD(W, )7, B,
s=1

T
2 _
= ﬁ E JEA{mtsIK_GA(I)(WS)'%EFI}'YS'
s=1

Then dy —¢d = N (0,JQJY), cr =% c =2 N(0,JEZ, M, 3, J').

In addition, because E(w|wy, ;) = 0, we have E(uh(vy,,..., 7)) = 0 for any function
h. This implies dy and cg are uncorrelated. Since they are both asymptotically normal, it
implies that cy and dy are asymptotically independent. Thus, (dy, cr) converges jointly to
a multivariate normal distribution: (dy,cr) —? (d, c). Then, the almost sure representation
theory (Pollard| (1984), page 71) asserts that there exist random vectors (dy, ck) and (d*, c*)
with the same distributions as (dy,cr) and (d,c) such that (d%,c}) — (d*,c*) almost
surely. Now, byrc* + ayrd* =2 byrc + ayrd =2 N (0, b3, IEAM, X\’ + a%,-JQJ’). That
is, (B2, JEAM AT + a2, JQI)V2(byre* + ayrd*) =4 N(0,1). Therefore,

(L3 JEAMEZT + a2:3QI) V2 (byrch + anpdly) =2 N(0,1).

The above is true with (ck, dy ) replaced with (cr,dy) because they have the same distri-
bution. Also, (b3 + a%,)~Y? = O(1). Hence

(DY I SaMET + axp JQI) ™ 20nr (3, — H'y,) =2 N(0,1),

which is equivalent to the desired result.

Proof of Corollary |3.1

It follows directly from Theorems , and straightforward calcualtions that Sy =
H'SH '+ 0p(1), Sy = H'S H+0p(1), G =H G +0p(1), S =S + 0p(1), cov(v,) =
H! cov(y,)H "+ 0p(1), & = o + op(1), B, = H'B, + op(1). Hence M, = H'M,H' ! +
op(1). In addition, by Lemma [D.13] H —* J’. Hence

SAM, S, = H'S)\M, S, H + 0p(1) = IS M2 T + 0p(1).
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Also, under cross-sectional correlations, by Lemma below, ||E, — .|| = op(1). Hence
Q =H'QH + 0p(1) = JQJ + 0p(1).

The result then follows from the Slutsky’s theorem.

E Proofs for Section 4

The proof of the limiting distribution of S under the null is divided into two major steps.

step 1: Asymptotic expansion: under Hy,
1 « .
§=— > W AHWH A'u, + op(T71/?).
t=1
step 2: The effect of estimating 3, is first-order negligible:

T T
1 E : ’ NTT A e 1 2 : ’ I —1 A7 -1/2
ﬁ 2 utAHWH A u; = ﬁ - utA(NA EUA) A u; + OP(T )

The result then follows from the asymptotic normality of the first term on the right hand
side. We shall prove this using Lindeberg’s central limit theorem.

We achieve each step in the following subsections.

E.1 Step 1 asymptotic expansion of S

Proposition E.1. Under Hy,
1 & —
S =7 > W AHWH A'u, + op(T7'/?)
t=1

Proof. Since ||\/7\\7|| < max; o, = Op(1), it follows from |D that it suffices to prove under
Ho, X7 DL,WLH AW, = 0p(T1/2), and X7 Dyl = 0p(T~1/2),i = 2,3, 4.
By the proof of Propositions[D.5] [D.3] Lemmas[D.6] and that D3 = Cy3,D;y = Cyy,

NJ3logN NJ3log Nlog J
2T T2

N <& N &
T > IDul® = Op(max - > R3)=Op(NJ'"? + ) = op(
t=1 t=1

o4

3~



T —(a

N 12 J  NJa a1y JPlog N 1
D.lI2 = O A ML, |12 O T 2—4y) 2(1 1) _

T Z_ 1D Pyl 1 =0rl+ = —+ /7" +a Tmt) =P )

The last equality holds so long as NvT = o(J?"1), NJ*log N log J = o(T??), ¢; > 2.
By Lemma |D.10]

—ZHDmW Op —HM’AH +maX—ZR ZH M, |+ ZZ\U Ry[*) (—)
NT NT

s=1 t=1

Q‘

The proof of & 37 D;iW%H’A’ut = op(T~%/2) is given in Lemmas [E.1{and |E.2 below. It
then leads to the desired result.

Lemma E.1. Suppose (N +T)J'™2" = o(1). Then
Z D, 2W H'A'w,) = op(T7/?)

Proof. Tt suffics to prove |4 S0 DpuwAl? = |2 3°], leA’utut(A AH)H2 = op(%). To
this end, we need to decompose A — AH = Zi:l B; again as in . Every term can
be bounded using established bounds except for the term involving B3. More specifically,
L EAuuB? < 1Y LA wu)|2]B;)|%. On the other hand,
LT LA < 2 ST, LA, + 22 YT, LA (g — 2,)[3. The first term
is Op(=). As for the second tern,

for i # 3, we use ||+

1 1 KN X
EH? NA/(utu; 2u)H%‘ - ZZE(WZZA]]@(UﬂUZt Eu]tuzt))
1 KN N - t:U:ll K N T N N
— —T2N2 Z Z Z Val"(z )\jk(ujtuit - Eu]‘tuz‘t)) - T2ZN2 Z Z Z Z Z )\jk)\lk COV(ujtuit, Ultuz‘t)

Hence ||& 71 £ AuB; |2 < Op(L + £)||Bi|? = o(L), for i # 3, where the last equality
holds by straightforward verifying (% + 1)|B;|? = o(1) using Lemma assuming (N +
T)J'21 = o(1).
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To allow N/T — oo, the term involving Bj requires a different and sharper bound:

= XT: L AmuBs|? = |2 XT: L A, L XT: AD(w,) E(E,|w.) AV

thlN t U D3 thlN t Uy aTstl S S S
1 & 1 Yoo d
1 ! 2 _ ! . —1 2
< Hﬁ tZ1 Ay, M, |["Op(1) = OP(UHW Zt: Ay, ; Uit ; arp(ag eis) D (ws)||
1 Yoo d

< Or(Wl5 ZA’ut Zuit— Zui51{|ui5| < ar}d(w,)|?

+0p(1 ZAutzun Zan o i) 1w > ar}®(w,)|?
< 0p(1)]| T2 ~ 2 Z Z A ®(w)|)?

t s=1 i=1

+0p(1 <T2N ZZZ A W e ] 1{ s > ozT}Hfl)(ws)H) (B.1)

t s=1 i=1

where we used the fact that under Hy, e;s = u;s. We respectively bound the two terms on
the right hand side.
First term in (E.1)) Note that

1 T N J K T T N N
EHTQN ZZZA,utuztuzsé( H2 T 2 ZZE(ZZZZ)\]kuﬁuztuzs¢l Ws))2
1 Jt:lelez:IT o N N N N =1 k=1 t=1 s=1 i=1 j=1
= TNz SIS Mk A Brettis s o ton Gy (W ) 1 (W)
=1 k=1 t=1 s=1 m=1n=1 i=1 j=1 v=1 h=1

N
D ik Bud B, [E¢i(wW.)* (Buigtiy,|w,)]

TWZZZZZ

=1 k=1 t=1 s#t =1

1 J K T N
g 2D D 2 D > Bl Bunsulyn(w)?

=1 k=1 t=1 s#t i=1 h

J K T N
+ﬁ DD oD D0 D0 DD A B B, E(d(w.) (Bussuss|w,))

llkltls#tm;ﬁstl 1 v=1

T4N2 Z Z Z Z Z Z /\Zk)\ kEultEuzsuvs¢l(Ws)2

=1 k=1 t=1 s#t i=1 v=1

)‘lk)\ZkEuztEuzs vsgbl (WS)
v=1

>
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J K T

RO DDDNY S S N B o,

l1k1t157£t11h7gz
J K T

T4N2 Z Z Z Z Z Z /\hk/\zk:Eu t¢l Wt)Euzsuhsuzs¢l(Ws)

llkltls;étzlhl
J K T

OIS Z Z Nt Buungil B, oy (w,)?

llkltls;étzlhl
J K T

T4N2 Z Z Z Z Z Z /\’k)\JkEthuztEu (bl(ws)

llkltls;&tzljiz
J K T

T4N2 Z Z Z Z Z Z /\Jk/\JkEujtuztEu ¢Z<WS>

llkltls#tzlg#z
J K T

T4N2 Z Z Z Z Z Z Z Ahk}\ZkEuztuhtuvtE(qbl(Ws) (Euvsuzs|ws))

llkltls;étzlv;ézhl
J K T

T4N2 Z Z Z Z Z Z Z AikA; kEthu tuvt(E@(WS) (Euvsuzs‘ws»

=1 k=1 t=1 s#t i=1 j#i v#i
J K T N N N

b 0 D0 SIS M Buuni i (wi)?

=1 k=1 t=1 i=1 v=1 h=1
J K T N

T4N2 Z Z Z Z Z )‘Z’f)‘ﬂkEthuztﬁél (wy)?

=1 k=1 t=1 i=1 j#i
J K T N

T4N2 Z Z Z Z Z Z /\Jk/\JkE“Jtuztthuvt¢l(Wt)

=1 k=1 t=1 =1 j#i v=1
J K T N

T4N2 Z Z Z Z Z Z )‘l’f)‘JkEu]tuztuvt@ (Wt)

I=1 k=1 t=1 i=1 j#i v#i
J K T N

T4N2 Z Z Z Z Z Z Mgk Bugsipun i (we)?

=1 k=1 t=1 =1 j#i h#i,j
J K T N N N

T4N2 Z Z Z Z Z Z Z Ahk}‘zkEuzt“vt(lsl(Wt) Eupmtym

llkltlm;ﬁtzlv 1h1
J K T

T4N2 Z Z Z Z Z Z Z /\h’f)‘JkEuztugtgbl(Wt) Eupmtjm

llkltlm;étzljyézhl
J K T

T 3) 30 3) 3) 3) R VW IO LI M e

=1 k=1 t=1 m#t i=1 v=1
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Second term in (E.1)) As for the second term, first note that under Hy, u; = ey.
So Lemma implies (F|us|1{|uss| > ar}w, = w) < Ca;"". On the other hand, by
assumption, for some C' > 0, supy, E(ul1{|uy| > ar}t|w; = w) < a;°C, E[|A'w||> = O(N).

Hence

T N
1
ToN D> Bl wllualluis|{luss| > ar}l|®(w,)]

t s=1 =1

N
1
= oy 2 2 Bl wluf 1 {Jua] > ar}]|@(w,)]|
t =1

N
1
tray DD BlA wilfual Eluis| H{]uis| > ar} | D(w,)]]

t s#t i=1

N
1
77 2 2B P ENR(wI) 7 sup(Eu el > ardiw, = w)'

IN

T2N ZZZ Bl A )I/Q(Euzt)l/QEllfb(Ws)llSup(Eluzsll{luzJ > ar}w, = w)

t st i=1
VIN _
= Op(~ a;®? +VNJay @™,

It then implies the second term in 1' is Op(‘gr{joz;C5 + NJa>7).
Thus, when (5 > 1, T = o(J*171)

T

Is ! J J JN JN _ i
I 2 A wBs | = Ol + 5 + o + T ar® + NJag™ ) = o
t=1

1
T

As aresult, |43 DpwAll? =131, %A’utu;(x — AH)|]? = op(%).
Lemma E.2. Fori = 3,4,

T
tr(ﬁ > D, WL H A ) = op(T™/?)
T ti N t) — VP
t=1

Proof. Again, it suffices to verify H%ZtT:l D,wA||? = op(7) for i = 3,4. Note that
&S0, @(wi)wA|]? = Op(%L). Then by definition,

1

T T
1 14
IITZ:D):?,UQAII2 =17 Z N (W) wAl* < OP( DIAM, | II—Z¢’ WA = op().
t=1 t=1

o8



On the other hand, recall the definition R; := Ry 4 + Roi + R34, where

T
1 Lo .o
Ry = CD(Wt)IAfZ@T[PWTl@is,a)_P<04T1@is)]q)(ws)

s=1
Roi = ®(wy)(Rip+bia —bi), Rs it = — 2.

Thus it can be verified similarly that

T
1 1
E 2 § 2 § §
H_ Dt4utA|| - | T o N utAH OP NT2 || RtutA” - OP(T)

t=1 =1 t=1

The verification is very similar as before, and is omitted here.

E.2 Step 2 Completion of the proof

We now aim to show KIEUK/N = H'A'S,AH/N + op(T~/?). Once this is done, it then
follows from the facts that H'A’S,AH/N = Op(1) and (H'A'S,AH/N)~! = Op(1),

(A, A/N)™" = (HAS,AH/N)™ + op(TV2).

As a result, by Proposition [E.],
> W AHHA'S,AH/N)'H'A'u, + op(T71/?)
1 I
= = > WAAS,A) T Ay + op(T7?).
t=1

Hence
TS-TK Y, wAAZ,A) A, —TK

VoTK V2TK

To finish the proof, we now show two claims:

(1)

+op(1) =4 N(0,1).

S WANE,A) Ay - TK
V2TK
(2) A'S,A/N = HA'S,AH/N + op(T12).
Proof of (1) We define X; = wA(A'S,A)"'A'w; and s2 = 3/ var(X;). Then

—4 N(0,1).



E(X;) = tr B(A'S,A)'A'waujA) = K. Also by Assumption [4.1, s%/T — 2K, hence
we have E% Zthl(Xt — K)? < oo for all large N,T. For any ¢ > 0, by the dominated

convergence theorem, for all large N, T,

S

! = B(X,— KX~ K] > esr) < —ZE (X, — K)21{|X, — K| > eVET} = o(1).

t=1

This then implies the Lindeberg condition, ST LUE(X, — KX, — K| > esp} = o(1).

Hence by the Lindeberg central limit theorem,

X, —TK
L X TR 0o ),
ST
The result then follows since s2./T — 2K.
Proof of (2) By the triangular inequality,

1 s o 1 A7 I~ ns N L~ / n
- _ < =(A — _ (A — _
| PASA — CHASAH] < (A~ AHY(S, ~ S)A] + | (& ~ AHYS,(A - AH)|

HIHA (S, — )R — AH)| + | HA(S, — S)AH] + 2] (A ~ AHYS,AH||

Using the established bounds for H./AX — AH|| in Theorem , it is straightforward to verify
||%(1AX — AH)'EU(K — AH)|| = op(T~'/?). Other terms require sharper bounds yet to be
established. These are given in Proposition below. It then follows that K/EHK/N =
H'A'S,AH/N + op(T~/?). This completes the proof.

Prop051t10n E.2. (i) § LAY (JAX — AH) = op(T7/?);
(ii) ~ A’( — 3)A = op(T71/2);
(iii) || (A — AHY (2, — 2,)G| = op(T~Y2), for either G = A or G = A.

Proof Define A = 2, A. Note that we cannot simply bound these terms by }VHKH |A—AH]||
or || A2 |, — .||, as these bounds are too crude to achieve the desired rate of convergence
when N/T — co. More careful analysis is called for.

(i) Proving ]lVK/(K — AH) = 0p(T~%/?) is exactly the same as that of Lemma [D.8 Note

that replacing A with A does not introduce any complications as X, is a diagonal matrix.

Hence the proof is omitted here to avoid repetitions.
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(ii) For any k,l < K, the (k,[) element of ]lVA'(iu — X,)A is given by

N
AT Z )\zk)\zl Uu O'” - Z Z Azk)\zl u?,g) + % Z )\’Lk)\ll% Z(azzt - u?t)
=1 t

As for the first term,
07 1/2

1 N T 1 N T
N_ Z Zl zk)\zl Un) ~ <ﬁ Z Z )\zk)\zl Uu))
2

=1 t= i=1 t=
i N T N T 1/2
— N2T2 ZZZ AN 1 cov(u m U ]
i=1 t=1 j=1 s=1
i N T 1/2
=~ | N2 Z Z AfAqvar (u ] = 0(— .
N T =1 t=1 \/T

As for the second term, we have

N T
L]\/v Z Z >\zk/\zl<az2t - | < 2| Z Z Azk)\zl uzt — Ut uzt| + | Z Z Azk)\zl uzt - uzt) |

i=1 t=1 i=1 t=1 i=1 t 1
T
1
< Op(1) T Z(f —f) Z)\zk/\zluzt)\ |+ Op(1 Z)‘Z’“A” (A —H'A )'Zuitft|
t=1 = t=1
T
= 1
! —1 ~ 2
+0p(1 ;;Am e (N — HA) (F — H'E)| +O(1)m2§1x|f;(uit—uit) |
1 ~
< x;Z IE —H ') (= Z H—Zmuunx bk&

T

+0p(1 g | Air A A H\)|))Y? (= E ||—§ uyf)|?)? + O(1 )max—g (Wyy — ugy)?
t=1
1
—1 1/2 1/2 1/2
+0p(1 }jnﬂ Py ) §j||A A1)

Note that 1 Zt Hft — H_lftH2 = Op (¢?VT)7 maxi%zt(ﬂit — uit)2 = Op(w?\/'T + JlOTgN) by
Lemmaﬂ Also, + SN N = HA P =0p (£ + ot + (180 %) by Theorem In
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addition,

1 1 & , e~ 1 )
B Z I+ ; i h|* = mzl E(5 Z Ak Nim it
K
Z % Z Z )\ik‘/\il)\im)\jk:)\jl/\ijuitujt = Z N2 Z /\2 /\2 )\2 Eu 1215 _ O(%),
m=1 7 j
B S I Skl = - S B S — S LY B -
7 t ) k t ) k t

Hence it is straightforward to verify that |7 Ef\il ST Aada(@ — u)| = op(T71?) so

long as T = o(N?), T = o(J*""IN), J*log N = o(NT).

(iii) Let Gy denote the (7, k) element of G, and let d;; denote the (i, k) element of A—AH.
Since max; HX — \il| = 0p(1), we have maxy, |G| = Op(1), regardless of G = A or G = A.

Then the (I, k) element of the K x K matrix %(K — AH)(Z, — %,)G is bounded by

T
‘_ Z 0aGlir Z —0y)| < maX 100G ik| o NT Z ’ Z(a?t - u?t) + (uz?t —03)].
=1 t=1

On one hand, by Lemma

Jlog N ~ 1
7 max A~ BN = op( =

N T
1 .
max ’511sz N_ Z Z |U?t — Ulzt| = OP(¢NT + )
i=1 t=1

On the other hand, E| 3.1, (u2 — 0)| < var(3 1, (u2 — 0))V/? = (Tvar(u))"/? = O(T"/?).

Hence

N T
1
nﬁxy(sﬂcmyﬁ;yz —0ii)| = Op(—)maXH)\ H'\i|| = op(—=).

3H
Sl

Lemma E.3. Define

1 1 J?(log N log J)'/? N log N

_ G1/2 72
1/}NT — J77_1/2 + \/N + T ( T ) Jo

Under Hy, when N = O(T?),
(i) + S [If = H'[? = Op (Vi)

(ii) max; % >y — wit)? = Op(V3p + Jl(;gN).
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(iti) w7 52, 0, 15, — uf] = Op(Ynr + 1/ 7).
Proof. (i) By Theorem [3.2] under Hy,

T

T T

1 -~ _ 1 ~

oI HRE < 203 g - B (w4 27 7 2= H
t=1

=1
1 J*log Nlog.J 1 log N
= Op (N + T + + ( T yergt) . (E.2)

(ii) Uniformly in ¢, by Theorem [3.1]
1 N 1 ~ -~ 1 -~
7 2 (T =) < O 3 A = MIPIEN + O D INIPIE = £ = Op ().
t t t

(iii) We have, using |a? — b%| < |a — b||a + b| and the Cauchy-Schwarz inequality,

N7 2 D00 < e D) DG+

1 1
< max % (Uit — uar)® NT %t [2(Wie — wie)® + dugy]
1 1 1 1
< 2(mzax T g (@ — uir)?)* + 4mZaX T E (Wir — Uit)Qﬁ § uf = OP(mZaX T E :(@t — uir)”)

t t it t
Jlog N
= Op(Y3r+ T )-

F Omitted identification details and Proofs for Section
5

F.1 Identification details of Section [5]

Note that there is a particular M so that M~'z, is identified, and can be consistently
estimated by K/I\*lﬁt, defined in . To introduce this transformation matrix M, recall
that

Yr = E{E(f;|w,) E(f;|w;)'}, 3 = E{E(xi|w;) E(x;|w;)'}.

Let Vi denote a K x K diagonal matrix, whose diagonal elements are the largest eigenvalues

of N7'3, and let T be a K x K matrix whose columns are the eigenvectors corresponding
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to the largest K eigenvalues of NﬁlE};‘/zA/AZ;/Q. Define H = Z}/ZI_‘V;/z, and

, H o
M = G(G™'E(z,2))G H)Y2  where G = .
0 Tiim(z)
We then define
Zo =Mz, =M, i=1,..0L.

Here E(z,z;) = I. The model (5.1]) is then observationally identical to
~1 ~1
Ve = h(p 1z, ... Y 2e) + &, (F.1)

but now the regressors are normalized and identifiable.
The following proposition is based on an argument of |Li (1991]), which shows that if
(y,...,1,) is a set of orthogonal basis, then span{t,, ..., %, } is identified as the space

spanned by the eigenvectors of X,

Assumption F.1. Suppose: (i) 1,711 #0 fori=1,...,L, and 1,7)21,7;] =0ifi#j.
(ii) For any v € RY™Z) there are (ay,...,ar) € RY that depends on v such that

L

S ~ __ ~/__

VIE (2|2, . P 20) = Zai’(pizt;
i=1

(iii) The rank of 3.}, equals L.

(iv) € is independent of z;.

Proposition F.1 (Identification of span{'(Nbl, ...,{LL}, Li (1991)). Let &,,...,&; be the eigen-
vectors of X, corresponding to the nonzero eigenvalues. Suppose Assumption holds.
Then

span{ghy, ..., } = span{€,, .., £, }.

In the literature on dimension reduction (Li, 1991), Assumption (ii),(iii) are essen-
tial for identifying the sufficient dimension reduction space. Condition (ii) is satisfied, for
instance, when z; follows a multivariate Gaussian distribution or more generally elliptical
distributions. Condition (iii) is known as the “exhaustive condition”. We refer to |Li and
Wang] (2007) for many mild sufficient conditions for (iii).

Proof of Proposition

Let At denote the orthogonal complement of a space A so that Vv € A+, and a € A,
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v'a = 0. Now for any v € span{t,, ..., 1, }*, we aim to show v € span{&,, ..., &, }*. Let
L

o~ ~ ~/
m = V'E(Z|)2¢, ..., 2) = Zaﬂf’izt,

i=1
for some (ay, ..., ar) by Assumption . Since v/4p, =0, i = 1...L, and E(z,Z}) =1,
L ~1
Em’ = E(mv'z) = Y a4, E(%Z;)v = 0.
i=1

Hence m = 0 almost surely. This implies, almost surely,

V/E(Zt|yt+1) = V/E[E(Zt|yt+1, V172, s W1 2) Y1) = Elm|ya] = 0.

Hence .
ENV'E(Z|y41) H{yer1 € In}]

P(yi1 € In)
This further implies v'3.;,v = 0. Now let {v;,£;} be the eigenvalue-vectors of X

V,E(/itkyt—‘,—l c Ih) = = 0.

2|y, Where

v1...vp are the nonzero eigenvalues. Then from the eigen-decomposition,
L
B _ Ie 2
0=v3E,v= g v (VE)".

=1

It follows that v'€, = 0, i = 1,...,L. Hence v € span{,,...,&,;}*. Finally, as ’IZZ-’S are
orthogonal bases of span{{ﬁl, e {ﬁ 1}, the desired result follows.

F.2 Proof of Theorem [5.1]

We divide our proof of the convergence for the space of @i’s into the follow steps:
step 1: the convergence of ﬁ_lﬁt — 7. Recall that G = diag{H, I}, z; = M'z,.
Also |[M~Y| = Op(1) and M = G(GE(z:z,)G ~)"/2. So

1 ~ . 2 _ —~ 2 —~ —~_ .
TZHM_lzt—thz < TZHM lz, - MG 1zt||2+?2||1\/1 1G7lz, — Mz, ||?
t t t

IN

—~ 1 ~
2[M™ = MTIGT* + Op(1) ; IG "2, — 7%
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Since G~ 'z, — 7, = H'f; —ft, and by Theorem ,

T
1 - len2 Jl[cov(~y)| 1  J'logNlogJ 1 log N (4 .
730 B = 0p (TR G TRERRET ol (R )

by Lemma|D.13 |[H—H| = Op(anr +J 2"+ 2 hence £ 3, |Gz, —7* = Op (b31) ,

where
_ Jleovty )l HlogN 11

B2, — L
NT T N J277—1'

. T /1 T =~ =\1/2
Also, since M = (£ . 2¢z;)"/?, and

T
/ 1 N
|G E(z,2,)G " — T p Al
s=1

/ - 1 ! 1 / A~ A~
< 2|G'E(zz,)G ! - G_IT Z 2,7,G '||* + 2||? Z(G_lztz;G 1 —22)|* = Op(byr),

t t

hence [|[M~'—=M~1G712 < (G E(z2,)G ~)"/2—=M~1||20p(1) = Op(b2). This implies

1 —~_ |~ o~
T Z IM ™2, — Z||* = Op(bnr).
t

step 2: the convergence of §Z|y — X.y. This step follows from the following results:

() |53, M 21 {ys € I} — 23,71 {1 € L}|2 = Op(b3y), which follows from
step 1 and the Cauchy-Schwarz inequality.

() 17 22, Zel{yis1 € In} — EZ{yerr € L})|* = Op(T).

(i) |2 > Hyerr € In} — Plyen € In)| = Op(T~1/?), and

(iv) P(yss1 € I,) = H™1, which is bounded away from zero since H = O(1).

Hence

,z; M2 {ye1 € In}  B@{yen € 1))

|
ZtT:1 W1 € In} P(yi1 € 1)

|E@Zelyesr € In) — E@lyer € I)| = |
- Op(bNT).

It then follows that

. 1 B . .
1Zay = Bapll < Ml > [E@lyer € In) — E@lyie1 € 1) EZilyir € 1)
h
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1 ~ =~ -
7 DBy € 1) — E@lyis € I)IE @y € 1)'|| = Op(byr).
h

step 3: convergence of the eigenvectors. Let {v;} and {¥;} respectively denote the
eigenvalues of X, and EZIy' Then By Lemma , |v; = U;| = Op(bnr). Since v;,i =1, ..., L
are distinct and bounded away from zero, min(|v;_1 — v;|, |v; — V;i11|) is bounded away from

zero for i = 1, ..., L. Hence still by Lemma

19; — &l = 11221y — Zapll = Op(bar).
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