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1. This question calls for replicating the exercise in the kernel-density estimation handout

(i). In the following graph we show the approximation of the beta probability function

(ii).

made by a kernel density!.We reproduce. Figure 22 for o = 4, B = 1. We set
n = 3,000 rather than n = 1,000. The,exact distribution beta is gotten from:
F%%EQH (1 —z)®"! where ' denotes the gamma distribution function. Then, we

do the approximation using a kernel function fj (z) = ﬁ S K (%l) .

Size sample = 1000 Gize wample = IV0U0
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Figure 1: Kernel density estimates of Beta(4,1)

In any case the kernel density (based on Gaussian probability function) is not accu-
rate in the neighborhood close to 1. In general, kernel based on a normal probability
function gives small weights to extreme values, because of this, the proposed kernel
is a bad approximation for the beta distribution. Particularly, at the left-side of
the distribution the kernel does the approximation very well because the weights are
small in that extreme value.

For « = 8 = 4 we change the bandwith to h= 0.01 and h= 0.15. For h= 0.01
the difference igtween the results based on these 2 bandwiths exhibits the trade-
off between actiffaty and variance (see below figure 2). For example, the kernel
dengity with h= 0.01 shows that this approximation can replicate very well the
variance of the exact distribution but it is poorly doing the approximation between
the points across the support. In contrast, a kernel with h= 0.15 shows a smoothing
function with a poor accuracy in variance. Figure 2 also shows kernel densities with
h=1.06*stdc(x)/(n".2)

'The bandwith was fixed to h=1.06*stdc(x)/(n".2)
2See kernel-density estimation handout
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Figure 2: Kernel Density for Beta(4,4)

2. This question calls to get the distribution of mean sample of different draws -whose come
from different distributions- by using the characteristic function

(1). Ttem i calls to get the distribution of X = 1 3°7 X; using the characteristic function.
X; is NID(g,2), and ‘NID¥denotes "normally and independently distribufed" and
X is the sample mean. First at all, we need to get the characteristic function by
using the probability distribution function, each step is shown in the appendix. In
the following lines we proceed in order to get the inverse result.

+oo

—  Pl@)=4 f exp (—itz) o, (£) di (1)
Theos 53 -
O\A Plz) = %Texp (—itz)exp (—? + uit) dt
+o00

L]
LASfu D) 1 o2t
= — [ exp (—— + uit — itx) dt
‘_‘) . 2 2
L\l"\ ‘f )1 lg —00
thusf, we have that,

+o0

P(z) = % f exp (—? + it (u — m)) dt (2)

—00

or
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2
By adding and substracting (—sq::;(;ja)

2
P{z) = —[exp(———tt(m—u)+( —u)z_(:c—u) )dt

252 202

= / ( (sqrtt(z) * icfi & r)r)z - (xﬁ)z) .

- 2 ] o (v i) - )

- e (£57) L (- 570 )
} m oo (_ (xQ—G :)2) qur:(zﬂ) exp (_a“ (t- 0;212 (u— x))g) dt

+oc
_ 1 * (z — u)? / 1 ex (t—o 2% (u~ :r))2 it
T sqrt (2m) o exp 202 sqrt (27)° P 2

—00

thus, we have

1 (z — u)?
Pla) = sqrt (2m) o P (_ 202 ) 3
+o0
1 (t—a"zi(u —ir) z
We used the fact that srEn I eXp | — dt = 1. Where t ~ N with
_w N

mean ¢~ % (¢ — z) and variance o~2. Now, we should derive the distribution for the

mean sample by using the above steps. We have that the characteristic function®
for the mean of draws -from any distribution- can be expressed as:

o= () @

thus, in order to get the distribution of the mean sample we consider to replace

3see mathworld.
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(ii).

ot .
t = ~ instead of ¢ in (1}

+o0
P(z) = %/exp(—iv‘:t)% (2) at

+o0 2
_ i ORI
= %fexp(—zmt)exp |j; (_T-l_mﬁ)] dt
—o0
L3 02
(&)
2

1 +oo
= ﬂfexp(—i:x':t)expn - + uit | dt
— o

Now, if we see the similarities between (2) and above expression and consid}mg/

. .. 2 _ 2
result (3). we have that only the variance has changed, this is ox=%

2
Pyt VP (u)

sqrt (27) o a?

Here the distribution converges more rapidly than before because its variance now
is defined b In the case when n — oo the probability functlon has a variance

(of the mean sample) with limit zero

andom variable we obtain the
probability function from the

CauC(ﬂf-L:)/O)))
Pe) = = (1+ (m‘/g’)z) Ners

e

= — f exp (—izt) @ (t) dt /\/D: 0

= 5 fexp —wt)exp@t—’{lﬂ)dt Yﬁ:} R

—
here giving some shape in order to get the exponential function; l ,’\\:5 \)d\}\\} \-J'\Q.

= %Texp(ﬁt—fltl—imt)dt J\m‘)b \,""“\Wj

+o0 [\'\)UéH G—ms}("r )
= % / exp (zoit — v|t| — ixt) dt —

-00

Using the characteristic function of §
distribution of the mean sample. Fis
characteritic function by using a Cauchy dra.w

Py (t) = exp (zoit — v|t])
And

Il

4
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+o0

We are going to resolve the integral in two parts, A = f exp (zoit — 7y |t| — ixt) dt

0
and B = fexp(:coit-—'ﬂtl—i.rt)dtasfollows:
-0
r

1 +00

A = — [ exp(xpit — vt} — ixt) dt
o [ e vl = )

0 L
. +09 7
i(z — )+
= dt
Srilz—z0) T /exp (—zoi + ¥ + iz)
0

1 1

ori {x—xo)+7y
Since that the exponential function is given by g f exp (— (t8) dt) =

#7

'

0
1
B = gfexp(a:git—ﬂﬂ—i:ct)dt
o0

0
1
= 5 / exp (t) (zoi +y — iz) dt
—ca
1 1 1 1

211%(:1:0—3:)-{—7 2mi(x —z0) =
Now we take A + B into one simple expression:

1 1 1 1

A+B = — -
+ iz —zo)+y 2mi(z—x0)—7

1 1 1
2«( (z —z0) + z(:l=—ﬂr:o)—'1r)
1 (z(w—wg) (z($—$0)+"f))

m —(z —z0)* ~ 72

- %(—(r—;;:)z—'ﬂ)

So, re-arranging terms:

1 1
P(z) = Ty " (%u)g
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Now, we should derive the distribution of the mean sample. In the case of Cauchy
Distribution and considering expression (4):

1 i
P(z) = oy exp (—idt) @z (t) dt
—oa
1 . t £
= 5 f exp (—ift) exp [n (IOZ;{ -7 )] dt

+oco i?‘*!
1 RS
= 5 [ oxp (—izt) exp (zoit — v |t|) dt = P(z)

—0Q

So, we got the same distribution with no change in mean or variance.

3. We derive the right-hand of the following expression - VIQ
-
®© Z
(it} 002
gp(t)zZ—T-J—-exp nu +n'— (5)
L n=0
applying a Taylor’s expansion’fiﬁaorder to get the expression in linear way:
+oo
p(t)y= fexp(it:c)P(;c) dx
we have that
@ (1} = ¢ (to) + & (to)| (¢ — o) + ¢" (o)| (t — to)* + + ¢” (to)| (t — t0)* ... (6)
where
+oo
s0) = [Pads=1
-0
+oo
¢ (to) = i / zexp (itz) P (x) dx
—co
+o0
¢" (to) = i° / 2% exp (itz) P (z) dx
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Then, taking into account the expression (6) and considering that tg = 0,we have

+oo +o0

w(t) =~ /P(a:)+itfa:exp(z‘t:c)P(:c)dm...
+ (it)? f x? exp (itx) P (x)dz + ...

p(t) =~ 1+it.E(m)+%§(g;)2-E(x2)+

1, .3 .
—(it)* - E(z°)+ 1"
s @) B (a*)
In order to get the expression (5), we need to replace above expectation in terms of

parameters of the probability function, this is mean and variance. First, for sake of
simplicity we do a change of variable; y = In (z). Thus, we have the following:

+00 —u 2
E(x®) = [ exp (sy) exp (—%—2—)—) dy

—00

+00 ,“,?g,?‘ﬁ 5

_ ol (y —u)

= exp | sy — 257 dy
—00
+oo

I¢)
e
el

20?5y — (2 + u? — 2yu
y— (v 2 yu) dy
20

o
b
=)

20%sy + 2yu — % — u?
202 @y

el
"
o]

(
(
(oo,
[
(
(

§ ot g~ 878 8§ 8% s~

2 2
Where exp (sy) = (exp (y))° . By adding exp of — (s%:?s(%j) and (ﬁ%) we have the
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following:
+oo 2 2 2 2 2 2 2
ges+u s+ u s+u U
E(:E'g) = exp y(———)—i—"— 2—2* -+ 1—2 5.3 dy
a? 202 20 20 20
—oo
+ .
i y(o%s+u) 32 o%s +u )’ o?s+u\® u?
= exp| ——F - — | ——— exp| | —=>—~ ] — 53|
o2 202 sqrt (20) sqrt (20) 20
—00
+00 2
_ /ex y— (o%s +u) - o%s+u\? ut J
B P sqrt (20) P sqrt (20) 202 | Y
+ 2
2st+u )\l W2 fw y— (0?5 +u) p
exp sqrt (20) 202 P sqrt (20) y
—00
_ oZs+u\? u?
= &P 202 202
= ex o4s? + u? + 2uso? _ "u._2
- &P 202" and 2052
— ex ots? + 20%s5u
= P 202 (,\“
o252 )
= €exp (T + su)
4oo et ﬂoi ¢ ha3
_ 2
Here, we used the fact that f exp (— (y sq:; ;:u =14 v /\/"} IBN .

-0

1. Finally, the last problem calls to verify the following expression:

+/wéexp (tz) exp (_ (1“2-"")2) dx > T%d-’r R q;)

k k

The following is the same: ljm ¢ w})\l,
ass
71 (Ina)® T, Wk
— exp (tz) exp - dx > ;da: V\\Ll\‘ \
k k 'ﬂo\) e
g

then when z — oo we have the expression ®. So, if 2?715 true, that will mean that P}OV Y /

Az’:-f’ ¢ we will have that right side of expression Z¥ increases faster than the left side, so

We s@?orescd the term m in the calculations for sake of siéplicity. But you should consider that
+oo

S W I
8 \FL Z )//' cR SU‘»Q./#L"\)\
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the derivatives should keep the same relation, so: V’ V ‘\J {3

%exp(tl‘)exP (‘(lnTx)z) = T }’L\‘% {Nﬂ

exp (tz) exp (—M) > 1

| —

2

-

By taking natural log, and given that z > 0, we have:

. (na)? ln:t: 0 g V\’\"") 3 {ﬂ\‘;

Then we divided the latter expression by tz. %J’ Uv(/
\
_ !ln.‘:l:}2
tz — 2 59

In this case we need to know how the above expression behaves when z — oo. So, we
have the following:

~ | Pox | N (In=)’ T Ly 5
— exp (t dz > f Zd \
2 X Ik "p”)e""( A SR s
- * .
for some constant & But in the case when ¢ < 0, there exists moments: x%b ~/

] (Inz)?
@’\ \ &\_ -.—\J") /—exp—ltl )exp(_12 )d:r:<00 ’)\M{X \L\Q ) {)S
= l —\" thecaseofxt—[)wal_ave] \X'E(A T
R (In m)z) de = sqrt(2m) [l F (k)] <
\ ,\V) -()( \—U"'Dﬂ
2) ) der = sqrt(2m){l - F (k)] < 0 ¥-9b

9 —[’p\;@\]{ ” ’?\JL\W\ ' )
\\_. y & b I,y\
) S o A
I~ A5y, 2
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Ih the case of t < 0. So, by doing integration by parts:
o0 o0
w| = judv + /vdu

k k
¢ and v are defined as follows
2
duv = %exp (-—-(IL;)—) dx ’
v o= exp(—|t|x)
-

00 u
So, u = sqrt (27r)fmexp (—il"—;)—z) dz :ﬁ’s&rt(Qw) (1 - F(k)) when z — oo.

k
Where F() is the log-normal cumulative probability function. In the case of dv =
— |t| - exp (— |[t| =) d (x) . So, replacing terms in expression (7).

20
sqrt (2m) (1 — F(k))exp (- [t z) [§° = —fltlsqrt (2m) (1 = F (k) exp (- [t| z) dz
k
7 t| z) Inz)?
o +/exp(—| 12) 4o (_(nm) )dm
- T 2
k
oo
—_ 2
In the below calculation we make reference to f @—(—E:Mexp (—Qn—;L) dr as A.
k
Thus, we have that:
o0
A = sqrt(2m) (1 — F(k))exp (- |t| 2) |2 + / [t| sart (27) (1 — F (k)) exp (— || z) dz
k

= sart(2m) (1 - F (K)) exp (— |t} ) [ + qurt(zw)(l— () [ [t exp (It z) d

A = sqrt(2r) (1= F (k) exp (= |t]2) i + sart (2m) (1 — £ (k) (1 - A (k)

where F' (k) and A (k) is the normal and exponential cumulative function respectively.
Then, evaluating the above expression:

A= —-sqrt (27) (1 — F (k) (exp (= [{{k)) +sart (27) (1 — F (k) (1 — A (k)) <
by re-arranging terms
A=sqrt (2m) (1 - F(k))[1 — A(k) —exp(—|t| k)] < ©
We note that —exp (— |t| k) = A (k) — 1.Thus, we should note that
A~0< o0

Because of the approximation in (7) and nonlinear terms in the integral this terms should
be close to zero.

10
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1 Appendix

1.1 Characteristic Function

We proceed to get the characterictic function from the probability distribution function:

Pz (t)

+00

E (exp (itz)) = / exp (itz) p (z) dz

1

sqrt (27) o2

1

sqrt (27) o2

1

sqrf (2m) o2

1

sqrt (2m) o2

1

sqrt (2m) o2

1

sqrt (27) a2

-0Q

+oo
a2

f exp (itx) exp (_;”'(%ﬂ) dx
Zeo LR
+o0
/‘ 20%ity — (z — u)z)

exp 5 dx

20

20%te — (z2 -2 2
(:E Tu 4+ U ) d
202

202

—z2 g2

TU + a2it:r)
5 dz

202 bod

+
8

(
(
5 (2021'1::1: — 2% + 2ru — u2) Jx
(
(

|
g
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PRy
By adding and substracting &;#L we have the following expression:

dx

+ +o0
/o‘oex itz)p (2 do = 1 / —x2 + -u?  (u+otit)z N (u + o2it)” _{u+t oZit)?
P P ~ sqrt (27) o2 Pl g2 T 202 o2 202 202
Leo —co
+
_ 1 T —x? + (u+ clit)z  (u+ 022'15)2 u? (w4 crzz't‘.)2 d
~ sqrt (27) o2 P\ 902 a? 202 202 202
—0
+oe 2w 2(uto’it)x (u+02tt)2
- 1 / exp - (%f ; 2 2 dz
sqrt (27) o2 v u? uta?it
e T 247 2a
+oo
1 (z— (u+0%it))®) w2 (u+o%it)
= ———— [ exp| - - —+
sqrt (27) 02 202 202 202
-0
+
1 7 (z — {u+o%it)) Lo (u + o?it) 2
= j exp | — 53 dx
sqrt (27) a2 sqrt (2) o 202 202
—oQ
+od 2 ,
_ 1 :?7 exp | — (z=(u+o?it)\" & (u+ a2it)? "
sqrt (27) 02 sqrt (2) o 202 202 -
—00

\1*

By denoting v = (u + a2it), and by knowing that ( = —1 we have that:

+o0 1 +o0 . 9 9 2
; - B (Ot S S
,/ exp(itz) p(z)dz = sqrt (2m) o2 _/ P ( (Sqrt (2) a) 202 + 202) dz .
Zoo —00
+
= 1 ex _u_2 + i fm i ’ dr
T sqrt (2m) o? P 7202 T 202 P sqrt (2) o
—00
+
_ 1 _¥ | (utotin) f (== VY,
" sqrt (27) 02 xp 207 202 P sgrt (2) @ *

2 B +o0 2
- ex o? (it)” + 2uit 1 / o Tz iz
= P 2 sqrt (27) o2 exp sqrt (2) o
-0

o%t? .
= exp ——-—2 —+ uit

And we used the fact that the cumulative normal distribution is equal to I:
+oc
1 T -y 2
- =L ) Yde=1
sqrt (27) o2 f P ( (sqrt (2) a) ) o
—0Q

13



PhD student: Freddy Rojas Cama

Advanced Economic Statistics - Rutgers University

2 Gauss Program

2.1 Question 1.(i)

===

/*

Asignment
Medified
Last upda

03 (code sent by Hiraki Tsurumi)
by Freddy Rojas
te September 27th ’

/R Ak Rk K
// Questi
JETIITT TS
nev;

cls;
library p
pPgewin au
graphset;
#include
#include
n=3000;
alpha=4;
beta=1;
x=rndbeta
h=1.06*st
{x1,denl}
up=1.0;
low=0;
step={up-
xxl=seqa(

AR KR AR Rk Ok kA Rk Rk

. “*
on N 1 (i)
o 2 3 Ko A ok R Ak ko f B

graph;
to;

kernel.src;
density.src;

"

(n,1,alpha,beta};
de(x)/(mn~.2);
=kden(x,h);

low)/{n-1);
low,step,n);

fxl1=gamma(alpha+beta)/(gamma(alpha) *gamma(beta) ) *xx1~ (alpha-1) .*(1-xx1) " (beta-1);

n2=1000;

x2=rndbet
h2=1,06*5
{x2,den2}
step=(up-
xx2=seqa(

a(n2,1,alpha,beta);
tdc(x2)/(n2".2);
=kden(x2,h2);
low}/(n2-1);
low,step,n2);

fx2=gamma (alpha+beta)/(gamma(alpha)*gamma(beta))*xx2"~ (alpha-1) .*(1-xx2) " (beta-1);

~pcolor
~pmcolor
/*Colors
-plwidth
_paxht=0
_ptitlht
_plegctl
_plegstr
@ ytics(0

= {95}, /* Colors for series */

={1,8,2,8,8, 8, 8,8, 15};

for axes, title, x and y labels, date, box, and background */
={12 12 }; /#Controls line thickness for main curvesx*/

.10; /*Controls size of axes labels*/

= 0.22; /+Controls main title size */

{27 24.0};

= " Kernel density \000 Exact ";

,4,.5,0):@

14
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zv_=t . *((3/4)*(1-(1/5) .*%(zv."2)) ./a);
g=g|meanc(zv_)./h;
Jj=i1+1;
endo;

res=sortc(z g[2:rows(z)+1],1);
retp(res{.,1],res[.,2]);
endp;

2.2 Question 1.ii

/*.— e e P P === ====== ======s====== == EEE ]

Agignment 03 (code sent by Hiraki Tsurumi)
Modified by Freddy Rojas
Last update September 27th

/****************************************/

// Question N 1 (ii)
/**********************************#*****/

nev;
library pgraph; b
graphset; jgg

PQgwin auto;

#include kernel.src;

#include density.src;

n=3000;

alpha=4;

beta=4;

x=rndbeta(n,1,alpha,beta);
h0=1.06*stdc(x)/(n".2);

hil=bandwl{x);

h2=0.01;

h3=0.15;

{x0,den0}=kden (x,h0) ;

{x1,denl}=kden(x,h1);

{x2,den2}=kden(x,h2);

{x3,den3}=kden(x,h3);
{x4,dend}=kernele{x,hl);

up=1.0;

low=0;

step={(up-low)/{(n-1);

xx=seqa(low,step,n);
fx=gamma(alpha+beta)/(gamma(alpha)*gamma(beta))*xx" (alpha-1).*(1-xx) " (beta-1);
graphset;
_pcolor = { 9 56 }; /* Colors for series */
_pmcolor = { 1, 8, 2, 8, 8, 8, 8, 8, 15 };
/*Colors for axes, title, x and y labels, date, box, and background */

16
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_plwidth={12 12 }; /*Controls line thickness for main curves*/
_paxht=0.10; /*Controls size of axes labels*/

_ptitlht = 0.22; /*Controls main title size */

_plegctl = { 27 6 4.0 };

begwind;
window(2,2,1);
title("Different bandwiths");

ylabel("f(x)"); »
xlabel ("x"); ' Yo,
_pcolor = { 9 5 5}; /* Colors for series */
-plegstr = " Exact \000 h=0.01 \000 h=0.15 ";
xy(xx~x2x3,fx"den2"den3);
nextwind;

title("Bandwith based on standard deviation");
ylabel{("f(x)");

Xlabel("x");

_plegstr = " Exact \000 stdc(xz)";
xy(xx"x0,fx"den)); égﬁ’_
nextwind; o

title("Silverman’s Optimal Bandwith"};
ylabel ("f(x}");
xlabel ("x");
-Plegstr = " Exact \000 Silverman’s h";
_plegctl = { 27 5.2 4.5 };
xy(xx~x1,fx"denl);
nextwind;
title("Epanechnikov Kernel Density vs Exact");
ylabel("f(x)");
xlabel("x");
_plegstr = " Exact \000 Epanechnikov";
_plegctl = { 2 7 5.3 4.5 };
xy(xx~x4,fx"dend);
endwind;
/* ==== s=====s==== === ==s===z====s== */
/* kernel density estimation; Tsurumi’s original codex*/
/* but modified by Freddy Rojas =/
/¥ s========c sz====== s============= */
proc{(2)=kden(v,h);
local g,j,nn,res;
nn=rows (v);

LI L
2

@print "h ";@Q

17
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@h; @

g=0; .

J=1;

do while j <= nn;
g=glmeanc(pdfn({v[jl=v)./h})./h;

=ity

endo;

res=sortc(v gl[2:nn+1],1);
retp(res[.,1],res[.,2]);

endp; .

[* ==== === =

/* Epachenikov kernel density estimation;-*/'

/% =====smsmmm=ax m=====x/

proc(2)= kernele(z,h);

local a,res,t,g,z_V,2v,2ZV_,]j;
i=1;

g=0;

do while j <= rows(z);
zv=(z[j]l~-z)./h; -

32

3

t=(abs{zv).<sqrt(5));
a=code(t,sqrt(5)|1);
zv_=t.*((3/4)*(1-(1/5) .x(zv."2))./a);
g=g|meanc(zv_)./h;
=iy

endo;

res=sortc(z gl[2:rows(2)+1],1);
retp(res[.,1],res[.,2]);

endp;
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