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Abstract

This is a supplement material of Liao and Jiang (2008). We consider the case when the iden-
tified region has no interior. We show that the posterior distribution converges to zero on any J-
contraction outside the identified region exponentially fast, and is bounded below by a polynomial
rate on any neighborhood of element in a dense subset, defined by both exact moment conditions
and strict moment inequalities. Hence the consistent estimation of the identified region can be

constructed based on the log-posterior pdf.



1 Case When int((2) is Empty

When (2 has no interior, moment inequality models may contain exact moment conditions.

Emlj(X, 90) > O,j = 1, weey T
EmQj(Xa 90) = O?] = 1a P (L.1)

Moon and Schorfheide (2006) have considered the estimation problem assuming 6 is point iden-

tified by the exact moment conditions. Let
m1(X,0) = (m11(X, 0), ..., m1(X,0))7,ma(X, 0) = (m21(X, 0), ..., map (X, 0))"

If p > dim(fp), and there doesn’t exist a pair of moment functions (mq;, mo;) such that {6 €
© : Emo;(X,0) = 0} = {6 : Emg;(X,0) = 0}, then 6 is point identified by Ems(X,6)) =
0. Moon and Schorfheide (2006) show that by using the overidentifying information provided by
Emq(X,6y) > 0, the empirical likelihood estimators reduce the asymptotic mean squared errors. In
this section, we will relax this point identifying restriction, and allow 6 to be partially identified by

model (4.1).

The identified region is defined by
Q={0: Emy(X,0) > 0,Em2(X,0) =0}

In our setting, 2 shrinks to a lower dimension sub-manifold of {6 : Ems (X, ) = 0} with boundaries
defined by linear or nonlinear hyperplanes {6 : Em,(X,0) = 0}. One of the problem one needs
to take into account when considering the asymptotic behaviors of the posterior distribution is that
Q) has zero Lebesgue measure, due to the loss of dimensionality. Thus integrating over € is always

zero. The limit of posterior density is known as Dirac function:

+oo 6€Q)
lim p(A|X") = a.s.

n—oo 07 9 ¢ Q

Thus lim,,_,, p(6] X™) is not a real valued function of 6.

However, it’s still possible to study the large sample properties of the posterior distributions com-
pletely on ©. Like in int(£2) # ¢ case, a dense subset in ) plays an important role in characterizing
such behaviors. Define

E={0ecQ:Em(X,0) >0} (1.2)

We will assume = is dense in 2 and will study the large sample properties of the posterior around =.



1.1 Derivation for Limited Information Likelihood

Suppose X" = {X1, ..., X,,} is a stationary realization of X. Define mm;(0) = = >°" | m;(X;,0),

for j = 1, 2. Like before, we introduce auxiliary parameter A to moment inequalities and define

G(6,)\) = ”_“_(919) A 0 €O,\€[0,00)

For any positive definite » x r matrix V not depending on 6, define limited information likelihood:

1
L(6) = / ——e
[0.00)" y /det(22V)

Write V! into subblocks

7gc(0,,\)Tv—1G(9,,\)p()\)d)\

-1 El Ed
V= = ST 3 , X1 XN i pX P
3 2

We still place an exponential prior on A:
T o7 i,
p(N) = ([T ¢)e™ 0,1 €10, 00)
i=1

then we have

L) = / ————oxp [~ (m1(0) = A s (9)) ) p(A\)dA
0,00)7 4 [det (V) DY ma(6)
= lia¥n P(Z > 0)eT
det(V2)
where:

. . .. . . . . .ot
e 7 follows multivariate normal distribution with mean p, variance covariance matrix :L U=

m(0) + 7' ST ma(0) — 1271

o Vo = (X — BIN'83)" If V = Var(mi, my), then by the matrix inversion formula,

Vo = Var(ms).

o 7= —2ma(0)7V; tima(0) — U7 (ST ST ma(6) + 1 (0)) + TS

Roughly speaking, when 8 ¢ Q, either Emso (X, 0) # 0or IEm;(X,60) < 0. When Emo (X, 0) #

0, since V, ' is also positive definite, e” — 0; when Emz (X, 0) = 0 but Em,;(X,6) < 0 for some



4, then for large n, the jth component of i < 0. Since the covariance matrix of Z has order O(n~1!),

P(Z > 0) — 0. Therefore, L(#) — 0 outside €2.

When 6 € €, by central limit theorem, 12 (6) = O, (n~'/2), hence e™ = O,(1). In addition, for
large n, P(Z > 0) ~ 1. Thus L(6) = O,(1).

1.2 Posterior Distribution

Let p(#) denote the prior on 6, then p(6|X™)  p(#)L(#). We will look at the posterior distribu-

tion, especially the convergence rate on the dense subset = and (£2¢) =% for small enough §.

Assumption 1.1. = defined in (1.2) is dense in Q).

This assumption states that if 6 satisfies Emq (X, 6p) = 0 and Emq;(X,6y) = 0 for some j =
1, ..., 7, then in any neighborhood of 6, we can find 8; such that Em, (X, 6;) > 0and Emq(X,0,) =
0.

Suppose all the other components of E'm;(X,6y) except for j are positive. By continuity of
Em;(X,.), they remain to be positive in a small neighborhood of 6. Suppose Assumption 4.1
doesn’t hold, then within some neighborhood U of 6y, Em1(X,0) < 0. Since € is connected,
we argue that Emq;(X,0) = 0 on U N Q. Hence intuitively, Assumption 4.1 says that for each ¢,
hyperplane {6 : Em1,;(X,0) = 0} has no part that overlaps with {6 : Emy(X,0) = 0}.

Example 1.1. This example shows Assumption 1.1 is satisfied by the interval regression model. Sup-
pose we have moment inequalities F(Z1Y7) < E(Z; X1)0 < E(Z;Y3) and exact moment condition
EZy(Ys—X TG) = 0, where Z;, 1 = 1, 2 are r; and r, dimensional vectors of instrumental variables
respectively, with each instrument being positive almost surely, and don’t share same components.
Y;isscalari =1,2,3,and 9 € R4 Y5 > Y3 > Y7 as. Let W = (Zy,75,X,Y1,Y3,Y3), then
w0 = | 202X w0y = 20— x7o)
Z1(XT0 - Y1)
We assume 15 < d so that 6 can not be point identified by Emq (W, 0) = 0. Let’s also assume 3 a
unit vector § such that EZ; X785 = 0 but EZ;; XT6 < 0, where Z;; denotes the first component of

Z1. In this interval instrumental variable regression model,

E={0:E(Z\V1) < E(Z1X1)0 < E(Z,Ys); EZ>Y3 = EZ, X0}



We now show = is dense.

Pick up 6y € Q\Z such that EZ5(Yz — XT60y) = 0, EZy1(Ya — XT6y) = 0. Let’s assume
Emq;(W,80) > 0 for j > 1 for simplicity. Then in a small neighborhood of 8y, Emq;(W,.) > 0

for j > 1. For small enough € > 0, let 6; = 6 + €4, then
Emy(W,0,) = EZy(Ys — XT0) — ¢eEZo X765 =0

Emn(VV, 91) = Ele(YQ — XTH()) — 6EZ11XT(5 = —GEZHXT6 >0

Therefore 61 € B(6g,2¢) N E.

Assumption 1.2. (i) Emq;(X, 8) is continuous on © for each j.
(ii) Emg; (X, 0) is Lipschitz continuous on © for each j.
Assumption 1.3. w.p.a.l, for any 3,, — oo,
In 3,
n

sup [|ma(0) — Ema (X, 0)[|* <
0O

Assumption 1.4. p(0) is continuous, and bounded away from zero and infinity on S).

Theorem 1.1. Under Assumption 2.1, 2.2 in Liao and Jiang (2008), and 1.1-1.4, then

1. ¥ > 0, for some a > 0,
P(0 € (2°9)7°|X™) = 0p(e ")
2. Yw e E IR > 0,V < R, for all 3,, — oo, we have in probability
1
P € B(w,d)|X™) > Fn_dﬂ

where d = dim(w)

Like the case when int(£2) # ¢, let g(.) be a continuous real-valued function on ©, let F,,*(y)

be the y—quantile of the posterior cdf of g(0).



Theorem 1.2. Under Assumption 2.1-2.3 in Liao and Jiang (2008) and 1.1-1.3, if {7}, is such

that =" < 1, < n~P, for any a > 0 and some 3 > g, then

dy([F,; (), Fy (1= m0)], () — 0 in probability.

2 Monte Carlo Experiments

We simulate an interval instrumental regression model with exact moment conditions.
Example 2.1 (Interval regression models with exact moment condition). We consider,
E(Z\Y1) < E(Z,X1)0 < E(Z,Y3), E(Z,XTY0 = B(Z,Y3)

We generate (Xl,XQ) ~ NQ((L 1)T,12), and Z1 = X1 + XQ, Z2 = —2X1 + 2X2 (Y17Y2)T ~
N2((3,6)T,0.115), independent of X. Let Y3 = Z; + 3. Then the identified region is given by

Q= {(91,62) . 91 = 92,201 +92 S 4}

To estimate {2, we choose a positive definite weight matrix

I, X3
=T 6

Vl=

where Y3 = (1,2)7.

Figure 1 displays the identified region as well as 10,000 draws using Metropolis algorithm, with
two choices of ¢! = (0.5,0.5)T, and ¥? = (0.01,0.01)7 respectively.

We also estimate the identified interval of #;, which is [1, 2] theoretically. Table 3 reports

[F-Y(m,), FY(1 — w,)] based on the empirical cdf F, of 5000 draws from the posterior distri-

€

bution.
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Figure 1: The identified set and MCMC draws

Table 1: Estimation of 21 = [1, 2] based on the empirical cdf

—Vn 1 1
Tn € /n Inn

n =500 | [1.1384,2.0295] [1.0068, 1.9331] [1.0904, 1.6207]

n = 1000 | [1.0809, 1.9425] [0.9620, 1.8844] [1.1183, 1.8874]

n = 5000 | [1.1045, 1.8551] [0.9944, 1.9575] [1.1878, 1.9729]




3 Proofs

Define A; = {0 : Emo(X,0)TV, ' Emy(X,0) > 6}, and
Ay = {9 : Emg(X7 9) = O,minEmlj(X, 0) < O}
J
Lemma 3.1. V4§ > 0, for some a > 0

/ p(O)L(0)d0 = op(e=")
AsUAs

Proof. Define As = {0 : mo(0)TVy Limg(0) > 6},

/A POLO = /A PO+ / p(0)L(0)d0

As

NAg
/A p(9)L(0)d9+/ ~ p(0)L(6)do
A AsnAg

IN

As VA = {0 : Ema(X,0)TVy 'Emy(X,0) > 6} N {0 : ma(0)TVy 'ma(0) < 6} — ¢ wp.al.
Hence for large n, u(As N Agi) = 0. Then 3N, whenn > N, w.p.a.l,

/ p(O)L(6)do < / p(0) —LLLYE_ = 3200 Vi e 0) =T (57 ST ma 0+ 0))+ 07 5 g
As —Jai det(V3)

For some € > 0, for large n,

e~V ST ST ma (0)+m1 (0)+ TS < lll(suppco | ST ST Bma (X,0)+ Bmi (X 0)|+)+e _ oo

Thus for some positive constant C, and large n,

/ pOLO)AI < C - | p(B)e 5O V2 MmOy < ¢ 73"
As AJ
In addition, ;(Az) = 0 and p(€)L(#) is bounded on O, hence
[ someds [ porea [ e =o,e i
AsUAs As Az

O

Lemma 3.2. V4§ > 0, for some a > 0,



Proof. : V8 € (2°)7°, then either 35(6) > 0,6 € Ags(g), or § € As, hence § € As(p) U Az. Thus
Q)9 c Use(ae)-s[As(o) U Az2]. Note that ()70 = {6 : d(6,Q) > &} is compact, hence 3
{AM UAs, ..., Asy U Ag} C {Ag(g) UAs:0¢ (Qc)_é} such that

Q7% | J[Asi U Ag]

-

i=1

Let §* = min{6;,i =1,...,N}. Fora > b > 0, A, C Ay, hence (2°)~% C As- U Ay. Therefore

/ p(0)L(0)d0 < / p(O)L(0)dO = 0,(a—"™)
(QC)*S

AsxUAo
]

Lemma 3.3. If Zy follows N, (m1(0) + £7'STma(0) — 157", 187, then Vw € Z, 3R > 0,
w.p.a.l,
hnnilgolf eeEifl(li,R) P(Zy>0)>0

Proof. Let&,(6) = m1(0)+ 37 ' SEma(0) — 157, Vw € E, Emy(X,w) > 0. Since Emy (X, 0)
is continuous on ©, there exist ¢ > 0, and an open ball B(w, R1), such thatinfyc gy, r,) Emi(X,0) >
€, where the inequality is taken coordinately. Moreover, Ems(X,w) = 0; hence by the continuity of
Emy(X,.), 3R < Ry such that supye g, r) 12712 T Emo(X,0)| < e, where |.| denotes the abso-
lute value, taken coordinately. Therefore, infye g, r) (Em1 (X, 0) + YT Emy(X,0)) > 0. 3N,
when n > N, w.p.a.1, coordinately.

ol (6) + 'S ima(6) ~ LE70) = inf  6,(6) > 0

Let 07 denote the jth diagonal element in ¥, and &,;(0) denote the jth element of &, (0). Then

inf P(Zg>0) > 1—-r-®|—y/n inf m_ingji()
0eB(w,R) 0cB(w,R) j ey
\V o1

B(w,R) &nj(0)

/ 52
Ulj

inf
> 1-7r-®|—+y/nmin s
J
>, 0
O

Lemma 3.4. For any (3, — oo, Vw € Z, AR > 0, V6 < R, w.p.a.l,

n

/ p(0)L(0)do - L -ar
B(w,5) &

where d = dim(w).



Proof. Yw € =, it can be shown that (using lemma C.3), 3R > 0, and a positive constant C', such
that

/ p(6)L(6)do > C p(e)e—%mz(‘))TV{lmz(@)dg
B(w,R) B(w,R)

For deterministic V, !, and a vector o, we write weighted norm ||a||?, = o'V, 'a. Then we have

1, _
3 Im2(O < [ Ema (X, 0)I[5 + (72 (0) — Ema(X, 0)II7,

—1p—-1
By assumption 4.3, for any (3,, — 0o, choose @”LV I , so that

_ —1)-1 - 1y — _
e=lma (0)=Ema(X0)[% > o=tnpl’ "1 v gy vt 2 L
- n
n

For some constant o > 1, let U = {0 : || Em2(X,0)||} < 22}, By assumption 3.3, IR’ < R, such

that for any 0 < § < R’, infgc (w,5) p(#) > 0. Then

1 t
[ worea=c | p(0)d0 > C0 (B, 6) D)
B(w.d) B(w,s)nU @Pn Bn
To derive a lower bound for the Lebesgue measure of B(w, §) N U, note that Emg (X, 0) is Lipschitz
continuous, and Ema(X,w) = 0, 3\ > 0, such that V0 € B(w,d), ||[Em2(X,0)]* < A||§ — |
Then

[Ema(X 07 < [[Ema(X, 017 [V
< AV -l
< AV - Wl

where |0 — w|s = max; |6; — w;|. Hence {6 : |0 — w|%, < /\H‘}Eﬁ} C U. Moreover, for large
enough n, {0 : |6 — w|% < /\”‘}‘lﬁ} C B(w,6), thus u(B(w,8) NU) > p({0 : 10 —w|%, <

ST D) = (24/ 57 )In=9/2. Hence [, 5 p(0)L(0)d0 = 2-n~%/2.

Proof of Theorem 1.1

Proof. 1. Let 3, = n%/2. Lemma C.4 implies that [, p(6)L(6)d6 = n~?. Thus by Lemma C.2,
for some o > 0,

f(QC)—é p(a)L(e)dQ B Op(efan)
f@ p(0)L(0)do n—d

P9 € (Q2)7°|1X") =

= Op(ei%n)

2. The result follows immediately from Lemma C.4 and that [ p(6#)L(6)d6 is bounded. (]

10
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