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1. In the following function fx (z) = %e"ixl,-oo <z < ooy = |z|* we find the pdf of Y
and show that the pdf integrates to 1. The distribution of y is a weibull with parameters

v and 8. ( , ,
k

f— | D EE k| vey - /()
t=1

0 otherwise.

where f.(z) = -zlmexp(— |z]), —00 < & < 00;Y = |X[®. We have that g(z) = |z|* and it /\ («

can turn out in three posible functions or parts as follows:

o g1(z) = (-z)* =, —zNifz <0 and z = —y'/3
o go(z) =0, 1fmg0 ]

o gs(z) = 3, if > 0'and z = y'/3 , /,'
.’, |

And each derivatives to the inverse function respectively are given by:
» d_y.‘h Y=a%) = 3(-y)~ 2/3 1(29)23 = 1p-2 = 1,
* 49y’ (0)=0
o £g7'(x%) = 3(1) P =4 =fa?= 54

So we know that (y)”3 = gi‘l(|z:ls). So we must replace them into f,(z)

$o(@) = £l (=) | 07 ol felar (o) | 05 ol 1™ (o) | 057
v
Where fo(9;7 ' (|z]*) = %exp (— |g,-_1(|:£|3)D and = = g7 '(y). And the derivatives
are:
d 1 1
it “LzP)| =
faelgy " (—27)) d—91 (=) = 3Fexp(=|[zl) 352
e d =
f=(95'(0)) 792 Yz = o
v
Fe(g5 @) | g5 (oY) = 3 exp(~lal) |5
et ! B 2 3z®
Including each term to the main expression:
1 i 1
fu®) = 5 exp(~ el o +gem(s |x|)’5;§
= exp(——\i:cl) 3—1‘2- , or in terms of y
fe) = Fep(-ye) 0 <y <o )

o (/)
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we show that this pdf integrates to 1.
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Frw=v) = [ gexp(-s)* dy
Y —o0 0

Fy(y=Y) = lim —exp(-yd)ly
Y —o0 ¥ o0

Fy(y=Y) =1
Y—oo

The distribution of y is a weibull with parameters y = % and 8 = 1.0

2. The pdf (probability density function) of the Weibull(«y, 3) distribution is given in (3.3.12)
on p.102 of CB.

fy(ly,B) = 3y Lexp(—y"?), 0<y<oo, v>0,8>0 (1)

we obtain the cumulative density function (cdf) of y, Fy(y) using two methods we de-
scribe in the following lines:

(i) By using Theorem 2.1.3°on p.51 of CB and using the fact that the Weibull variable
is the transformation of X ~ exp(8) by ¥ = X'/7. Since we have that X ~ exp(3),
and Fy(y) = Fx(97" (y)) = Fx(X) = Fx(Y7)

Wi Fy(y) = Fx (Y (2)

And by integrating 1, we get, the cdf for the weibull distribution in terms of z:

N
F(zly, ) =1—exp (-—%) =

By replacing X for Y7, by using 2, we have:

[+

;iﬂ/

(ii) This problem calls for using the probability integral tranformation. The Weibull

b |
F(ylv,8) = 1 —exp (—fz) ~f

e

iy k
(k, /\k) 18 fab= (%) (ﬁ)k Le=(%) , in terms of parameters of the problem we have
that k = v and A*¥ = 3. In order to get the expression in the assignment we should
perform the integral on the pdf, this would conduce us to have an expression por
the cdf: ol

L. A ot
Fz(%}ejg f (z) da

in terms of the weibull
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then working on the integral , \:) 5 A .
= r g ; & gl
| 2/r e Fy (Y) =4 ({(-) jg ;./' \.! s i '
it ’\' ) )OGS | S I 18" 41 _p QA
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3. Again, this problem calls for using the probability integral tranformation. The Weibull
yyk .
(k.)\k) is fr = (§) (%)JP1 e~ ()", in terms of parameters of the problem we have that

k = v and \* = 3. In order to get the expression in the assignment we should perform /‘
the integral of the pdf, this would conduce us to have an expression por the cdf:

X -
XJ=A f (2) dz

in terms of the weibull

then 0 < F), (V) < 1, so we can perform the probability integral transformation

0= 1 — e_(i.)k

/ re-arranging the terms and putting the expresion in terms of random uniform variable
\—) u €]O 1[

J !

i @) = -
y = Al(=ln(1-u))t

finally, we have that k£ = v and Xk — It

k
) = 1-u

y=(-Bln(1-w)"

4. The GAUSS program for drawing weibull random variables is attached in the appen-
dix.This program is a user-friendly one and just you need to run it. We modified the

/( 3

L=
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bandwith! for the following values h = 0.85,0.5,0.15 and 0.05 using a Gaussian kernel
density. We also use the Epanechnikov kernel density with the optimal bandwith sug-
gested by Silverman (1986). We report these kernel densities in this section as well as
the estimates of the mean, variance, skewness and kurtosis (see graph below). We got
the densities using the following kernel formula:

ne -5 & (52 3)

h is a smoothing parameter called the bandwith. Professor Tsurumi gave us a gaussian
function K for performing the density of the random variables. We perform kernel den-
sities using different values of the bandwith (see figure at the top and left side of figure
4.1).
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Figure 4.1

In order to leave the gaussian assumption we perform an Epanechnikov kernel:

fulz)= n_th;l K (:r ;m‘)

in this case : :
- i WOSEia 4 g
K(z) Wi 4\/5 (1 5 ) {IIZK\/E}

"The original code which was provided by Professor Tsurumi has a bandwith equal to 5.8074269¢-008. This
value is too small and we get a flat kernel density.
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The moments of the distribution are shown in the following table, also we have statistics
for the median, maximum and minimum values.

Table 4.1: Statistics
Statistics  Value

Mean 1.1782
Median 1.1598
Max 3.0360
Min 0.0717
Std 0.4930

Skewness 0.2716
Kurtosis  2.7795

The values of skewness and kurtosis are 0.27 and 2.77 respectively. According to mathworld,
the skewness is a measure of the asymmetry of the probability function. The skewness
can be positive or negative or even undefined. A value close to zero -as our calculations
indicate for the exercise - indicates that the values are relatively evenly distributed on
both sides of the mean®. Kurtosis indicates the peakedness of the probability function.
The kurtosis is the results of extreme deviation respect to its mean. In the exercise we
performed we got a value of 2.77, a value of 3 would indicate the distribution is mesokur-
totic®. In our case we got a negative excess of kurtosis (-0.23), in this case the distribution
is called platykurtic (a flattened shape). Both statistics indicate that the distribution we
are analyzing is similar to the normal distribution (in terms of moments), in other words
this distribution has a few deviations from normal case (see figure at the bottom and
right side of the figure 4.1).

5. Let X be continuous, nonnegative random variable, the expected value of this variable is
E(z) = [;° zf (z).dz. We need to prove that E (z) = Jo7 [1 = Fx (z)]dz. As requested,
we must use in our solvmg procedure the integration-by-parts method. Considering the
following expression: u - v|g° fo u-dv+ fo v - du, so, in terms of our problem we have
u=z and dv = fr{':lf)‘d:r:\we have the following:
D,

\ ;( dé..)D f z- fx (z) dm+/m(/fx(m)dm)-dw
\ Ered Y (I—F\)|o) /G:cfx( d“‘f (ff* d‘") v

- -z (1 - Fx)|§° " - fx (o) — (1 - Fx).dz
A W z (1= Fx)Ig for fx (z)d +f0 (1 - Fx)

Il

{

we have used the fact that ﬂ;(%;ﬂll = fx (x). So, the expected value of X is :

v 7 i B
(\)'1\{ ,; /0 xZ- f\( ) :_‘T(]-_FX)lﬂ ./0 (I—Fx)d;]: (4)

v,

*Tipically means asymmetry, but this does not necessarily mean asymmetry (see wikipedia)
4Consider the normal distribution for comparison; in fact a value of 3 is the fourth moment for the normal
=

o distribution.
A

\ . | -+ r < f,-' - .
) \P‘ \J % | ~ | / S g / ) \i
* ,’ X S~ 1\ /J‘- / /
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If 2 —» oo then Fx — 1 and —(1—-Fx) — 0. Also if z — 0 then Fxy — 0 and
— (1= Fyx) — —1. We should take notice that first term on right side of the expres-
sion (4) should be evaluated on oo and zero. Because we have an expression which is not
defined (oo times zero) we need to do an arrangement and apply L'Hopital rule. Before
this we replace the term 1 — Fiy with a suitable expression with the same characteris-
tics?, a exponential function will work on this case because it is defined on the range of
z [0, 00[.We do that in the following lines:

S0

Therefore,

lim —z (1 - Fy)
T—00

lim —ze™®
T—00

Bim.r
i dx
oo B
dr
" 1
lim ——
r—oo el

[Tetx@an= ["a-Fo e

6. Let X be a discrete random variable whose range is the nonnegative integers. We show

that:

EX=z1P(X=21)+ 2P (X =z2) + 2aP (X = 23) + ...

where 29 = (0 < &1 < x2,_can be expressed as:

oo
EX =Y (zj11— ;) P(X > z;)
=0

We have that:

ay
az

as

Qn

P(X <)
P(X <x3)— P(X <1)

P(X < z3) — P(X < x2)

P(szn)_P(ngn—l)

Yie. If 2 — co then Fx — 1 and —e™* — 0. Also if # — 0 then Fx — 0 and —e™*
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By performing a sum, we can write the above expression as follows:

Za_jxj = zj(P(X £z;) = P(X £ z5-1))
= z1(P(X £ z1) = P(X £ z0)) .-

ot (P(X <z2) — P(X <111)) ...

o+ 23 (P(X < 23) — P(X < 29)) ...

+zj-1 (P(X < zj_1) — P(X < zj-3))
+2; (P(X < z;) = P(X < zj-1))

By re-grouping terms and gathering common expressions we have that:
daz; = —(wa—@)P(X < 3) - (33— 82) P(X < 22) — ..
vilta—23)P(X < 23) — (5= B )P(X < zj1) + 24P(X £ 25)
Using that P(X < z;) =1- P(X > z;)

Y ajz; = —(za—z)(1 - P(X > 1)) — (z3 — 22)(1 = P(X > 22)) — ...
w(zg—x23)(1 - P(X > 13)).;. = (%; —2j-1)(1 = P(X > zj-1)) + z; (1 - P(X > z;))

Zaﬂj = (x2—2)(P(X > 21) + (23 — 22)(P(X > 23) + ...
() wlzs —x23)(P(X > z3)+...... (:L‘j'—.’L‘jul)(P(X>Ij,1)—3:JP(X>:rj)...

e = (X — 1) — (@3 — T3) — (T4 — 23)... = (2 — Tj-1) + 23

then a initial condition in this case is 1 = 0%, Also, the ending condition is P(X > z;) =
0, thus we have that

Yoaimi = (z2—:)(P(X > @) + (@3 — 22)(P(X > z9) +
= (z4—z3)(P(X > z3) + ...... (5 — zj—1)(P(X > 2j—1) — 2; P(X > x5)
EX =) (zj41—2;) P(X > ) (5)
j=1

The part (b) of the problem states that the expectation of X can be defined as follows:
o0
EX=) (1-Fx(4) (6)
j=1

as we mentioned at the beginning, X is a discrete variable whose range is the nonnegative
integers, we have that (z;41 — ;) = 1 for all j. Furthermore, we use the fact that
P(X < zj) = 1— P(X > zj), thus (5) is equivalent to (6). If we compare (6) with
the expectation of a continuous non-negative variable, we got the same procedure for
reckoning the expectation of X.

"We began the index with a subscript equal to 1.
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1 Appendix

1.1 Gauss Program

new;

library pgraph;
pggwin auto;
graphset;

#include kernel.src;
#include density.src;

" "n.
]

n LI
]

Professor Tsurumi’s Second assignment - Rutgers ";

" PhD student: Freddy Rojas Cama ";

" Last modification: Sept 19th ";

/*====Drawing Weibull(2.5,1)======x%/

gam=2.5;

beta=2;

n=3000;

prinmt n" n;

seed=123;

ul=rndus(n,1,seed);

x= (-beta*ln(1-ul))~(1/gam);

cls;

/*====Saving Results======x/

chdir C:\Users\Fred\Freddy\Personal\Rutgers 2010\Semester I\adv_Statistics\second
assignment;

output file=outl.txt reset;

X3

output off;

cls;

/***********************#********************************/

/* mean, median, max, min, and std of Weibull draws */

3k ok ok ok sk ok ok o ok ok o o ok 3 3 o ok ok ok e ok o o s ok ok o ek ok ok ok ok ok o ok ok ok ok ok ok ok ok oK oK 3K ok ok ok ok ok ok /

result=meanc(x) “median (x) "maxc (x) “minc(x) “stdc(x);

print;

print "mean median max min std of Weibull random variables";

print result;

m=meanc (x) ;

sd=stdc(x) ;

skew=(x-m)"3/sd"3;

skew=meanc (skew) ;
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kurtos=(x-m) "4/sd"4;
kurtos=meanc (kurtos) ;
print "skewness and kurtosis" skew kurtos;
/*********##***************$****‘**#**************************************/
/*===kernel density of Weibull random variables, multiple bandwiths =====x/
/********************************************#****************************/
pos=seqa(1,1,n);
x=x [pos] ;
h=0.85;
he=stdc(x) ;
{x1,den1}=kden(x,h);
{xe,dene}=kernele(x,he);
h_05=0.5;
he_s=bandwil (x) ;
{x1_05,den1_05}=kden(x,h_05);
{xe_s,dene_s}=kernele(x,he_s);
h_005=0.05;
{x1_005,den1_005}=kden(x,h_005) ;
h_015=0.15;
{x1_015,den1_015}=kden(x,h_015);
z=rndn(rows(x),1)*0.5+meanc (x) ;
{x_gz,den_gz}=kden(z,he_s); *
graphset;
begwind;
window(2,2,1);
_pcolor = { 9 }; /* Colors for series */
pmcolor = { i, 8, 2, 8, 8,8, 8; 8, 15 };
/*Colors for axes, title, x and y labels, date, box, and background */
_plwidth={6.5 }; /#Controls line thickness for main curves*/
_paxht=0.05; /*Controls size of axes labels*/

_ptitlht = 0.125; /#Controls main title size */
_plegstr = " h=0.85 \000 h=0.5 \000 h=0.15 \000 h=0.05";
_plegetl = { 2 5 6 4.5 };

title("Gaussian Kernel Density");
xy(x1"x1_056"x1_015"x1_005,denl1~denl_05"denl_015denl_005) ;
nextwind;

_pcolor = { 9 3 }; /* Colors for series */

_plegstr = " h=stdev(x) \000 h=Silverman";

_plegctl = { 2 5 6 4.8 };

title("Epachenikov Kernel Density");
xy(xe“xe_s,dene”dene_s);

nextwind;
_plegstr = "Histogram";
_plegctl = { 256 5 };

title("Histogram");

10
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hist(x,20);
nextwind;
title(”"Normal vs Weibull”);
_pcolor = { 9 8}; /* Colors for series */
-plegstr = " Epch Kernel Density \000 Normal distribution";
plegctl = { 2 5 5.2 4.8 };
xy(xe_s"x_gz,dene_s"den_gz);
endwind;
end;
/* ==== =mwas= === ==/
/* kernel density estimation; Tsurumi’s original codex/
/* but modified by Freddy Rojas */
/* === ===asa= ==== === =%/
proc(2)=kden(v,h);
local g,j,nn,res;

nn=rows(v);
@print "h ";@
@h;Q@

g=0;

3=1;

do while j <= nn;

g=g[meanc (pdfn((v[jl-v)./h))./h;
h i g

endo;

res=sortc(v g[2:nn+1],1);
retp(res[.,1],res[.,2]);

endp;

/* === S == ==/
/* Epachenikov kernel density estimation; */

/% =m=mz=== aRs===s=c=cssosns ==z===== */

proc(2)= kernele(z,h);

local a,res,t,;g,2 V2V, 2v_,];
i=1;

g=0;

do while j <= rows(z);
zv=(z[j]l-2z)./h;

t=(abs(zv) .<sqrt(5));
a=code(t,sqrt(5)|1);
zv_=t.*((3/4)*(1-(1/5) .*(2v."2))./a);
g=glmeanc(zv_)./h;
J=3+1;

11
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endo;
res=sortc(z"g[2:rows(z)+1],1);
retp(res([.,1],res[.,2]);

endp;




