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ABSTRACT

Bayesian Analysis in Partially Identified Parametric and Non-Parametric Models

Yuan Liao

This dissertation studies a general type of econometrc model characterized by moment condi-
tions. Such a model, with different variations, has many important empirical applications in
economics, biostatistics, and finance. The variations of the model have two dimensions: one
is on the type of the moment conditions: either moment equality more inequality; the other is
on the dimension of the structural parameter: either finite or infinite. As a result, the model
contains most of the important econometric models. The key feature of the model that I am
interested in is that the parameter is not completely identified. With limited knowledge of the
underlying data distribution, it is only partially identified. I proceed with a Bayesian approach
in this dissertation.

Chapter 1 This chapter introduces the model and corresponding Bayesian methods in the
literature, followed by detailed examples of the models to be considered in this dissertation.
I present in detail some closely related recent literature, from both frequentist and Bayesian

perspectives.



Chapter 2 I study a type of moment condition that has been rapidly studied by econo-
metricians in recent years: moment inequalities. Since the parameter of interest is allowed to
be not point identified, the treatment is very flexible in dealing with incomplete data, such as
missing data or censored data. I construct the posterior distribution of the structural parameter,
and establish its large sample behaviors. Since in many applications, it is more straightforward
to specify the moment inequalities than the distribution of the data generating process, hence
instead of the true likelihood, the posterior density is derived based on the limited information
likelihood, a moment condition based likelihood. It is shown that the posterior converges to zero
exponentially fast outside any small neighborhood of the identified region. Inside the identified
region, it is bounded below by a rate that is not exponentially small. The simulations provide
evidence that the Bayesian approach has very attractive properties, in the sense that, with a
proper choice of the prior, the posterior provides extra information about the true parameter
inside the identified region.

Chapter 3 There exists a moment and model selection problem in the moment inequality
model. Here only a subset of the moment inequalities are to be used and the true parameter
vector is assumed to follow a submodel allowing only some selected components to be nonzero
(which can be, e.g., the regression coefficients of some selected explanatory variables). The
moment inequalities are called compatible if fixing the dimension of the parameter vector and
the parameter space, the identified region defined by these moment inequalities is not empty.
I derive the posterior distribution of the moment inequality/parameter subspace combination,
and show that the incompatible combinations have exponentially small posteriors. While the
posteriors of compatible combinations are positive, they are sensitive to the researchers’ a priori

information of the model, which is the choice of the priors.



Chapter 4 This chapter addresses the estimation of the semi-nonparametric conditional
moment restricted model that involves a nonparametric structural function gy. The posterior
distribution of the parameter of interest is derived based on the limited information likelihood.
I focus on the frequentist properties of the posterior distribution, allowing the nonparametric
structural function to be partially identified. It is shown that the posterior converges to any small
neighborhood of the identified region. I then apply the results to the single index model and the
nonparametric instrumental regression model. In particular, the compactness assumption on the
parameter space for nonparametric instrumental regression is relaxed, and a regularized prior is
used to overcome the ill-posedness.

Chapter 5 I consider a Bayesian approach to making joint probabilistic inference on the
action and the associated risk in data mining. The posterior probability is based on an empirical
likelihood, which imposes a moment restriction relating the action to the resulting risk, but does
not otherwise require a probability model for the underlying data generating process. The mo-
ment restriction partially identifies the parameters of interest, which include both the theoretical
risk of interest and the parameters describing the associated actions. I illustrate with examples
how this framework can be used to describe the posterior probability of actions to take in order
to achieve a low risk, or conversely, to describe the posterior distribution of the resulting risk for
a given action. The posterior distribution will cluster around the true risk-action relation with
high probability for large data size, and that the actions can be generated from this posterior to

reliably control the true resulting risk.
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CHAPTER 1

Introduction

Many econometric and statistical models involve an unknown structural parameter of inter-
est, which is either parametric or semi/non-parametric. Such a parameter often satisfies some
moment conditions that are implied by the assumptions imposed on the distribution of the data
generating process. Therefore, the variations of these models are in terms of two directions:
one is the dimension of the structural parameter: either finite or infinite; the other is the type of
the moment conditions: either moment equality or moment inequality. The moment equality is

one of the most commonly seen moment conditions, defined as

(1.1) Em(X,0) =0

where the expectation is taken with respect to the observable random vector X, and m(X,.)
is a known function of the parameter of interest §. Many statistical and econometric methods
have been developed to estimate and make inference about 6 from the frequentist perspective,
such as estimating equations and generalized method of moments. At almost the same time,
Bayesian statistical methods were also widely developed and applied to such a model. When
the structural parameter is identifiable, a standard Bayesian procedure can be stated as follow-
ing: first, specify the prior distribution of the parameter either from previous study experiences
or using objective priors such as the Jeffery’s prior if the Fisher’s information matrix is nonsin-

gular. Second, construct the likelihood function based on the distribution of the data generating
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process. Third, find the posterior distribution of the parameter by multiplying the prior with the
likelihood function. Finally, obtain MCMC draws from the posterior by carrying out the Me-
tropolis algorithm. From the frequentist point of view, under regularity conditions, the Bayesian
procedure is consistent, meaning that asymptotically, the posterior distribution degenerates to
a Dirac measure on the true value. As a result, the posterior mean estimated by averaging the
MCMC draws should consistently estimate the unknown parameter.

In recent years, the statistical models where the structural parameters are not identifiable
have been brought into attention by both statisticians and econometricians. The problem with
loss of identifiability occurs in diverse areas such as industrial organization, reliability theory
and survival analysis (Prakasa Rao 1992 and Tamer 2009). One of the most important types of

econometric models with loss of identifiability is the “moment inequality”, as given by

(1.2) Em(X,0) >0

The structural parameter # may be unidentifiable in this model since there can be more than one
¢ satisfying model([1.2), regardless of the dimension of m.

One of the biggest problems of the loss of identifiability is that the regular estimators, de-
veloped in mathematical statistics and econometrics, are not consistent anymore. The reason
is that, generally speaking, in classical statistical models with identifiability, the structural pa-
rameter is usually identified as the minimizer of some nonnegative function over the parameter
space. That is to say, let 8y denote the true parameter of interest, which lies in some parameter
space O. 6y = arg mingeo Q(6), where Q() is a nonnegative function on ©, and depends on

the distribution of the data generating process. Let @),,(6) denote the sample analog of Q(6),
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under some regularity conditions, the estimator defined by 6, = arg mingeg Q),,(0) then con-
verges in probability to §y. On the other hand, the loss of identifiability often occurs when the
set of minimizers of Q)(#) is not a singleton, say arg mingee Q(0) # {6y}, hence the minimizer
of Q,,(0) is usually not a singleton either, and even if it were, it would not converge to the true
parameter of interest. Therefore, the consistency of point estimation cannot be achieved. From
the Bayesian perspective, the classical posterior consistency is established based on the fact that,
up to the leading order, the likelihood function is proportional to exp(—n@,(#)), where @Q,,(0)
converges to some unknown function ()(#) uniformly over 6, and () is uniquely minimized
at ¢y. In addition, the prior distribution has support on a neighborhood of 6, (Chernozhukov
and Hong 2003). However, when 6, is not identifiable, the posterior distribution will not only
asymptotically supported on a neighborhood of 6, but also on all the minimizers of () (Liao
and Jiang 2010).

A third type of important econometric model is the “conditional moment restricted model”,

as defined by
(1.3) Elp(Z,0)|W] = 0

where the conditional expectation is taken with respect to the conditional distribution of Z
given W, with both Z and W observable. Here p(Z,.) is a known function of the structural
parameter 6, usually called the “residual function”. Model is usually satisfied by the
regression models, with the dimension of # being either finite or infinite. For example, when
0 is finite dimensional and p(Z, 6) linearly depends on ¢, model is then either the simple

linear regression model or the linear regression model with instrumental variable 1¥. When 6 is
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infinite dimensional, it is the semi-parametric or nonparametric regression model. Depending
on different cases, the sufficient conditions for the identifiability of § can be different.

In organizing this introductory chapter, I will start by illustrating some empirical examples
in economics, survival analysis, and treatment effects, where the structural parameter is not
identifiable (or point identified) by the statistical model assumptions. This section will then
be followed by detailed reviews of the theories and methodologies developed in dealing with
the problems of loss of identifiability in the literature, from both the frequentist and Bayesian
perspectives. The literature review comes from both the statistics and econometrics literatures,
where in the latter case, the term “loss of identifiability” is usually referred to “partial identifi-
cation”. Followed the partial identification, I will then introduce the literature of the conditional

moment restricted model (I.3)), with both the point identification and partial identification cases.

1.1. Examples of Loss of Identifiability

This section illustrates some important examples of loss of identifiability in statistics and
econometrics. These examples are: the empirical English auctions, the treatment selections, the

censored data in survival analysis, and the binary choice model.

Example 1.1.1 (Empirical English Auctions). Haile and Tamer (2003) carried out an em-
pirical analysis of the English auctions that relies on an incomplete model consisting of two

simple assumptions.

Assumption 1: Bidders do not bid more than they are willing to pay.
Assumption 2: Bidders do not allow an opponent to win at a price they are willing to

beat.
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At the auction, an initial price of the object is designated, and monotonically increasing bids are
then accepted from the participating bidders, subject to a minimum bid increment A > 0. For
each bidder ¢, let V; denote her valuation on the object, i.e., the maximal value that she is willing
to pay. The valuation V; is not observable to econometricians. Often one is directly interested in
how valuations are affected by auction-specific observables such as the bidder’s demographic
characteristics, the terms of a government contract, or the seller’s reputation. Let X; denote a
vector of the observales for bidder 7. The parameter of interest # is defined as an element that

lies in some parameter space O, satisfying

EVi|X =x;) = l(z;,0)

for all 4, where [(., .) is known and may take any form; it may be either linear or a polynomial,
for example. In addition, instead of V;, econometricians can observe Y;, bidder ¢’s final bid, Y,,,.x,
the maximal bid of all the bidding participants for the object, and A, the minimum increment.

By Assumptions 1 and 2, Y; < V; < Y.« + A. It then follows that

(14) E(Y;|XZ = l’z) S l(l‘l,g) S E(Ymax + A|XZ = fz)

The parameter of interestf may not be identifiable if the set of # that satisfies inequalities
(1.4) is not a singleton, i.e., that are more than one elements in © that are consistent with data.
If it is true, we cannot consistently estimate the true parameter 6 even if we had infinitely many

(Y;, X, Yinax). Therefore it results to the loss of identifiability.

Example 1.1.2 (Missing Data Problem). Manski (2003) discussed and worked out a type of

problem in which the loss of identifiability of the parameter of interest arises from the missing
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data. Let us start with the simplest case where only the outcome is missing, and then extend to
the case where both the covariate and outcome are missing, previously studied by Horowitz and
Manski (2000).

Let Y be an outcome dummy random variable that indicates whether a treatment is success-
ful (Y = 1) or unsuccessful (Y = 0). Z is an indicator of missing data. Y is observed if Z = 1
and unobserved if Z = 0. The parameter of interest here is P(Y = 1), the probability that the

treatment is successful. Note that

PY=1)=PY =1|Z=1)P(Z=1)+P(Y =1|Z =0)P(Z =0)

The data generating process identifies P(Y = 1|Z = 1), P(Z = 1) and P(Z = 0), but not
P(Y = 1|Z = 0), therefore § = P(Y = 1) is not identifiable or point identified. Note that
P(Y = 1|Z = 0) can take any possible value in [0, 1], hence we can derive the lower and upper

bounds for 6, which would be

(1.5) PY=1Z=1)P(Z=1)<0<P(Y =1Z=1)P(Z=1)+ P(Z=0)

Horowitz and Manski (2000) considered nonparametric missing data problem with both
outcome and covariate missing. Let Y be a binary outcome variable same as before, and X be
a covariate. Let Z, and Z, denote the indicators of missing data. Y is observed if Z, = 1 and
unobserved if Z, = 0. X is observed if Z, = 1 and unobserved if Z, = 0. The covariate X is

assumed to be “missing completely at random”, meaning that

P(Zy=ilY =j,X =a,Z,=k) = P(Z, =)



20

for all x in th support of X and all 7, j, k € {0, 1}. The parameter of interest is g(z) = P(Y =
1|X = x), which is assumed to be nonparametric. Under the Missing Completely at Random

assumption, it can be shown that

(1.6) +PY =1X =2,2,=1,Z,=0)P(Z, = 0|X = 2,2, = 1)

All quantities on the right side of (I.6) are identifiable by the data generating process except
PY =1|X = x,Z, = 1,Z, = 0), which can take any value in [0, 1]. Therefore g(x) is
not point identified. The upper and lower bounds similar to (1.3) can be derived. Let h(z) =

P(Z,=1X =x,Z, =1), then

P(Y=1|X =2,2Z, = 1,7, = 1)h(x)

K

—

&
\%

(1.7) glz) < PY=1X=2,2Z,=1,Z,=0)h(x)+1— h(z)

Example 1.1.3 (Censored Data). Consider the parameter # in the model

yi = 1,0 + €

where x; is a vector of covariates, 6 is the unknown parameter of interest, and ¢ denotes the
unobserved error term with Median(¢;|x;) = 0. In survival analysis, y; is usually censored. In

particular, we observe the random vector (z;, v;, d;) such that

v; = min{y;, ¢;}

di = I(?Ji<ci)
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where d; is a binary variable that indicates whether an observation v; is censored or not. The
random variable ¢; is only observed for censored observations. If the censoring value ¢; is
assumed to be independent of (z;, ¢;), then under non-singularity conditions for some matrices,
0 is point identified (Honore, Khan and Powell 2002). In fact, let F;(y;; #|z;) be the conditional
distribution function of y;, with density function f;(y;; #|x;). The likelihood function can be

written as

L) = [T fits 012s) [T 11 = Fi(es, 010)]

d;=0

The structural parameter ¢ can then be consistently estimated by parametric methods (max-
imum likelihood), or nonparametric methods (first estimate the survival function using the
Kaplan-Meier estimator). However, in many applications, the independence assumption is sus-
pected. For example, suppose y; and c; are the survival time and censoring time for a patient
respectively. When patients whose conditions worsen significantly are less likely to continue
in the study, the result would be a positive correlation between censoring time and the survival
time. In other situations, the censoring can also be affected by unobservables that also affect
outcomes. Without assuming the independence between the censoring and surviving time, the
point identification often does not hold. In the literature of survival analysis, there is difficulty
of estimating survival functions when survival and censoring are not independent, see Tsiatis
(1975).

Under the assumption Median(¢;|x;) = 0 alone, Khan and Tamer (2009) showed that ¢

satisfies conditional moment inequalities:

(1.8) EldiI(v,<a10) |i]
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The proof is straightforward:

Ellsaelri] = Plvi > 2if|zi) = Pe; > 20, y; > ;0|2;)

1
< P& ZO|$i):§

E[dzj(vlgxﬁ)’xz] = E[I(UZSIQO,yZSCZ) sz] = P(Uz S '7/129; Y; S cz|x2>
= Py <ci,yi <xflz;) = Ple; < ¢ — 230, ¢; < 0|x;)
1
< P(g <0|z;) = 3

Without further assumptions on the distribution of (x;, €;, ¢;), conditional moment inequalities

(1.8) generally do not guarantee the point identification of 6.

Example 1.1.4 (Probit Binary Choice Model). Consider the binary choice model

Yi = I(mé@+ei<0)

The error term ¢ is assumed to be N (0, 0?) and independent of x;, where o2 is the unknown

variance. We observe (z;, y;)",. Note that

L0

o

where ®(.) denotes the cumulative distribution function of standard normal distribution. Here

g is point identified, but not  (Imai and van Dyk 2004, and McCulloch et al. 2000). In fact, for
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any ¢ # 0, let 0 = ¢, and 5 = co, then

70
(I) - :P 221 i
( &) (v = 1)

1.2. Literature Review on Partially Identified Models

The inference on the structural parameter that is only partially identified has been largely
initiated and popularized in recent years. The recent literature on partially identified models in
econometrics starts from the study of interval identified models. Horowitz and Manski (2000)
consistently estimated the bounds of the conditional probability of a successful treatment which
is partially identified on an interval, with missing data. They also derived confidence intervals
that asymptotically cover the entire identification region with fixed probability. Manski and
Tamer (2002) considered the linear models with interval data, where the structural parameter is
partially identified on a set of minimizers of a particular objective function (), i.e. the true
parameter ) € arg mingece (), where © is the parameter space. Different from the classical
M-estimator, arg mingee (@) is no longer a singleton. Manski and Tamer (2002) constructed a
set of parameters A,, that consistently estimates the identified region arg mingcg () in Haus-
dorff distance. Define

(1.9) dy(A, B) = max{supd(a, B),supd(b, A)}

acA beB

where d(b, A) = inf,c 4 ||b — al|. Let Q = arg mingee Q(0), they showed that dy (A, 2) —P 0
in probability. In addition, Imbens and Manski (2004) considered inference on the partially

identified structural parameter. They constructed a uniform confidence interval C,, for 6, with
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coverage probability «, say,

lim inf P(A € C,) > «

n—o0 e

A more general form of partially identified models is the moment inequality model
Em(X,0)>0

where m(.,.) : Supp(X) x © — R?is a known function of observable random variable X and

6, where supp(X ) denotes the support of X.

Example 1.2.1 (Empirical English Auction Continued). Consider example 1.1.1. The pa-

rameter of interest satisfies (1.4)). Then for any positive function h(z), such that E|h(X)| < oo,
E[h(X:)Yi] < E[M(X)I(X;,0)] < E[A(X)(Viax + A)]

Therefore we have moment inequalities, with

Y0 h(X)I(X,0) — h(X)Y

h(X) (Yiax + A) = H(X)U(X, 0)
Example 1.2.2 (Missing Data Problem Continued). Consider example 1.1.2, where only the
outcome is missing. The parameter of interest satisfies (1.5). Write P(Y = 1|Z = 1)P(Z =
1) = E(I(y=1,2=1)), and P(Z = 0) = E(I(z~)), then we have moment inequality model with

0 — Iy=12=
m(Z.Y.0) = (Y=1,2=1)

Iy=12=1) + L(z=0) — 0



25

Example 1.2.3 (Censored Data Continued). Consider example 1.1.3. The parameter of

interest satisfies Then for any positive function A (x) such that E|h(X)| < oo, we have

EWMX)vzxe)] <

=
=
s

1
2
EMX)DIy<xg)] <

Then the moment inequalities hold with m(., .) given by:

Lnix) — h(X)I /
m(X.V.0) = 5h(X) — h(X)Iv>x0)

h(X) = h(X)DIy<x)

N[ =

1.2.1. Consistent Set Estimation and Confidence Regions

Suppose the true parameter of interest §, belongs to some parameter space ©. The set of

parameter values that satisfy the moment inequality models (1.2) is given by

QO =1{0cO:Em(X,0) >0

The true parameter 6, is not point identified because normally € is not a singleton: there are
more than one elements in © that satisfy the moment inequalities. The set {2 that captures all the
information about 6y is called the identified region for ;. Under the general moment inequality
setting, the identified region is neither necessarily an interval nor the Cartesian products of
intervals.

Chernozhukov, Hong and Tamer (2007) are among the first who construct the consistent
set estimator in Haursdorff distance of €2 and its confidence region, given the general moment

inequality assumptions. Their inference was based on the observation that the identified region
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is the set of minimizers of a criterion function ()(6). Let

ml(X, 9)
m(X,0) =

my(X, 0)

and wy(0), ..., w,(0) be strictly positive functions on ©. Define
(1.10) Z wi (0)[Emi (X, 0))2 ] m,(x.0)<0)

Function ()(0) is minimized to zero if and only if § € ). In other words, 2 = arg mingce Q(0).

Therefore, the inference on {2 may be based on the empirical analog of (): define

p
= wni(0)(6)* I, 0))<0
=1

where m;(0) = 2 3" =1 mi(X;,0), and wy;(0) is an estimate that converges to w;(¢) uniformly
in € ©. For a sequence a,, — 00, define C,,(c) = {0 € O : a,Q,(8) < c}. Chernozhukov,
Hong and Tamer (2007) showed that if ¢,, > supycq a,@,(6) with probability approaching 1,
and ¢, /a,, —? 0, then dy(C,(c,),2) = 0,(1). They further derived the rate of convergence,
which is close to 1/+/n.

For the confidence region of €2, note that © C C),(c) is equivalent to supgcq, @, Qn(0) < ¢

Hence if ¢, is such that

P (Sup anQn(e) < Ca) =1l-a«

e

then P(© C C,(c,)) = 1 — a. Chernozhukov Hong and Tamer (2007) constructed the confi-

dence region based on the approximation to the quantiles of sup,cq @, @r ().
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In addition, Romano and Shaikh (2008) provided a similar subsampling procedure for the
confidence region. Bugni (2010) proposed a Bootstrap procedure to approximate the quantiles
of supyeq a,Qn(0), and showed that the convergence rate of the Bootstrap procedure is faster
than subsampling. Other related papers in the literature regarding the confidence regions for
moment inequality models can be found in Rosen (2008), Pakes, Porter, Ishiii and Ho (2006),

Andrews and Jia (2008), among others.

1.2.2. Optimal Inference

There currently exist a variety of inferential methods for the inference of partially iden-
tified parameters in models with moment inequalities. As illustrated earlier, the moment in-
equality models are usually represented via an objective criterion function Q(6) so that 2 =
arg mingeg Q(¢). Function is one of the examples applied by Chernozhukov, Hong and
Tamer (2007). Rosen (2006) provided an alternative formulation for the criterion function,

which is defined by

Q(9) = min[Em(X,0) — AV (0) ' [Em(X,0) — Al

A>0

where V' (0) is the variance of m(X, #). In fact, any function ()(6) such that:

(1) Q(A) > 0forall § € O, and
(2) Q(#) =0ifand only if § € Q
can be adopted as a criterion function. See Andrews and Soares (2010) for a more formal
definition of criterion functions.
Since there are a variety of criterion functions ()(#) that have () as the set of minimizers,

with each criterion function resulting to a different test statistic, and so a different confidence
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region, a natural question arises immediately: is there a criterion function that is better than the
others? Canay (2010) defined the optimality criterion in terms of the asymptotic power of the
test statistic for testing

Hy: Em(X,0) > 0.

He showed that the criterion function constructed based on the empirical likelihood function
(Owen 1990) achieves the optimal asymptotic power than others under certain rate restriction.
Suppose we observe i.i.d. data X" = (Xy,..., X,,) from the population X, the empirical log-

likelihood for 6 of moment inequality models is given by

(1.11) subject to: pi>0,> pi=1Y pm(X;0) >0

where p; denotes the probability mass placed at X; by a discrete distribution with support { X™}.
The unrestricted empirical log-likelihood 1,,() is defined similarly except that the moment re-
striction )", p;m(X;,0) > 0 is not imposed. Based upon both restricted and unrestricted
empirical log-likelihood I.;(#) and [,,(6), the empirical likelihood ratio statistic is given by
— _ — / .
ELRy(0) = 2[la(6) = 1,(0)] = max2 Zl log(1+ Nm(X;,0))

For each given 6, large values of ELR,,(0) suggest that the moment inequalities Em(X,0) > 0
are not supported by the data.

Canay (2010) showed that, for any # € O, and any ¢ > 0, under H,,

P(ELR,(0) > 2cn) < e .
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In addition, Any test for H, can be defined as r(6) = 1 xrcr()), where R(0) is the rejection
region of the sample space, i.e., test () rejects Hy if and only if X™ € R(6). For some § > 0,
denote the neighborhood of R(f) by R°(0) = U,cp)B(z,d). It is then showed that if a test

7(0) is such that for any ¢ > 0, under H, there exists § > 0 such that

(1.12) limsup P(r(f) = 1) < limsup P(X" € R°(#)) < e™"
then
P =
lim inf (r(0) = 0)

if Hy is false. This result says that, among all the tests for Hy : Em(X,6) > 0 whose type 1
error rate is restricted by (1.12]), the empirical log-likelihood ratio test has the best asymptotic

power.

1.2.3. Bayesian approach to the partially identified models

The Bayesian methods have been extensively applied to models with loss of identifiabil-
ity. Gelfand and Sahu (1999) have studied issues surrounding non-identifiability and improper
priors in the context of generalized linear models. Neath and Samaniego (1997) considered
Bayesian updating for a non-identified two parameter binomial model. Gustafson (2005) stud-
ied Bayesian inference in non-identified scenarios involving misclassification and measurement
errors, which was discussed by a number of prominent researchers.

With a Bayesian approach McCulloch, Polson and Rossi (2000) have studied the multino-

mial probit model (MNP) with the case of non-identifiability. The MNP is a multivariate case
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of the binary choice model, defined as:

W =X0+¢€

0, max(W) <0
(1.13) Y =

i, max(W)=W,;>0

where € is N(0,%). X is a p x k matrix, and max(W) means the maximal element of W’ =
(Wh,...,W,)". In practice, econometricians observe a set of observations of (Y, X). In the set-
ting of (1.13), the parameters (6, %) are not point identified. One of the commonly adopted
frequentist methods to achieve the point identification is to set the first diagonal element o4;0f
>} equal to 1. However, it is not straightforward to adopt this approach in Bayesian analysis
because of the difficulty in imposing a prior on the parameter space such that o1 is one. Mc-
Culloch, Polson and Rossi (2000) proposed two ways of prior specification: one imposes priors
on 6 and ¥ directly, and the other imposed priors on # and |y, = 1.

A more related work to this dissertation is by Moon and Schorfheide (2009a), who were the
first to study the posterior properties of partially identified models, and compare the Bayesian
approach to the frequentist’s. In Moon and Schorfheide (2009a), the model can involve three
types of parameters: the structural parameters of interest ¢, a reduced form parameter vector
that is point identified by data ¢, and also a vector of auxiliary parameters «, which links the
structural and reduced form parameters via a known function 6 = (¢, «). For a particular
value of ¢, the auxiliary parameter takes its value in some set A,. The identified set for § can

be written as

O(¢) = {0(¢, ) - v € Ay}
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Assuming the log-likelihood function [(¢) for ¢ is known, we can consistently estimate ¢ by
maximum likelihood estimator ngS It is then straightforward to obtain a consistent set estimator
of ©(¢), which is O(¢).

For any set A, let p(6 € A|Data) denote the posterior probability that § € A. Moon and
Schorfheide (2009a) showed that for any 7 € (0, 1), there exists a set T},(7) C ©(¢) such that
in probability,

PO € T, (7)|Data) = 1 — 7

Hence T,,(7) is the asymptotic 1 — 7 credible set for 6. In addition, let G(0, ) = ¢ be the
link function deduced by 0 = 6(¢, ). Let &(0) = argmax, l,(G(0,«)). Define Q, () =
2[1(G(6, &(0)) — 1(¢)]. Consider a confidence region for @ that is of the form C'S(c) = {0 :
Q. (0) > —c} for some positive constant c. It is a confidence set of level 1 — 7 that is uniformly
valid asymptotically if

lim inf P(# € CS(c,))>1—71

n—oo 0O

~ ~

Since Q,(0) = 0if 6 € O(¢), it follows immediately that ©(¢) C CS(c) for any ¢ > 0.

Therefore with probability approaching one,

~

(1.14) T,(7) C ©(d) € CS(c,)

Result indicates that the Bayesian credible set for # locates inside the identified region,
whereas the frequentist confidence region extends beyond the identified region. Hence the
Bayesian credible set is asymptotically smaller. This result is different from the point identified

case.
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Example 1.2.4 (Interval censored data). Consider the simple location model Y; = ¢ + ¢;,
where ¢ = LY. Suppose the structural parameter § = E X is the expectation of an unobserv-
able X;, which is censored almost surely in the interval [Y;, Y; + A for a known constant A > 0.
Therefore ¢ < 6 < ¢ + \. Since econometricians can observe Y;, hence ¢ is point identified,

and is linked with € by an auxiliary parameter « through
p=0—a,acl0,)]

The identified region for @ is then ©(¢) = {¢ + « : a € [0, A]}. Suppose the prior p(6|¢) is
uniform on [¢, ¢ + A], and p(¢) is flat. In addition, suppose p(Y'|0,¢) = p(Y|¢) ~ N(¢,0?)

for some known o2, then under some week regularity conditions, we can show that

p(6|Data) o [ p(Datal)p(6lo)p(0)ds
N / - (_2’;1(1@-—@2) 0

) 202
x PO -\<Z<0)

~ UniformlY,Y + )|

where Z in the third line is N(Y,02/n). Therefore, the interval T,,(7) = [Y + 7A/2,Y +
A\ — 7)/2] is an asymptotic 1 — 7 credible interval for 6. Apparently T,,(7) C ©(Y). One can

additionally verify that

0 Y<O0<Y+ )\

Qn(0) = § —

QM|:

(Y —0)2, H<Y

LY —0+X)?% 0>Y + )
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Therefore the confidence set CS that satisfies lim,, .o inf, infgegp) P(0 € CSlp) = 1 — acis
givenby CS = [Y — Z1r)20 [/, Y+ A+ 21-7/20/y/n], where z1_. 5 is the 1 — 7/2 quantile

of the standard normal distribution. We can see T,,(7) C ©(Y) C CS.

Recently, Bollinger and Hasselt (2009) applied Moon and Schorfheide (2009a)’s setting to
binary misclassification problem. Let Z € {0,1} be a binary random variable with P(Z =
1) = m, where 7 is the parameter of interest. Instead of observing Z, we observe X € {0,1},
with measurement error. Suppose the misclassification probability is p = P(X # Z|Z). On
can show that y = F(X) = m(1—2p)+p. Here 1 is point identified, p is the reduced parameter,
and 7 is the parameter of interest, which is partially identified as we do not directly observe Z.

Suppose the data X" = {X}, ..., X, } are i.i.d,, let ny = ). X;. Because the data are from

Bernoulli distribution, the likelihood function is given by

X" ) = pt (1= p) ™

One can start with putting a joint prior f;(, p), and obtain the joint prior f;(m, ;). Finally, the

posterior of 7 is obtained:

p(r]X") o / £ (1) £ (X )

1.3. Literature Review on Conditional Moment Restricted Models

The conditional moment restricted model is given by

(1.15) E(p(Z, go)|W) =0
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where (Z7 ,WT) is a vector of observable random variables, and W might or might not be
included in Z. Here p is a residual function known up to gyo. The conditional expectation
is taken with respect to the conditional distribution of Z given W, assumed unknown. The
parameter of interest is go, which is infinite dimensional. Model (I.15)) is a very general setting,

which encompasses many important classes of nonparametric and semiparametric models.

Example 1.3.1 (Regular nonparametric regression). Consider model

Y =go(W) + ¢

assuming E(e|/W) = 0. Let Z = (Y, W), then it can be written as the conditional moment

restricted model with p(Z, go) =Y — go(W).

Example 1.3.2 (Nonparametric IV regression). Consider nonparametric model

Y:gg(X)+€

where X is an endogenous regressor, meaning that £ (e|X) does not vanish. However, suppose
we have observed an instrumental variable W for which E(e|IV') = 0, then it becomes a non-
parametric regression model with instrumental variables, studied by Newey and Powell (2003)
and Hall and Horowitz (2005). Define p(Z, go) = Y — go(X), with Z = (Y, X). Then we have
conditional moment restriction

E(p(Z, go)|W) =0

Example 1.3.3 (Single index model). Consider single index model

Y = ho(WT90> +e€
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where E(e|/W) = 0. The parameter of interest is (hg, 0p), with hy being nonparametric. This
type of model is studied by Ichimura (1993) and Antoniadis et al (2004). By defining Z =

(Y, W) and gy = (ho, 0), we can write E(p(Z, go)|W) = 0.

Note that g is infinite dimensional, hence model is either nonparametric or semi-
parametric. Therefore it is different from the conditional restriction considered by Kitamura
(2005) and Smith (20007), who assume g lies in a finite dimensional compact parameter space.
In this section, I will review the work done by Ai and Chen (2003), where the model was studied
in a general setting, and the parameter space was assumed to be compact. One of the important
applications of the model is the nonparametric instrumental regression. In this particular model,
the estimation is very difficult when the compactness assumption on the parameter space is
relaxed, and there is a huge literature on solving the so-called “ill-posed” problem. I will review
the literature of nonparametric IV regression in a separate section.

Let © be a compact parameter space that contains go. Define m(w, g) = E[p(Z, g)|W = w),

then under the assumption that gy is point identified by model (1.15)),
(1.16) go = arg in(gE[m(I/V, @) S(W) tm(W, g)]
ge

where > (1) is a positive definite matrix for any given W. To consistently estimate gy, Ai and
Chen (2003) replaced © by a finite dimensional sieve space O} that becomes dense in © as n
increases, where ¢ = dim(0,). In addition, suppose 72(w, ¢) is a nonparametric estimator of

m(w, g), then Ai and Chen (2003) proposed a sieve minimum distance (SMD) parameter that
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minimizes the sample analog of (1.16)

(1.17) mmﬂm—zmmy W)~ (W, g)

geOY N

where 3(17/) is a consistent estimator of $(TV).

To consistently estimate m(W, g), consider a sieve estimator. Let p*(W) = (p (W), ...,
p(W))', where {p;(W),7 = 1,2,...} is a sequence of known basis functions whose linear
combination can approximate any square integrable real-valued function of W well. Then for
each g € ©, m(W, g) can be approximated by p*(W)'3 for some vector of coefficients 3 as
J: — co. The linear sieve estimator for m(W, g) is (W, g) = p*(W)'3, where 3 is the ordinary
least squares estimate obtained by regressing p(Z;, ¢) on p*(W;)'. Note that with (W) = I,
the SMD estimator has a GMM interpretation: define P = (p*(W),...,p*(W,))’, then the
SMD estimator defined by (1.17) with 7 (W, g) = p*(W)'f3 is the GMM estimator based on the

following unconditional moment restrictions:
(1.18) Elp(Z, g)p;(W)] = 0,5 =1,2, ... k

with weighting matrix P’P. Note that, this GMM interpretation implies an overidentifying
restriction: k > q.

Under some regularity conditions imposed on p, k, and p*(W), it can be shown that the
SMD estimator is consistent. With further assumptions imposed on the metric in © and on
the approximation rate of ©7, the SMD estimator can achieve a convergence rate || — go|| =

0,(n~Y/*). When gy consists of a parametric part 6, the o,(n~'/*) convergence rate is useful
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for constructing the asymptotic normality of 6. Ai and Chen (2003) in addition showed that the
SMD estimator 4 is semiparametric efficient.

Besides their work, Newey and Powell (2003) also considered the estimation of conditional
moment restricted model in a general setting. Their approach is similar to Ai and Chen (2003)
while they were more focusing on the identification and consistency. In particular, they were
among the first to consider the identification conditions of gy in nonparametric IV regression
models (Example @) Recently, Chen and Pouzo (2009a, 2009b) relaxed the compactness

assumption on the parameter space. To achieve the consistency, they imposed a penalty term.

1.4. Nonparametric Instrumental Variable Regression

Although the nonparametric instrumental variable regression model is a special case of the
nonparametric conditional moment restricted models, it is particularly of interest to us, be-
cause of its importance in many empirical applications and as a natural extension from the
conventional instrumental variable regression model. Consequently, ever since Newey an Pow-
ell (2003), nonparametric IV has been receiving tremendous attentions in both statistics and
econometrics literature.

The nonparametric IV regression is formally defined as:
(1.19) Y =go(X)+e

where Y is the response variable, and X is the explanatory variable, which can be either scalar
or mutivariate. Here e denotes unobservable disturbances. The function g, is nonparametric.
It satisfies regularity conditions but does not belong to a known, finite-dimensional parametric

family. In addition, € is assumed to be correlated with the explanatory variable X, and hence
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E(e]X) # 0. Therefore classical nonparametric methods can’t be applied here to estimate .

Instead, suppose we have available another observable W, for which

(1.20) E(elW) =0

In the literature of econometrics, W is known as “instrumental variable”. We then have an
opportunity to estimate g based upon observed simple random samples of the triple (Y, X, W).

The model (I.19) and (1.20) together is known as nonparametric regression model with presence

of instrumental variables.

1.4.1. Identification

In a nonparametric setting, the restriction £ (e[WW) = 0 is important to the identification of
structural function gy. Newey and Powell (2003) characterized the identification in terms of the
completeness of the conditional distribution of X given W as follows.

Consider the model

Y —go(X)+e,  E(W) =0,

Taking conditional expectation of Y yields
(1.21) EY[W) = Elgo(X)|W]

Since E(Y'|IV) depends upon the conditional distribution of observable random variable Y |/,
it is identified; hence the identification of gy depends upon the existence and uniqueness of

integral equation (1.21)), say, if E[g(X)|W] = E[g(X)|W] = E(Y|W) almost surely implies
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g(X) = g(X). This is equivalent to the completeness of the conditional distribution of X given

W . Therefore Newey and Powell (2003) obtained the following proposition.

Theorem 1.4.1 (Newey and Powell 2003). If E(Y |W) = E(go(X)|W) is satisfied almost
surely, then g is point identified if and only if for all §( X ') with finite expectation, E[0(X)|W] =

0 implies §(X) = 0 a.s..

Example 1.4.1 (Severini and Tripathi 2006, Example 3.2). Let Y = go(X) + ¢, where gy €
Lo(X). The regressor X is endogenous and we have an instrument W satisfying F(e|IV) = 0
a.s. Suppose that X = W 4 U, where IW and U are independent and identically distributed as
Uniform [—3, 5]. Define M = {0 € Ly(X) : E(§(X)|W) = Oa.s.}. Note that E(6(X)|W =

w) = f;“fll/; §(x)dx, it can be shown that f;”jll/; d(z)dx = 0 for almost all w € [—3, 5] if and
only if §(x) = (1 + x) for almost all z € [—1,0] and ffl d(z)dx = 0. Therefore, we have
M ={§e LX) :(z) =01+ z)a.ax € [-1.0], and ffl d(z)dxr = 0}, which is clearly

not a singleton {0}. Therefore, gy is not point identified.

In addition to the completeness of the conditional distribution, Severini and Tripathi (2006)
framed the identification problem in a general Hilbert space setting. Consider Y, X and W as
elements of a separable Hilbert space with inner product (.,.). Assume that V is a known
linear subspace that contains the support of 1V, and call vector a orthogonal to W if (a, w) = 0
for all w € W, which we write as a L. Let M denote a linear subspace, and assume that,
corresponding to Y, there exists an element p, € M. Here p, is a summarization of the
distribution of Y and may be viewed as the parameter of interest. In addition, assume that
Y — p, LW. We call M the*“model space” and }V the“instrumental space”. It is easy to see that

if 41, is not identified, say, suppose corresponding to Y, there exist two different s, p1;, € M
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such that Y — i, LW and Y — p; LW, then we have a nonzero vector ji,, — fi;, € M such that

tty — f, LYV, which follows that M LWV. Hence we have

Theorem 1.4.2 (Severini and Tripathi 2006). 1, is identified if and only if M is not orthog-

onal to W.

In nonparametric regression problem, M = Ly(X) and W = Ly(WV) are infinite dimen-
sional linear subspaces consisting of square integrable functions. The restriction E(e|WW = 0)
implies Y — go(X)LLy(WW). Therefore it follows from Theorem that a sufficient and
necessary condition for gy to be point identified, is that if a function f € Lo(X) satisfies
E[f(X)h(W)] = 0 for all h € Lyo(W), then f = 0 a.s, which is equivalent to saying if
E[f(X)|W] = 0as. for f € Ly(W), then f = 0 a.s. This is the completeness of conditional
distribution of X |W.

Another equivalent statement of point identification of g, was provided by Hall and Horowitz

(2005). Define

T : Ly(X) — Ly(W), such that T(g)(w) = E[g(X)|W = w],Vg € Ly(X)

u(w) = E[Y W = u]

It then follows from E[e|W] = 0 that T'(go) = p. Therefore, g is point identified if and only if

T 1s nonsingular.

1.4.2. Ill-posed inverse problem

As previously discussed, when gq is point identified, it is the unique solution to an integral

equation T (90) = u, where T is nonsingular, and is defined as
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T(g)(w) = / o) fx (e|w)dz

where fxw (x|w) is the conditional density function of X |W. if fxu (z|w) is continuous in x
for all w, then the integral operator T : Ly(X) — Ly(WW) has a continuous kernel, and hence is
compact. Therefore, although T is continuous and nonsingular, it does not have a bounded in-
verse. As a result, gy cannot be estimated consistently by 71 fi, simply replacing 7! and y by
their consistent estimators, because even small error in the data will cause arbitrarily large error
in the estimation. This problem is known as “ill-pose” problem, and was discussed by Kress
(1999). The ill-posed problem is the main task to overcome in the estimation of nonparametric
IV models, and there has been a huge literature concerned about it, see for example, Newey and
Powell (2003), Chen and Pouzo (2009a,b), Florens and Simoni (2009a), and Hall and Horowitz
(2005), among others.

Let us assume gy € L?(X). Even if gy is not identified, in the sense that ©; = {g € L*(X) :
E(Y — g(X)|W)} # {go}, the problem of recovering ©; from the data is still ill-posed. To

illustrate the problem, we need to introduce some additional notation. For any ¢g; € L2(X ), let

1] = {g: E(g(X)[W) = E(g:(X)[W)}

which is an equivalence family of g, under 7. Let N'(T) = {g : E(g(X)|W) = 0}, the null

space of T'. It deduces a quotient space L*(X)/N(T). Define

A L*(X)/N(T) — L3 (W)
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It can be shown that A~! : L>(W) — L?*(X)/N(T) is not continuous. Therefore to recover

[g0] = ©; from A~} requires some regularization techniques.

1.4.3. Estimation with point identification

In this subsection, we assume that g is point identified, and focus on the consistent estima-
tion of gy. To overcome the inverse problem, one way is to restrict the parameter space for gy to
a compact subspace of Ly(X ). This approach is based on a fact that, if T:0 — W, where T
is a compact nonsingular linear operator and © is a compact function space, then T is contin-
uous on WW. Therefore the ill-posed problem is removed. Both Newey and Powell (2003) and
Ai and Chen (2003) followed this approach. Alternatively, Hall and Horowitz (2005) and Chen
and Pouzo (2009a,b) relaxed the compactness assumption, but put a regularization parameter
on the operator. This so-called Tikhonov regularization approach requires the convergence rate
assumptions on the eigenvalues of the linear operator. We present it in detail here.

In order for the regularization approach to be valid, it is essential to require the operator
that identifies gy have positive eigenvalues. Therefore, we need to do some transformation first.
Denote by fx, fir and fxy the marginal densities of X and W, and the joint density of X and

W, respectively. It may be proved from (1.1) and (1.2) that

(1.22) Ew{EY|W)fxw(z,W)} = //g(x)fxw(x,w)fxw(z,w)dxdw

Define ¢(z) = Ew{E(Y|W)fxw(z, W)}, and t(z, z) = ffXW(x,w)fXW(z,w)dw. In addi-

tion define the linear operator 7" on Lo(z) by (T)(z) = [ t(x, 2)(x)dx. Therefore can



43

be written into the form of integral equation

Tgy=¢

Assuming 7' is nonsingular, all its eigenvalues are positive. However, the ill-posed problem
is still there because if we order the eigenvalues to be A\; > Ay > ... > 0, we have \;, — O as k
increases. Let 7' be a nonparametric consistent estimator of 7°, instead of inverting T, Hall and
Horowitz (2005) imposed a regularization parameter a,,, which converges to zero as the sample
size increases. Let ngS(*i) be the kernel estimator of ¢ with the ¢th observation missing. Their

proposed estimator is given by

For the consistency of ¢, appropriate assumptions on the convergence rates of the eigen-
values o 7" and a are necessary. In particular, ag should not decease too fast, otherwise the
ill-posed problem comes back again. In addition, although ¢ will still be consistent even if the
restrictions on the eigenvalues of 7" do not hold, the rate of convergence of ¢ will be very slow
if the eigenvalues decrease too slowly. See Hall and Horowitz (2005) for detailed regularity

conditions.

1.4.4. Inference with partial identification

It is also interesting to make inference about nonparametric IV models without assuming
the point identification of gy, for the following two reasons: First, as discussed earlier, the iden-

tification of gy depends on the completeness of the conditional distribution X |WW. When the
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conditional distribution does not belong to the exponential family, the completeness assump-
tions is hard to check, and is in fact hard to be satisfied (see, for example, Example .

Another reason is that, sometimes instead of g, itself, we are only interested in one of its
particular characteristics, say its linear functional h(go). For example, in the nonparametric IV
regression, if go(x) is the inverse demand function, then its consumer surplus at some level x*
can be written as a functional h(gy) = fox* go(z)dz — go(x*)x*. In this case, the identification
of go might not be necessary. Severini and Tripathi (2006) have shown that without assuming
go to be identified, it is still possible to point identify its functional h(go).

Let © be the parameter space for gy, which is a collection of all the possible functions of ¢,

defined to be a compact space © = {g : ||f||s < B} for some known B and norm ||.||s. Define
O;={9€0:EY|W)=E[g(X|W)]a.s.}

When g, is not point identified, ©; is not equal to {go}. Santos (2007) developed methods for
hypothesis testing in a nonparametric IV setting within a partial identification framework. The

kind of hypothesis tests he allowed for are of the form
HOZ@IQR%Q) Hli@[ﬂR:(Z)

where R is a set of functions that satisfy a property we wish to test for. Under the assumption
that R is compact, the null hypothesis is equivalent to Hy : inf,conr E[(E(Y —g(X)|W))2f2,(W)] =
0. The advantage of this transformed null hypothesis over Hy : ©;N R # () is that no estimation
of Oy is required.
Define Q,(g) = L 30| hu(g, Wi)? % (W;), where h,,(g, W;) is the Nadaraya-Watson ker-

nel estimator for E[Y — g(X)|[W = W], and fyy is the kernel estimator for fy,. Let T,(g)
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be a properly centered version of (),,(¢g). The test statistic is then infgng T;,(¢g). Santos (2007)
showed with some regularity conditions that, under the null hypothesis, infg~z 7},(g) converges
in distribution to a Gaussian process.

For most hypotheses, the computation of the test statistic requires solving a minimization
problem over a nonparametric set of functions © N K. Santos (2007) addressed this challenge
by approximating © N R with a sieve space ©, N R, and the minimizing problem can be solved
over ©, N R without losing the asymptotic results. Finally, the critical values can be found by
either subsampling or Bootstrap procedure (Santos 2008b).

Recently, Kovchegov and Yildiz (2010) considered consistent estimation of the identified
region O;. Recall that in Section we established that ©; = [g], which is an equivalence
family in the quotient space L?(X)/N(T), hence it is straightforward to estimate [go] using
the same regularization techniques as what have been used for the point identification case.

Kovchegov and Yildiz (2010) also considered constructing the confidence region for ©O;.

1.4.5. Bayesian approach

Recently, Florens and Simoni (2009a) proposed a quasi-Bayesian nonparametric approach
to estimating the structural function g.

Let L?(X) denote the square integrable Hilbert space for go. It is assumed that the prior of go
is a Gaussian measure on L?(X) that defines a mean element g* and a covariance operator ¢,
and that the error term is N (0, o). Under some conditions, the conditional posterior of g, given
o? is Gaussian with mean n=Y/2A(Yy, ..., Y,,)” + b, and covariance operator o2(Qy — AKQy),
where

A= QK" (KQoK*)™, b= (I - AK)g"*
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K(g9) = E(g(X)|W) for each g € L*(X), and K*(h) = E(h(W)|X) for each h € L*(W).
Note that K QK * is a compact operator which is not continuously invertible. Therefore (K Qg K*)~!
is a non-continuous operator that amplifies the measurement error in (Y7, ...,Y,) and thus the
posterior is not consistent in the frequentist sense.

In order to solve the lack of continuity of (KQyK*)~!, Florens and Simoni (2009a) re-
placed the standard posterior distribution with a regularized posterior distribution, by applying
a Tikhonov regularization scheme to the inverse of KyK*, so that to get (KQoK* + a,I)™?,
where a,, i1s a regularization parameter that plays the same regularization rule in Hall and
Horowitz (2005). By using this regularization scheme, it can be shown that the posterior mean
is consistent.

Note that, if we write U = go(X)— E(go(X)|W)+¢€,and K (go) = E(go(X)|W), thenY =
K (go) + U. The regularization scheme therefore used here to achieve the posterior consistency
can be applied to general statistical linear inverse problems of the form Y = K (gq) + U, where
the operator K is compact so that its inverse is not continuous on the whole space of reference.
Florens and Simoni (2009b) proposed an extended version of Zellner’s g-prior (Zellner 1986)

to correct the ill-posedness.

1.5. Bayesian GMM and Bayesian Empirical Likelihood

As we have seen so far, many econometric and statistical models can be characterized by
moment conditions, either conditional Em(X,#) = 0 or unconditional: E[m(X,0)|W] = 0,
where the parameter # can be either finite dimensional or infinite dimensional. (Note that for
moment inequality model Em(X,6) > 0, we can always impose a bias parameter A > 0 and

rewrite it as F[m(X,0) — A] = 0.) To conduct appropriate Bayesian analysis of #, one needs
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to specify the likelihood function. However, in many applications, what is known or assumed,
is just the moment conditions instead of the distribution of the data generating process. On the
other hand, even if the data generating process can be directly assumed, for instance, in linear
regression model, F[Y — z'0|x] = 0, the error term Y — 2’6, can be assumed to be normal,
however, the assumption inevitably suffers from the model mis-specification problem. When
the likelihood function is mis-specified, the result will be inconsistent. Therefore, it is more
robust to construct the likelihood function of # directly from the moment conditions, without
assuming the true underlying likelihood function.

One way of constructing such a moment-based likelihood is to use the Bayesian GMM (Yin
2009). Write m(6) = £ 3" m(X;,0), and let V = Var(m(X, 6,)), for any 6 € © where 6,

denotes the true structural parameter. Define the Bayesian GMM likelihood:
Lo (6) = e~m®)'V ©)m(o)

Suppose p(0) is the prior of §, the GMM posterior is then given by p(6|Data) o< p(6) L ().

When V' is not known, one can replace it by a consistent estimator V. Let
O = arg I@niél Em(X,0)VEm(X,6).
S

If 0y is point identified, ©; = {6y}, Chernozhukov and Hong (2003) showed that the GMM pos-
terior is consistent, meaning that p(6| Data) converges in probability to any small neighborhood

of fy. Alternatively, one can use the empirical likelihood (Owen 1990):

LEL(Q maX {sz| sz =1 sz Xzye > O y Pi Z 0}

.....
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Again, the Empirical likelihood posterior can be constructed via p(6|Data) < p(0)Lgr(6).
This Bayesian procedure was considered by Lazar (2003), who heuristically showed that Ly,
can be used as a valid likelihood function for every absolutely continuous prior in terms of
the posterior coverage probability. As for the formal posterior consistency, Chernozhukov and
Hong (2003) also showed that the posterior converges in probability to any small neighborhood
of 6 if 0y is identified by the moment conditions. However, to my best knowledge, so far there
is no result on the posterior consistency of partial identification case (when O is not minimized
uniquely) yet.

One of the biggest concerns of using either Bayesian GMM or Bayesian empirical likeli-
hood, is the Bayesian interpretation of the moment-based likelihood function. Ideally, by the
Bayes’ law, the likelihood function should be interpreted as the conditional probability of the
data given the parameter. Since the true underlying likelihood is not assumed, one needs to
figure out a similar interpretation of the “artificial” likelihood function to be used. Fortunately,
both Bayesian GMM and Bayesian empirical likelihood have such a good interpretation. Kim
(2002) gave a Bayesian interpretation of Ly With the “limited information likelihood” idea.
He showed that, although L/, is not the true likelihood function, it is the best approximation
subject to the moment restrictions. It is also known that the empirical likelihood Lg;y, is the

solution to the following constrained optimization problem:
mLin K(L||Ly), subject to /m(a:, 0)dL,v0 € ©

where K (L||L,,) is the Kulback-Leibler divergence, and L, is the empirical distribution based

on Xy, ..., X,. Therefore, Lg;, is the best approximation to the empirical distribution of the
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data, and the latter uniformly converges to the underlying true likelihood according to Gliverko-

Cantelli theorem.

1.6. Structure of this Dissertation

The remainder of this dissertation is organized as follows: Chapter 2 studies the moment
inequality models (I.2)) with a Bayesian approach. I will first derive the moment-based like-
lihood function, which is the Bayesian GMM, and then study the large sample properties of
the posterior distribution of the partially identified parameter. In particular, I will consider two
cases subsequently: when the identified region has nonempty interior and when the identified
region has empty interior.

Chapter 3 addresses the moment and model selection problem in moment inequality models.
I will derive the posterior of each moment and model combination, and show that the posterior
is exponentially small if the selected combination defines an empty identified region.

Chapter 4 studies the Bayesian estimation of the semi-nonparametric conditional moment
restricted model (I.3). Because the structural nonparametric function may not be point identi-
fied, as discussed in Section 1.4, I will put the discussion into the partial identification setup.
The nonparametric function is approximated by a sieve series, with the number of sieve terms
diverging to infinity as n increases. The posterior distribution will then be constructed on the
sieve approximation instead of the true nonparametric function directly. I will show that the
posterior is consistent. Finally, an empirical example on estimating the Engel curve will be
conducted.

Chapter 5 is concerned with the Bayesian classification problem, where we measure both

the classification rule and classification risk simultaneously using the posterior distribution.
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Suppose the loss function is given by p(W, ), where the classification rule depends on certain

parameter ¢, and the risk is denoted by r, it then follows by definition that

Ep(W,0)=r

I will use the Bayesian empirical likelihood function approach to construct the posterior distri-
bution based on this moment condition.

The technical proofs are collected in the Appendices.
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CHAPTER 2

Bayesian Analysis in Moment Inequality Models

2.1. Introduction

In this chapter, I study a type of moment conditions that have been rapidly studied by econo-
metricians in recent years: moment inequalities. In moment inequality models, since the param-
eter of interest is allowed to be not point identified, the treatment is very flexible in dealing with
incomplete data, such as missing data or censored data. Consequently, the moment inequality
model has many important applications in economics and biostatistics. See Tang (2008) and
Haile and Tamer (2003) for the application in empirical auctions, Ciliberto and Tamer (2009) in
game theory, Khan and Tamer (2009) in survival analysis, Horowitz and Manski (2000), Manski
(2003), and Molinari (2010) in missing treatments, and references therein.

Let (2, A, P) denote a probability space. Suppose we are interested in some structural

parameter )y € R? that satisfies a set of moment inequality conditions:

2.1 Em;(X,00)>0,5=1,...p

where m;(.,0),i = 1,...,p are known real-valued moment functions. X is an observable
random vector defined on (€2, A, P), and assume we observe independent and identically dis-
tributed or stationary realizations X™ = {X;, ..., X,,} of X. A model that is characterized by

moment inequalities (2.1) is usually called a moment inequality model.
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As discussed in Chapter 1, a key feature of moment inequality models is that 6, is not
necessarily point identified: there exists more than one solution to the inequalities in (1.1) if
Em;(X,0) is viewed as a function of 6. In other words, let © be the parameter space that

contains 6y, and define

(2.2) Q={0€06,Em;(X,0)>0,j=1,...p}

then {2 can be a non-singleton set. In this case, we say that 6 is partially identified on €, and €2
is called the identified region.

Many partially identified models are characterized by such moment inequalities, where the
parameter of interest is only partially identified and therefore cannot possibly to be consistently
estimated. Under this framework, since the identified region captures all the information about
the parameter, it becomes one of the most interesting subjects of study in moment inequality
models. See Section 1.2 in Chapter 1 for the examples of moment inequality models and the
corresponding literature in both frequentist and Bayesian approach.

In this chapter, I study a Bayesian approach to the moment inequality models. The Bayesian
procedure provides distributional information for the partially identified parameter both inside
and outside the identified region, through its posterior distribution. The advantages of using
posterior distributions to characterize the parameters are many. First of all, as pointed out
by Poirier (1998), a Bayesian analysis of partial identification models is always possible if
a proper prior for the parameters is specified. If we have some a priori information on 6,
then by using a properly chosen prior distribution, the resulting posterior density may not be

flat within the identified region; this provides evidence that the parameter is more likely to
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lie in some particular area. Secondly, even with a flat prior distribution, when 6, is multi-
dimensional, the posterior density of some components of 6, may no longer be flat, due to the
shape of the identified region. Hence if we are interested in these components of 0, the posterior
density can still provide extra information on their locations within the identified region. As a
third advantage, it can be shown asymptotically that the posterior density has support only on
the identified region. Containing more information, a posterior density can always be used
to estimate the identified region, but not vice versa. Finally, the MCMC method is a very
powerful method to draw samples from the posterior, which can be used for approximations of
the calculation of the posterior statistics. In addition, those posterior samples can also be used
in frequentist methods to estimate the identified region, by, e.g., minimizing an econometric
criterion function in Chernozhukov Hong and Tamer (2007).

To my best knowledge, so far all the methods proposed in the partial identification literature
other than Liao and Jiang (2010) use traditional posteriors based on the likelihood function in-
stead of the moment inequalities. Our Bayesian approach proceeds with a more general frame-
work. In contrast to the previous work, we do not need to have a full probability model for the
observed data. Starting from moment inequalities Em/(X, 6y) > 0, where m(X,.) is a known
function of 6y, we put some bias parameter Ay > 0 so that Em(X,6y) = \g, and place prior
distributions on (6, Ap). Then the posterior density of #, can be derived based on a limited
information likelihood function, which is generated by the conditional asymptotic distribution
of % Yoy m(X;,00) — Ao given (6, \), integrating out \g. I study in detail the frequentist
behaviors of the posterior density function of 6. I derive the bounds of convergence rates of the
posterior density both inside and outside of the identified region. It will be shown that there is a

big “gap” between them. Once the posterior density and its frequentist properties are obtained,
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it is easy to derive consistent estimators for the identified region. However, I point out that a
posterior density provides more information than a region estimation, since it can also incorpo-
rate prior information and describe how likely the true parameter is distributed both inside and

outside of the identified region.

2.2. Moment Inequality Models

2.2.1. Limited Information Likelihood

Suppose for § € R?, we have moment inequality conditions:

EmJ(XZ,Q) > O,j = 1, P

Let m(X,0) = (my(X,0), ma(X,0), ..., m,y(X,0))T. The moment inequalities can then be

rewritten as

2.3) Em(X,60) =\, forsome A € [0, 00)?

Here 6 is the structural parameter of interest, e.g., §# = E'Y’, the mean of the unobserved random
variable Y in Example 1.1 and 1.2, and ) is the bias parameter of Em(X,0),e.g., A = (EYs —
0,0 — EY1)T, in Example 1.1. Let 6, be the true parameter value of 6, and )\, be the true bias
parameter when 6 = 6. Suppose the prior of 6 is supported on a large enough compact set that
contains the identified region. We are interested in constructing the marginal posterior for 6.
In addition, let m(f) = 13" m(X;,0), and G(,\) = m(0) — A, then after the bias
parameter \ is introduced, GG can be considered as the “de-biased” sample moment. In other

words, G is an estimating function with EG(6, \) = 0. It is over-parameterized, meaning that
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the dimension of (6, \) is bigger than the dimension of G, and hence we can not consistently
estimate 6, by solving G(6, \) = 0 directly.

Under some regularity conditions, by the central limit theorem,
(2.4) VG0, X)|o=g03=20 =" N,(0, Vo)
where Vo = Var(m(X,6y)). We can therefore formally construct a “likelihood” function:

2.5) PX]0,N) = — b~ BGONTV; G0
det (2 V)

Note that for 6 #£ 0, is not true in general. In fact, we can’t find a A € [0, 00)? such
that Em(X,0) = X for 0 ¢ . Hence is not the large sample conditional pdf of G for
general (0, \). The asymptotic result alone would not allow us to derive a likelihood
function over the entire © x [0, c0)P. To solve this problem, Kim (2002) introduces the concept
of Limited Information Likelihood. For each parameter § € O, although may not be the
true probability density of X", it is shown to be proportional to the density that is closest to
the true density in the Kullback-Leibler distance, among a family of densities satisfying the
moment condition FG(0, \) = 0. The “likelihood” in (2.3) is therefore the limited information
likelihood of 6 and A, which is the best approximation to the true density that satisfies the
moment restrictions. The concept of the Kullback-Leibler information distance and applications
of it can be found in a number of works such as Cover and Thomas (1991) and Zellner (1994).

Let p(A) be the marginal prior of \. Assume A and 6 are independent, i.e., the conditional

prior of A given @ is equal to the marginal prior of A. Since we are only interested in 6, we thus
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integrate out \ to obtain the Limited Information Likelihood function for 6:

L(O) = p(X"|0)
_ /[O P10 )

(2.6) = p(X"0, A)p(A)dA

[0,00)7

The fact that A is a location parameter of makes the problems solvable. This will be
described in detail in Section 3.1.

In practice, the asymptotic variance Vj in (2.5)) is not known, but it can be shown to have very
little influence on the inference about 6, in the current situation of partially identified moment
inequality models. In future expositions, we will replace V; by a pre-specified nonsingular
matrix V', and show that L(#) has good and very similar frequentist properties for inference on
0, whatever V' is chosen. (A more delicate treatment would be to approximate Vj by a sample
analog and replace the true parameter ¢, in Vj by the unknown argument 6. This will be left for
future work. We expect that similar techniques will lead to similar results in this treatment, but

the technical details can be much more complicated.)

2.2.2. A General Result on the Posterior Set Estimation

I first define some notation that will be used subsequently. Throughout this chapter, let A°
and int(A) denote the complement and interior of a set A respectively. In addition, following

CHT’s notation, V& > 0, let (Q2€)~° be the §—contraction of Q°,

Q) ={0ecO:dh,Q) >}
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Let B(w, r) denote an open ball around w: B(w,r) = {0 : d(w,0) < §}, where d(w, f) denotes
the Euclidean distance between w, 6. Let dy (A, B) denote the Hausdorff distance between set
Aand B.

dy(A, B) = max{supd(a, B),supd(A,b)}

acA beB

where d(a, B) = inf,cp d(a, b). We say a set estimator A,, consistently estimates (2, if
dp(An, Q) — 0 in probability.

Moreover, for two sequences {a, };2; and {b,}72;, we write a,, = b, if * — oo. Finally we
write w.p.a.1 to represent “with probability approaching one in the probability distribution of
X™"asn — o0”.

Let p(f) be the prior of 6, then by Bayes’ rule the posterior of ¢ satisfies
2.7) p(01X™) o< p(6)L(0)

It is desirable for the posterior to possess some “good” frequentist properties. Roughly
speaking, we want to see that the posterior density of 6 concentrates near {2 and drops dramat-
ically to zero outside {2, with a high probability as n increases. The significant difference of
such an asymptotic behavior between inside and outside the identified region implies that the
resulting posterior has the capability to produce consistent set estimation for 2. Such a relation
between a “good” posterior and its capability to estimate {2 is demonstrated below for a scalar

function of €2. (A more general estimation of (2 itself will also be discussed later in Section 2.3)
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The posterior probability that  belongs to a set A is

P(6 € A|X™) = / p(6|X™)do
A

Definition 2.2.1 (dense). A subset A C Q is said to be dense in ) if Vw € Q\ A, and any

neighborhood U,, of w, U, N A # ¢.

An equivalent definition of dense subsets in real analysis is that the closure of A is €2, i.e.
cl(A) = Q. T will consider the large sample behavior of the posterior distribution on a dense
subset of (2.

Suppose instead of 6 we are interested in the functions of 6: g(f), where g : © — R is some
known continuous mapping. For instance, if we are interested in the ith component of 6, then
g(0) = 0;. Let g(2) = {g(#) : 6 € Q}, the image of g. We are interested in estimating g(£2)

directly. Let us impose the following assumptions:

Assumption 2.2.1. © is compact.

Assumption 2.2.2. () is compact and connected.

In moment inequality models, the compactness of €2 follows from assuming Em;(X,.) :
© — R to be continuous for each j. Here €2 is assumed to be connected so that the intermediate

value theorem on a topological space holds.

Assumption 2.2.3. g : © — R is continuous on ©.
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The estimation of ¢g(£2) to be constructed is based on the inverted posterior cdf of g(6). Let

y(x) = P(g(#) < x| X™), the posterior cdf of g(¢). Denote

F M (y) = inf{z : Fy(x) > y}.

Then x > F,'(y) if and only if Fy(x) > y. The following theorem provides a general con-
sistency result of a set estimator of ¢(£2) based on the posterior cdf. Notice that since it can be
shown ¢(€2) = [infyeq g(0), supgeq g(6)], one might think that a more natural set estimator can
be constructed by finding estimators for the end points of the interval ¢(£2). This idea works,
for example, when ¢(Q2) = [EY), EY5] where EY; < EY; and both Y; and Y5 are observable.
In this case, {2 can be estimated by [Y}, Y]. However, in a more general setting, estimating the
end points infyeq ¢(6) and supyeq g(0) would require the estimation of (2 first. The estimator

proposed in the following theorem provides a way of estimating the interval directly.

Theorem 2.2.1. Under Assumptions 2.2.1-2.2.3, assume there exists {m, }>>,, m, — 0 such

that

(1) V6 >0, P(6 € (Q°)7°|X") = 0p(7)
(2) There exists a dense subset A C €, such thatVw € A, and~p > 0,

P(0 € B(w,p)|X™) = m, wp.a.l
Let § = [F; M (m,), F, (1 — 7)), then

g

du(g,9(Q2)) — 0 in probability.

There are some remarks regarding this theorem:
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(1) The consistent set estimator depends on the choice of m,. However, we do not pur-
sue an operational way of constructing the estimator based on the posterior distribution in this
chapter, because there are many frequentist methods to achieve this purpose, for instance, CHT,
Beresteanu and Molinari (2008), etc. this chapter is more focused on the posterior distribution
itself. The purpose of this theorem is to demonstrate that the posterior can be used to consis-
tently estimate the identified region, if needed. The posterior distribution can actually provide
more information than the identified region, when taking into account the prior.

(2) We can also provide an exact credible region (based on, say, setting m,, = 0.025 for in-
stance) for the true parameter, conditional on the observed data. This is parallel to the provision
of the confidence intervals with required coverage probabilities in the frequentist approaches of
Imbens and Manski (2004), Rosen (2008), etc.

(3) It is possible to get an optimal rate of 7, for optimal convergence rate in Hausdorff
distance. We leave it as a future work.

We will see in the next section that under some regularity conditions, the posterior distribu-
tion of 6 satisfies conditions 1 and 2 in this theorem, which describe the frequentist properties
of the posterior. In addition, we will also propose a consistent estimator for €2 directly based on

the log-posterior density.

2.3. Posterior Properties: When the Identified Region Has Nonempty Interior

In this section it is assumed that the identified region contains a non-empty interior int(€2).
I assume it is dense in 2, then it is of interest to study the asymptotic properties of the posterior

distribution inside int(2).
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2.3.1. The Posterior Density

Following the discussions in Section (2.2), let us define the limited information likelihood

for 6:

e

|3

2.8) (mO)-NTV Lm0V () dA

1
L(0) = / ——
[0.00)7  /det(22L)
where V' is some pre-selected positive definite matrix that doesn’t depend on 6. We will use a

multivariate exponential distribution as the prior on A throughout this chapter.

p(A) = (H v)e = (Y, 1y)T € [0,00)7, A € [0, 00)?

where 1) is pre-specified. I use the exponential prior for ease of integration over A. More general
choices of p(\) may not allow the integration to be carried out analytically, but the large sample
behavior of the posterior should remain unchanged.

Let Zy be a p- dimensional multivariate normal random vector, with mean (m(60) — %), and

variance covariance matrix % Then a straightforward calculation of (3.1) leads to

(2.9) L(0) = P(Zy > 0)e‘¢Tm<9>+WW<1£[ ;)
i=1
and we have p(0|X™) o p(0)L(0).
For large values of n, by uniform WLLN, m(#) is bounded on © w.p.a.1. Thus for fixed
¢ and V, e=¥"™O+2:9"VO(T]P_ 1)) is bounded away from zero and infinity. Therefore the
only term that characterizes the large sample properties of the posterior should be P(Zy > 0).

Moreover, the variance covariance matrix of Z has order Op(n_l), so we would expect that

lim,, o P(Zy > 0) = 1 in probability if and only if m(0) — VT¢ > 0 w.p.a.1. This depends on
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whether 6 belongs to 2. For large n, the posterior density is positive inside €2, and drops to zero
exponentially fast as 6 gets away from 2. I will formally examine these asymptotic properties

and derive the convergence rate of the posterior probabilities.

2.3.2. Large Sample Analysis

I now conduct a large sample analysis to the posterior distribution of the parameter 6.
Assumption 2.3.1. int(QQ) is non-empty and is dense in ).

The assumption that int(€2) is dense in ) can be restated as follows: for any w on the
boundary of €2, and any neighborhood U, of w, U, contains points in int({2). Most of the
identified regions characterized by moment inequalities possess such property. The case when

int(€)) will be empty is considered in the next section.
Assumption 2.3.2. Em;(X,.) : © — R is continuous, for each j = 1, ..., p.

This assumption guarantees that Em(X,#) is bounded in any compact set, and that the
uniform law of large number holds. The next assumption puts a regularity condition on the

prior of 6.

Assumption 2.3.3. (i) p(0) is continuous, and bounded away from zero and infinity on ).

(ii) P(min; Em;(X,0) = (#)do = 0.

0) = f{e;minj Em;(X,0=0} P

Let v;; be the jth diagonal element of V. We can write

Q° = {0 : min Em;(X,0) < 0} = {9 - min Emy(X,0) _ 0}
J

J «/Ujj
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For any o > 0, let

As = {0 : mmw < —5}
J vV Yij

Apparently, As C Q°.

Lemma 2.3.1. Under Assumptions 2.2.1, 2.2.2 and 2.3.2, if 4 some a,, — 0 such that
Vo >0, P(0 € As|X") = op(an), then Ve > 0, P(6 € (Q2°)~|X™) = o,(ay).
Theorem 2.3.1. Under Assumptions 2.2.1, 2.2.2, and 2.3.1-2.3.3,

(1) Yo > 0, for some o > 0,
P(f € (Q2°)7°|X") = 0, (e™")
(2) Y nonempty open set = C ), in probability

liminf P(0 € Z|X") > 0

n—0o0

Hence we are able to distinguish the asymptotic behavior of the posterior: for large value
of n, the posterior density is only supported on a neighborhood of the identified region, and the
posterior distribution drops to zero exponentially fast on any subset that is separated from (2.
Based on these findings, we can construct consistent estimators for both €2 and its continuous
mappings. For the latter task we can now apply Theorem 2.2.1. Suppose ¢(.) is a continuous

real-valued function on ©, let ;' (y) be the y—quantile of the posterior cdf of g(6).

Theorem 2.3.2. Under Assumption 2.2.1-2.2.3 and 2.3.1-2.3.3, for any sequence mw, =

0p(1) satisfying Va > 0, e=*" /m,, — 0,

d([F; (mn), F7H1 = m,)], 9(Q)) — 0 in probability.
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It is also possible to consistently estimate {2 directly using the posterior density function.
The consistency is based on the fact that the posterior density attains its peak inside €2 and is
asymptotically supported on the entire identified region. In addition, it drops to zero outside €2
at an exponential rate. Therefore, by properly choosing a cut off value ¢,,, the region where the

log-posterior density function exceeds its peak subtracting €,, should eventually converge to ).
Theorem 2.3.3. Under Assumptions 2.2.1-2.2.3, 2.3.1-2.3.3, let n > €, > 1. Define
A, =A{0: mag)(lnp(w|X”) —Inp(0|X") <e€,}
we

then

di (A, Q) — 0 in probability

Remark 2.3.1. The estimation established in Theorem 2.3.3 is easy to implement, because:

(1) Note that

maé{lnp(w|X") —Inp(0|X™)
we

~ max (lnp(w)L(w) —In /

weO e

—ln/gp(H)L(@)dQ)
= maxlnp(w)Lw) —np(6)L(0)

mmumw)—(mmmum

Thus it’s no need to normalize p(0)L(#), avoiding numerically integrating p(0)L(0).
(2) Maximizing In p(#)L(0) is computationally workable, since the maxima is attained
only inside 2, where p(0)L () is quite smooth, hence Newton-Raphson’s algorithm

can carry out the maximization.
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(3) Set a,, = max,ce Inp(w|X™) — €,, then A, = {6 : Inp(f#) > a,}. The boundary

{6 : lnp(#) — a,, = 0} is a closed curve with dimension d — 1.

2.4. Posterior Properties: When the Identified Region Has Empty Interior

When 2 has no interior, moment inequality models may contain exact moment conditions.

Emlj(X, 00) Z O,j = 1, ey T

(2.10) Emai(X,00) =0,5=1,....p

Moon and Schorfheide (2009b) have considered the estimation problem assuming 6 is point

identified by the exact moment conditions. Let
mi(X,0) = (mi1(X, 0), ..., m1,(X,0))", ma(X,0) = (ma1 (X, 0), ..., may(X,0))"

If p > dim(fy), and there doesn’t exist a pair of moment functions (ms;, ms;) such that {6 €
O : Emy(X,0) =0} = {0 : Emy;(X,0) = 0}, then 6 is point identified by Emo(X, 6y) = 0.
Moon and Schortheide (2009b) showed that by using the overidentifying information provided
by Em;(X,6y) > 0, the empirical likelihood estimators reduce the asymptotic mean squared
errors. In this section, I will relax this point identifying restriction, and allow 6, to be partially
identified by model (2.10).

The identified region is defined by

Q={0: Emy(X,0) >0, Emy(X,0) =0}
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In our setting, €2 shrinks to a lower dimension sub-manifold of {6 : Emy(X,0) = 0} with
boundaries defined by linear or nonlinear hyperplanes {6 : Em;(X,0) = 0}. One of the prob-
lem one needs to take into account when considering the asymptotic behaviors of the posterior
distribution is that ) has zero Lebesgue measure, due to the loss of dimensionality. Thus inte-
grating over () is always zero. The limit of posterior density is known as Dirac function:

+oo 6€
lim p(0|X") = a.s.

0, 0 &)
Thus lim,, . p(#|X™) is not a real valued function of 6.
However, it is still possible to study the large sample properties of the posterior distributions
completely on ©. Like in int(€2) # ¢ case, a dense subset in (2 plays an important role in

characterizing such behaviors. Define

2.11) =

{0 €Q: Emyi(X,60) >0}

It is assumed that = is dense in 2.

2.4.1. Derivation for Limited Information Likelihood

Suppose X" = { X, ..., X,,} is a stationary realization of X. Define m;(0) = £ >""  m;(X;, 6),

for 5 = 1, 2. Like before, we introduce auxiliary parameter A to moment inequalities and define

m A
G0, \) = ,0€0,\e€]0,00)
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For any positive definite  x r matrix V' not depending on 6, define limited information likeli-

hood:
—2G(ONTVTIG(, )‘)p()\)CD\

/[()oo /det 27rV

Write V! into subblocks

PIFRDIN
-1
Vo = , 01T XY i p X P

Tos,

Let us still place an exponential prior: p(\) = ([]\_, Yi)e ¥ A b, X € [0, 00)", then we have

o) = [ ) - ama) [ ] [T | poan
- [0.00)" 4 /det( QWV ’ 2 o 5, mo(0) g
— I_L—lp(z>0)
det(V5)
where:

e / follows multivariate normal distribution with mean p, variance covariance matrix

—1
E = my(0) + N7 ST ma(0) — L7,

o Vo= (3 —3EY %)L If V = Var(my, my), then by the matrix inversion formula,
Vo = Var(ms).

o 7= —5ma(0)"Vy tma() — T (S 5Tma(0) + ma(0)) + 5,07 T

Roughly speaking, when 6 ¢ (2, either Emy(X,0) # 0 or 3Emy;(X,60) < 0. When
Emy(X,0) # 0, since V, ' is also positive definite, e” — 0; when Emy(X,6) = 0 but
Emq;(X,0) < 0 for some j, then for large n, the jth component of < 0. Since the co-

variance matrix of Z has order O(n™'), P(Z > 0) — 0. Therefore, L(6) — 0 outside 2. When
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0 € €, by central limit theorem, my () = O,(n"1/2), hence e” = O,(1). In addition, for large

n, P(Z > 0) ~ 1. Thus L(0) = O,(1).

2.4.2. Posterior Distribution

Let p(#) denote the prior on 6, then p(0|X™) o p(0)L(8).

Assumption 2.4.1. = defined in is dense in €.

This assumption states that if 6, satisfies Emq (X, 0y) = 0 and Emy;(X, 6y) = 0 for some
j = 1,...,r, then in any neighborhood of 6, we can find #; such that £m;(X,6;) > 0 and
Emo(X,6;) = 0.

Suppose all the other components of Emy(X,6y) except for j are positive. By continuity
of Emy(X,.), they remain to be positive in a small neighborhood of 6. Suppose Assumption
does not hold, then within some neighborhood U of 6y, V8 € U N Q, Em4;(X,6) = 0,
and Emq;(X, 0) > 0, for i # j. Since €2 is connected, we argue that Em;(X,0) = 0on UN.
Hence intuitively, Assumption says that for each ¢, hyperplane {0 : Emy;(X,0) = 0} has

no part that overlaps with {0 : Ems(X,0) = 0}.

Example 2.4.1. This example shows that Assumption 2.4.1 is satisfied by the interval re-
gression model. Suppose we have moment inequalities E(Z,Y;) < E(Z, XT)0 < E(Z,Y;) and
exact moment condition £ Z5(Y3 — X TQ) = 0, where Z;,1 = 1, 2 are r; and ry dimensional vec-
tors of instrumental variables respectively, with each instrument being positive almost surely,

and not sharing same components. Y; is scalarv = 1,2, 3, and 0 € R Y, > Y; > Y as. Let



69

W = (2,725, X,Y1,Ys,Y3), then

Zy(Ys — XT0)
ml(W79) - 7m2(m/ﬂ0) :ZZ<}/3_XT0)

Z1(XT6 — Y1)

Assume 75 < d so that € can not be point identified by Ems(W,0) = 0. Let us also assume
there exists a unit vector § such that EZ, X735 = 0 but EZ;; X7 < 0, where Z;; denotes the

first component of Z;. In this interval instrumental variable regression model,

E={0: E(Z\Y1) < E(Z1X")0 < E(Z,Ys); EZ>Y; = EZ, X6}

We now show = is dense.

For any 6 € Q\Z=, we have EZ,(Ys — X76) = 0. For simplicity, let us assume the first
component of my: EZ;1(Yo — X76) = 0, and for the jth component of my: Emy;(W,6) > 0,
for all j > 1. Then in a small neighborhood of 6, Em,;(W,.) > 0 for all j > 1. For small

enough ¢ > 0, let ; = 0 + €0, then

Emy(W,0,) = EZy(Ys — XT0) — eEZ,XT5 =0

Emy(W,0,) = EZ1,(Yy — XT0y) — eEZ1 X766 = —eEZ11X76 > 0

Therefore 6, € B(0,2¢) N E.

Assumption 2.4.2. (i) Em4;(X,0) is continuous on © for each j.

(ii) Emo;(X, 0) is Lipschitz continuous on © for each j.
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Assumption 2.4.3. w.p.a.1, for any 3, — oo,

sup [Ims(0) — Ema(X, 0)]” <

In 3,
/cO n

Assumption 2.4.4. p(0) is continuous, and bounded away from zero and infinity on €.

Theorem 2.4.1. Under Assumptions 2.2.1,2.2.2, and 2.4.2-2.4.4,

(1) Vo > 0, for some o > 0,
P € (29)7°|X") = o,(e™")
(2) Yw € =, Vo > 0, for all 5,, — oo, we have in probability

P(0 € B(w,6)|X") - ﬂin_d/2

where d = dim(6y)

Like the case when int(2) # ¢, let g(.) be a continuous real-valued function on O, let

—1 . .
F}(y) be the y—quantile of the posterior cdf of g(6).

Theorem 2.4.2. Under Assumptions of Theorem 2.4.1, if {m,}°° | is such that e=*" < 7, <

n=?, for any a > 0 and some (3 > g, then

dy([F; (7)), F7 N1 — 7)), 9(Q)) — 0 in probability.
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2.5. Monte Carlo Experiments

This section presents some Monte Carlo simulation results. I first provide evidence on the
finite sample behaviors of the consistent estimators described in the previous sections as well as
the posterior distribution. The models described in Example 1 and Example 2 in Chernozhukov

Hong and Tamer (2007) are simulated.

Example 2.5.1 (Interval data). Consider the interval censored data problem, where the pa-

rameter of interest ¢ = F/(Y) satisfies moment inequalities:
E(Y; —0) > 0,E(0 — Y1) > 0

SetY; ~ N(0,0.1)and Y5 ~ N(5,0.1), then 2 = [0, 5]. Y; and Y5 are generated independently,
and observations with Y; > Y, are discarded. I also set vy = 0.1, ¢ = 0.5, V = I, the
identity matrix in the likelihood function. In addition, let us place flat prior on #. The estimated
identified interval of 6 described both in Theorem 2.3.2 with g(f#) = 6 and in Theorem 2.3.3,
for sample size N = 500, 1000, 5000, and various choices of ¢, 7, are reported.

Table (2.1)) reports the estimation of {2 given by Theorem 2.3.3. To compare the results
corresponding to the choices of ¢, for each interval [a, b], we calculate v = (a — 0)2 + (b —5).
We find € = In Inn performs better than the other two choices, for it has a lower ~ value.

To construct the estimator based on the posterior distribution function, I carried out the
Metropolis algorithm to draw B = 5000 samples from the posterior distribution, and calculated
the 7,- quantile of the empirical cdf with various choices of ,,. For the Metropolis algorithm,
the initial value was set to 6y = 1 and a jump distribution 0 ~ N (6,,0.5). Table(2.2) reports

the findings with 7, = e™V",n~!, and 1/Inn. As can be seen, 7, = * appears to be a better
n
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choice compared with other two. It is also noticed that 7, = 1/Inn tends to zero too slow to

fully estimate the entire identified interval: the estimated interval shrinks too much inside €.

Table 2.1. Estimation based on posterior density

€n vn Inn Inlnn
n =500 [-0.2841,5.2634] [-0.123,5.113]  [-0.0389, 4.702]
n = 1000 [-0.2362,5.2267] [-0.1135,5.0977] [-0.0342,4.9110]
n = 5000 [-0.1158,5.1233] [-0.0477,5.0476] [-0.0202, 4.9779]

Table 2.2. Estimation based on empirical cdf

Ty, e vn 1 IL
n =500 [-0.0716,5.0418] [-0.0498, 5.0069] [0.4048, 3.3447]

n = 1000 [-0.0422,4.9983] [-0.0383,5.0164] [0.3304, 3.2542]
n = 5000 [-0.0155, 5.0098] [-0.0063,4.9927] [0.2717, 3.8012]

In addition, Figure 2.1| plots the posterior density function of § with two choices of priors:
flat prior and N(0,0.25) prior. Theoretically one needs to truncate the normal distribution
so that the priors are supported on a compact set. However, since the tail of normal density
function is very thin and we can choose a very large parameter space, we believe a normal prior
is workable here. We see that when a flat prior is used, the posterior density function is high
on the entire identified interval [0, 5], but when the prior is set to be N (0, 0.25), most posterior
mass falls in [0, 2], which tends to underestimating the true identified interval. However, with

this more informative prior, the posterior provides more information about the location of 6.

Example 2.5.2 (Interval outcomes in regression models). I simulated the instrumental in-
equality model

E(ZY)) < E(ZX")0 < E(ZY5)
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flat prior prior: N(0O, 0.25)

Figure 2.1. The posterior density function of

where 0 = (01,0,)7, X = (X1, X2)T,Y = (Y1, Y3)T € R?. Generate X ~ No((1,1)T, I,). Let
Z1 = X1+ Xsand Zs = X7 + 2X5. Generate Y7 ~ N(3,0.1), Yo ~ N(6,0.1) independently.
We discard a stack of generated data if either Z; or Z; is negative. The identified region is
Q={0:2<6,+0,<4,9 <40, + 50, < 18}, a two dimensional region with parallelogram
boundary. To estimate this model, set v = (0.1,0.1,0.5,0.5)%, V = I. Fixing sample size
n = 500, we conduct the Metropolis algorithm to draw B = 5000 samples from the posterior
distribution.

Let us first put a flat prior on 6. Figure (left) displays the parallelogram boundary of €2
as well as 5000 draws from the posterior distribution. Most of the draws fall uniformly inside
the identified set except for those close to the two opposite angels of the parallelogram. We can
see there is small “bias” at boundaries.

In order to show that when a more informative prior is applied, the posterior distribution
indeed provides more information about the location of the true parameter inside the identified

region, I repeated the same MCMC procedure but with prior distribution

(2.12) 01 ~ N(10,12?), 6, ~ N(—6,12?)
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where 6; and 6, are a priorily independent. This prior can be used when, for instance, a previous
study estimates that £6; ~ 10 and Ff, ~ —6, with the same standard deviation 12. Figure 2.2
(right) displays 5000 MCMC draws from the posterior derived from prior (2.12). We see that
the draws mostly concentrate on the right bottom corner inside the identified region, which is
close to (10, —6), showing that our Bayesian approach indeed provides more information on 6
in this case than the frequentist method, which would only estimate the identified region and

provide confidence set, but not tell how @ is distributed inside it.

Figure 2.2. The identified set and MCMC draws
Left: flat prior; Right: prior(5.1)

Example 2.5.3 (When int(£2) is empty). In this example, I simulated an interval instrumen-

tal regression model with exact moment conditions. Consider,

E(Z\)Y)) < BE(Z,X")0 < E(Z,Ys),  E(Z.XT)0 = E(Z,Y3)
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Generate (Xl,XQ) ~ NQ((l, 1)T,IQ), and Zl = Xl + XQ, Zg = —2X1 -+ 2X2 (}/1,}/2)71 ~

Ny((3,6)T,0.115), independent of X. Let Y3 = Z; + 3. The identified region is then given by

Q= {(91,92) : 01 = 92,291 + 62 S 4}

To estimate 2, let us choose a positive definite weight matrix

Iy, X

where 33 = (1,2)7.

Figure (2.3)) displays the identified region as well as 10,000 draws using Metropolis algo-
rithm, with two choices of ¢! = (0.5,0.5)7, and 1% = (0.01,0.01)7 respectively.

The identified interval of 6; was also estimated, which is [1, 2] theoretically. Table (2.3)
reports [F.!(m,), F. (1 — 7,)] based on the empirical cumulative distribution function F, of

5000 draws from the posterior distribution.

Table 2.3. Estimation of 2; = [1, 2] based on the empirical cdf

ﬂ'n 67\/5 L L

Inn

n =500 [1.1384,2.0295] [1.0068, 1.9331] [1.0904, 1.6207]
n = 1000 [1.0809, 1.9425] [0.9620, 1.8844] [1.1183, 1.8874]
n = 5000 [1.1045,1.8551] [0.9944,1.9575] [1.1878,1.9729]

2.6. An Empirical Missing Data Example with Fictitious Data

In this section I apply the proposed Bayesian approach to a simple missing data problem,
with fictitious data. Suppose we conduct a survey to estimate the employment rate in a certain

population. Let Y; = I(i is employment) indicate whether person 7 is employed. Because there
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Y=(0.5,0.5)

$=(0.01, 0.01)

Figure 2.3. The identified set and MCMC draws

are people who refused to answer the questionnaires, hence the nonresponse is where the miss-
ing data problem comes from. Let Z; = I(i is not missing) indicates whether Y; is not missing.
Suppose we draw a simple random sample from a population (Y, 7). We are interested in the
overall employment rate in this population § = P(Y = 1), which is the parameter of interest.
Because in practice people who respond the questionnaires are more likely to be employed than
those who didn’t response, therefore we assign the following fictitious population parameter

values:

PY =1/Z=1)=03,P(Y =1|Z=0) = 0.7, P(Z = 0) = 0.33



77

The missing data assumption does not hold in this example. The true parameter is 6y = 0.5,
which is the true employment rate in this specific population. By the discussion in Example
0y is not point identified, but satisfies the moment inequalities (I.5).

I simulated 5,000 data, of which 1,622 were missing. The proportion of employment among

people who responded is

A 2,355

PIY =1Z = 1) = oo™ os = 0.60.

Hence the missing-at-random assumption, although guarantees the point identification, tends
to over-estimate the employment rate. The confidence interval calculated based on missing-at-
random is [0.68, 0.71].

Suppose we make another survey study on another 25 people. With such a small sample
size, we are able to put additional effort to track all the surveyed 25 people such that none of

them are missing. It is then observed that the proportion of employment of this new sample

is 0.45, with standard error 1/0.45(1 — 0.45)/25 = 0.1. We can then incorporate this as an
informative prior p(6) ~ N(0.45,0.1?), and then obtain the posterior based on p(f). This
procedure is equivalent to combining both the original and the new data.

Figure displays the posterior density curve of )y using either uniform prior on [0, 1] or
the informative prior p(6) respectively. When the informative prior is used, the posterior density
is not flat within the identified region, which also achieves the peak around the true parameter
value. If the additional sampling is representative of the entire population, this informative prior
and therefore the corresponding posterior should be reliable.

Finally, we compare the Bayesian credible interval with the frequentist confidence interval

obtained by Imbens and Manski (2004). The Bayesian 95% credible interval [a, b] is defined
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— Uniform[0,1] prior
— N(.45, .12) prior

0.2 0.3 0.7 0.8 0.9 1

Figure 2.4. The identified set and MCMC draws

such that P(6 < a|Data) = 0.025, and P(6 < b|Data) = 0.975; the frequentist 95% confi-

dence interval [c, d| converges uniformly such that lim,, infycg P(0 € [c,d]) < 95%.

Table 2.4. 95% Confidence v.s. 95% Credible Interval

Method C.L Length
Freq. Confidence [0.465,0.801] 0.336
Imbens & Manski (2004)
Bayes. Credible [0.477,0.792] 0.315
Uniform|0, 1] prior
Bayes. Credible [0.465,0.679] 0.214

N (.45,0.1?) prior

Moon and Schortheide (2009a) showed that in partially identified models, the Bayesian
interval is always smaller than the frequentist confidence interval. Our computed results are
consistent with their conclusion. Especially when the informative prior is used, the Bayesian

credible region is much smaller than that was obtained by Imbens and Manski (2004).
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2.7. Conclusions

In partially identified models, there are two different objects to make inferences: one is
the identified region and the other is the true parameter. The simulation results demonstrate
that when dealing with the first goal, a flat prior is appropriate; to achieve the second goal, an
informative prior is more preferable. Hence in this case one should include as much information
on the prior as possible. The Bayesian approach is specially attractive in dealing with the
second goal, since the posterior distribution can provide more information about the inside of
the identified region, because of the prior distribution.

Based on the posterior distribution, we can in principle construct a credible set for the true
parameter conditional on the data with a required coverage probability (This is out of the scope
of this chapter, but it is straightforward by using the posterior density function). Moon and
Schorfheide (2009a) derived a Bayesian credible set for the true parameter and compared it
with the frequentist confidence interval and concluded that while frequentist condence intervals
usually extend beyond the boundaries of the identified set, the Bayesian credible sets are located
in the interior of the identified set. In the framework of this chapter, it is also possible to derive a
Bayesian credible set for the identified region if one can express the identified region explicitly

in terms of § and A, which can be an interesting topic for future work.
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CHAPTER 3

Model and Moment Selection in Moment Inequality Models

3.1. Introduction

Similar to the selecting the moment conditions in GMM, there is a moment and model selec-

tion problem in moment inequality models. Suppose there are p candidate moment inequalities

Emj(X, (9) Z O,_] = 1, P

with a k-dimensional parameter vector § = (6, ...,0;)" that belongs to the parameter space
O X - -+ X ©. The moment selection problem refers to selecting the best subset of the moment
inequalities among all the possible candidates, while the model selection procedure addresses
the problem of selecting the best model that is characterized by setting some components of the
parameter to be zero. Such a candidate model can be a parameter subspace like {0} x O X
- -+ X Oy. Therefore, the moment/model selection procedure produces a combination of moment

inequalities and a parameter subspace. Consider the following example:

Example 3.1.1 (Interval censored regression). (See, e.g., Example 1 of CHT 2007.) Let Y
be a real valued random variable which lies in [Y], Y5] almost surely; Y] and Y5 are observed
random variables, but Y is not observed. (Sometimes one may assume that Y = Y7 4+ 1 as in

the case when Y] is the recorded integer part of Y.) . Assume that

Y =XT0+¢
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where X is a regressor vector. In addition, there exists a observable random vector Z such that
E(e|Z) = 0. Here Z can be part of the regressors in X or a set of instrumental variables when
X is endogenous. It the follows that £(ZY) = E(ZXT)0. Dueto Y; <Y < Y5, we then have

moment inequalities

(3.1) EZ(Yy— XT0)>0,EZ(XT0—-Y,) >0

In this example, the moment selection problem can correspond to selecting the instrumental
variables (components of Z), while the model selection problem is related to selecting the useful

explanatory variables (components of X') that have nonzero regression coefficients.

U

A similar selection problem in point identified case was previously considered by Andrews
and Lu (2001), where they applied their approach to dynamic panel data models. We provide a

similar example as follows.

Example 3.1.2 (Dynamic Panel Data). Consider a dynamic panel data model

Yit = Z;tet + 10 + Vi

Here y;; 1s the dependent variable, censored between yZLt <y < yg . Hence instead of v,
econometricians can only observe y%, 5. Also, v; is an unobserved error, 7; is an unobserved
individual effect, and 6, are unknown parameters of interest. The distributions of 7; and v;; are
not specified, and hence the limited information likelihood based on some moment conditions
given below may be preferable. All of the random variables are assumed to be independent

across individuals 7.
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The regressor z; = (X, wy) is an observed vector, where X;; = (zj_1, ..., x;—1,) includes
L lags of some covariates that may be exogenous, predetermined, or endogenous, where L > 0.
The true lag length Ly may be unknown. In addition, z;; also includes exogenous variables w;;,
which are contained in an observed vector Z;;. The vector Z;; may also contain variables that
do not enter the regression function. Such variables can be employed as instrumental variables.
The following assumptions are imposed to derive the moment conditions.

En;=Fvy=0,vt=1,...T.
FEvyZy,=..=FvyZir=0,vVt=1,...,T.

We may further partition Z;; into variables that are either uncorrelated with 7; or not, and
achieve additional moment conditions. We do not do so here for simplicity. The moment

conditions implied are

EZit(yit - yu_l) = EZz‘t(ZZ/‘tQt - Z;t_19t—1);\7t =1,..,T

Eyit - EZ;tet,vt = 1, ,T

Assume {Z;; : i = 1,...,n,} is generated from a distribution with support supp(Z;), which
is compact for each ¢. Since one can always transform Z;; into Z; — inf supp(Z;), hence
without loss of generality, we assume Z;; > 0. As y;; is censored in [y%, 7], we have moment

inequalities

EZuy(ylk — vii_1) < EZu(20 — 2 _161-1) < EZy(yl — yhi_y), ¥t =1,..,T

Byt < Bz,0, < By ¥t =1,..,T.

Setting different lag coefficients to zero yields models with different number of lags in X;.

Therefore, the model selection refers to selecting the lagged variables of X;;. In addition, 6;
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also contains covariates of other variables w;;. If the effects of some particular components of

w;; are of special interest, we should always keep the corresponding coefficients in the model.

0

As illustrated by the previous example, by allowing the dimension of the parameter space
to change, we consider the case where the parameter vector may incorporate several models.
By setting different elements of # equal to zero, one obtains different models. Andrews and Lu
(2001) also gave another example where a model may have structural breaks in the parameters.
For example, when ¢ < t,, §; = 0, which is the pre-break value; when t > tg, 0, = 0y + db;,
which adds a post-break deviation to the pre-break value. Here ¢, may be unknown. There may
be multiple time breaks, and one can stack the break values into a single vector of parameters
0 = (0o, db, ...). Different sets of post-break deviations can denote changes at different times.
If the post-break deviations are set equal to zero, then one obtains the model with no structural

breaks at that time.

3.2. Posterior Setup

Suppose we have p candidate moment inequalities

Em;(X,0)>0,j=1,....p

with a k-dimensional parameter vector § = (04, ...,0,)T € ©; x --- x ©,. Here the possible
moment inequalities and corresponding subsets of the parameter space are known. What is not
known is which ones are the best.

Instead of selecting the moment inequalities and the parameter subspace as two separate

procedures, 1 select them as a combination simultaneously. The selection procedure is based
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on the posterior probabilities. I assign prior probabilities to each candidate moment/model, and
then derive the posterior probabilities based on the limited information likelihood described
previously in Chapter 2, by integrating out the structural and nuisance parameters (0, \).

Let us define a combination Csy = (Mj,,Os,), with a vector index s = (s1,52), $1 €
{1,2,...,27 — 1}, and sy € {1,...,2"}. Here M,, denotes a subset of moments, for instance,
M, = {m}, or My, = {mq, ms}, etc. Then there are 2” — 1 number of such possible subsets.
In addition, we denote by O, as the parameter subspace corresponding to the selected model.
By definition, Oy, is the subset of vectors with one or more components fixed to be zero. There
are 2% possible ©,,’s. (Notice that we can select none of the parameters, in which case the
model is a reduced model, for example, in Cox proportional hazard model, if all the parameters
are set to be zero, we get the baseline model.) The combination Cs combines both the candidate
moment functions and the parameter subspace together. When selecting a subset of moment

inequalities, we also specify a subspace of the structural parameter.

Example 3.2.1 (Example continued). Let ©; x ©, be the parameter space for (61, 65),
chosen large enough so that { (6, 65) : 0.2 < %91 +6,<04,-01<6, <01} CO; xOy. A

scope of candidate combinations can be any of the following:

{E(Z,XT0 — Z\)}, O x O,
{BE(Z,XT0 — 2\, B(Z,Yy — Z, X70)}, O, x O,
{E(Z,X70 — ZoY1)}, {0} x O,

{B(Z\X"0 — Z\N), E(Z,Ys — Z,XT0), E(Z,Yy — Z,X70)},0, x {0}
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{E(ZyYy — Z,X70)}, O X O,
Definition 3.2.1. A combination Cs = (Mj,, ©y,) is compatible if and only if

inf |EM,, (X,0) = \||*=0

0€0;,,\€[0,00)™

where m denotes the number of candidate moment functions in Mj,.

Assumption 3.2.1. (i) © = O; X ... X O is compact.

(ii)Vj=1,...,p, Em;(X,.) : © — Ris continuous.

Lemma 3.2.1. Under Assumption the following statements are equivalent.
(i) Cs is compatible.
(ii) Qs = {0 € O, : EM,,(X,0) > 0} is not empty.

(iii) For all positive definite Vj,

inf  (EM,,(X,0) — N Vo(EM,, (X,0) — \) = 0.

0€BO;,,A€[0,00)™
Let us partition the parameters ¢ and A into “restricted” and “unrestricted” parts according
to the biases of the selected and unselected moment functions. Formally, let

A= EM(X,0)

where M (X, 0) = (m1(X,0), ...,m,(X, 6))7, the vector of all the candidate moments, and 6 =
(64, ...,0,)", the vector of full parameters supported on ©; X ... X ©y. Suppose a combination

Cs = (My,, Os,) selects m moment conditions M, , and leaves the rest of the moments (denoted



86

by M unused). It also selects a submodel parameterized by 0, € O,, setting all the other
components of , (which is denoted by 6¢) to be zero.

One can view model selection as placing a restriction on ¢, while moment selection can be
reviewed as placing a restriction on A. Let A\, be the subvector of A corresponding to the selected

moments. Let A be the remaining components of A corresponding to M, . Then we have
EM31 (X7 05) = >\57 )\s >0

EM; (X,0,) = X, \; € RPT™

The bias )\ for the selected moments is restricted to be nonnegative, while the bias A{ for the

unselected moments is left unrestricted. We thus have partitioned the moment functions into

M(X,0,) = (M,,(X,0,)", M (X,0,)7)T, and X into A = (X, AS). We put prior:

p(>\§|CS) ~ Np—m(ov E)

(3.2) p<>‘s|cs) ~ E$p(1/J)

where N,_,, denotes the p — m dimensional multivariate normal distribution, assumed to be
a priorily independent so that ¥ = diag{o?, ...ag_m}. FExp(v) is the exponential distribution
with parameter v, as in Chapter 2.

We include both selected M and unselected M to construct the limited information likeli-

hood, which depends only on the unrestricted ¢, since 05 = 0.

(3.3) LOX0, A, C) = o = BOT)=X TV ((0.)—Y

det(2V)
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where M (0,) = L " | M(X;,6,). The prior of C is imposed. Then the posterior of C; can
be obtained by integrating out 6, and A = (AL, \T)T, which is proportional to the “integrated
likelihood™:
e x f[ L(X"[6, 0, C)p(B.|CpICp(NIC)
B, X

59 [0700)7n xRp—m

(3.4) (C)d0,dN AN

3.3. Posterior Consistency of Liao and Jiang (2010)

This chapter is actually written based on the materials of my published paper Liao and
Jiang (2010, hereafter LJ), which considered the moment/model selection problem in interval
censored regression problem. Due to the limited space, in this section I only briefly go over the
main results, and details can be found in the published paper. The selection problems considered
in LJ consist of two parts: selecting the compatible combinations of moment /model, and among
the compatible combinations, selecting the “optimal” one. The optimal compatible combination
is defined as the one with maximal dim (M, ) —dim(©s, ). This is because it is desirable that the
optimal combination should contain as many moment inequalities as possible, since intuitively
the more moment inequalities, the smaller the identified region, and hence the more information
we have about the parameter. Meanwhile, it is required that the model should be as simple as
possible, since simpler models are easier to interpret.

The selection procedure was known as the maximal posterior criterion (MPC), by maximiz-
ing the posterior of the combinations. In order for the MPC procedure to asymptotically select

the optimal combination, the variance covariance matrix > in prior (3.2) should depend on the
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sample size:

o2 = o2, where 0> — o0 but not exponentially fast
(3.5) p(6,]Cy) ~ Ny(0,n021;), where t = dim(f).

Under further regularity assumptions (see LJ Assumptions 4.2-4.6), it can be shown that

Theorem 3.3.1 (LJ Theorem 4.3, MPC Consistency). Let
C* = arg r%axp(Cs | X™)

where p(Cs) > 0 does not depend on n for each Cy, and priors on specified by and
for interval censored regression model, with probability approaching one, C* = (M, ,©O,)

then is compatible and has the largest dim(M;, ) — dim(Os,).

We can impose the following assumption which is similar to Assumption IDbc in Andrews

and Lu (2001):

Assumption 3.3.1. The true model and moment combination is the unique combination of

(M, ©), such that it has the maximal dim(M ) — dim(©).

If this assumption holds, the previous theorem implies that by maximizing the combination
posterior, we can asymptotically select the actual true combination of model and moments. In
particular, when the dimension of the true parameter is fixed, and we are only selecting the
corresponding moment inequalities that are satisfied by the true parameter of interest, Assump-

tion becomes: There exists a unique set of maximal number of moment inequalities that
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are satisfied by the true parameter. In this case, MPC consistently selects all the true moment

inequalities.

3.4. More Reliable Setting

Note that Assumption [3.3.1]plays the central role of identifying the “true” moment inequali-
ties and the parameter space. When the parameter space is fixed, meaning that the true parameter
is assumed to exist, the selection problem then becomes to select the “true” moment inequalities
that are satisfied by the true parameter. In this case, MPC procedure in LJ asymptotically selects
the true moment inequalities.

However, in practice Assumption [3.3.1]is not satisfied naturally, and when it is not, MPC
may select a set of incorrect moment inequalities with probability approaching one. The prob-
lem is that, the moment inequalities that are not satisfied by the true parameters can still be

compatible.

Example 3.4.1. Suppose the true parameter 6, = 1.7, with parameter space © = [0, 5].

Consider the following moment inequalities

(3.6) 0 > EYy(=1.5)
(3.7) 0 < EY,(=2)
(3.8) 0 > EY3(=3)
(3.9) 0 > EY,(= 3.5)

Apparently, only (3.6) and (3.7) are satisfied by 6, which correspond to interval [1.5, 2]. How-

ever, the MPC procedure will select all the other three inequalities (3.6), (3.8) and (3.9)), because
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their combination has the maximal (3) number of inequalities, and the corresponding interval
in © is [3.5,5]. In this example, the compatible interval defined by the maximal number of

inequalities does not contain the true parameter.

g

The following theorem shows that, when Assumption (3.3.1}is relaxed and priors and
p(6;) are data-independent, the posterior probability of incompatible combinations (where the
corresponding identified region is empty) is still exponentially small, as opposed to compatible
combinations, whose posterior is proportional to a positive constant multiplied by the combina-

tion prior.
Assumption 3.4.1. For any compatible Cs(M;,, O, ), p(0|C5) is uniformly bounded on Oy,.

Theorem 3.4.1. Under Assumption the parameter priors are given in (3.2)),

andV > 0,3 > 0 are fixed,

(1) If Cy is compatible and p(Cs) > 0, in probability

liminf p(C,| X™) > 0

n—oo

(2) If Cs is not compatible, then for some o > 0,
p(Cs|X™) = op(e™*")p(C5)

The MPC procedure consistently selects the maximal dim (M) — dim(©), because the data-
size-dependent priors (3.5 for unrestricted parameters (65, \¢), corresponding to unselected

moments and selected parameters, have very thick tails asymptotically, which force the posterior
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of combinations with many unrestricted parameters to be very small. As illustrated in the previ-
ous example, however, the true parameter (if any) may satisfy only a few inequalities. Therefore
a more reliable setting is to use data-independent prior for unrestricted parameters. If the prior
of (6s, \) is jointly specified as py x(6s, A|C;), which does not depend on the sample size n, the
selection among compatible combinations using posterior probabilities is no longer consistent
in terms of selecting the maximal dim(M,) — dim(©y, ), because when Assumption is
relaxed, we fail to identify the true set of inequalities. Suppose C(M,,, Oy,) is a compatible
combination. Write A as the parameter that satisfies the moment condition A = EM (X, 6),
and A is ordered and partitioned as (As, AS), then A takes its value in A = [0,00)™ x RP™™,
where m denotes the dimension of M , i.e., the number of selected moments. We impose the
following regularity conditions on the parameter prior. Note that Condition (i) can be achieved

if pg A (0, A|C;) is uniformly bounded by a constant £ > 0 on ©,, x A, given that O, is bounded.

Assumption 3.4.2. (i) For any C, and 0 € Oy,, there exists g(0) > 0 satisfying f@s g(0)do <
oo, such that pg (0, A\|Cs) < ¢(0) forall A € A.

(ii) For any fixed 0, pg »(0, \|C) is continuous with respect to X on A.

The following theorem shows that, in this case, the posterior heavily depends on the prior of
combinations p(Cy), which may be obtained by, if any, a priori information about some specific
moment inequalities/ submodels.

Let QO©,A) ={0 € ©: EM(X,0) € A}

Theorem 3.4.2. Under Assumptions(3.2.1\and|3.4.2] with fixed V' > 0, in probability,

(3.10) I Cxm) = PG S Poalfe, EMX, 6)|Cs)df
. DLty —o0oP s - ZCS p(CS) fQ(@J\) p97/\(68, EM(X, 0)‘CS)d9
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We can see from this theorem, that asymptotically the posterior depends on p(Cs| X™), the
combination’s prior, and on pj », which is the prior distribution of (¢, \) on the identified region.
Therefore, the posterior is sensitive to the prior specification.

On the other hand, note that this is not a consistency result: Consider two compatible com-
binations C; and C5 with the same parameter subspace but (' is nested with Cs and contains
more moment inequalities than C5. Since C; has smaller identified region (0, A), by (3.10),
it may have smaller posterior, even asymptotically. Therefore, compatible combinations with
more inequalities do not necessarily have larger posteriors. This result is quite different from
those in regular moment selection procedures with point identification (for example, in Andrews
(1999)), which is reasonable, however, in moment inequalities problems, because of three rea-
sons:

(1) First, as we have seen, the posterior is sensitive to the choice of priors. The penalty term
against selecting fewer moment inequalities in the posterior is hidden in

fQ(&A) por(0s, EM (X, 0)|Cs)df, which does not involve the sample size.

(2) Second, unlike the moment selection problem with over-identification by moment equal-
ities (Andrews 1999, Andrews and Lu 2001), in moment inequalities models, compatible com-
binations may not be correct, meaning that if the true parameter of interest is assumed to be
fixed, some combinations may still be compatible even though they do not contain the true
parameter. Therefore, the true inequalities are not necessarily the maximal set of compatible
inequalities.

(3) Finally, by allowing the parameter space to change, we allow for the model uncertainty.
In this case, it is reasonable for the result to heavily reply on the prior beliefs of the useful

parameter components, and of the corresponding moment inequalities.
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In some special cases, however, it is possible that the posterior favors the maximal number

of inequalities. Consider the following example:

Example 3.4.2. Suppose the selected moment conditions satisfy E M, (X, 0) = A\ € [0, M]™,
and the unselected moment conditions satisfy EM¢(X,0) = \¢ € [—-M, M|P~™, for some large
constant M > 0. Hence A = [0, M]™x[—M, M]P~™. Suppose q(\), the prior of )\, is uniformly
distributed on [— M, M]P, hence ¢(\) = (2M ) PI(\ € [-M, M|?). Then

qNI(AeA)  2mI(AeA)
gAed) (M)

Pr(AICs) =

In addition, suppose pg (0, A|Cs) = pe(0|Cs)pr(A|Cs). We have

2m
0, EM(X,0)|Cs)dd = P8 € Q(O4,A)|Cy) ———
o Pt EMOX0)]C)0 = (0 € 00, MICo)

Assume that P(0 € Q(O,, A)|Cs) > 0 if Cy is compatible. Hence 2™ is the reward of more
moment inequalities. However, such a reward term does not depend on the sample size n.

Q.E.D.

The moment equality condition case in the literature is significantly different than the prob-
lem considered here. For the sake of comparison, I briefly illustrate it here. Consider p-
dimensional candidate moment equalities EM (X,0) = (Emy,..., Em,) = 0. Suppose we
select m moment conditions £ M, = 0, and partition the conditions into selected and unse-

lected pair M = (M, M¢). As before, we use the limited information likelihood to construct
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the posterior:
L(X"|A,0,C,) = det(2rV/n)" /2 exp —g(Ms(e)T, M) — ATy

Straightforward calculation yields that
(3.11)

p(C|X™) & Const x ndm(M)/2 / Po(0, EME() + SIS EM,(0))e 3 EMOE1EML0) gy
(C]

Y1 X
where V1 = " 7. When M is incompatible, meaning that {6 € © : EM,(X,0) =0}

STy,
is empty, e~ 3 EMs ()" 1EM:(0) < o=an for some a > 0. But when EM,(X,6) over-identifies

some element 6 in O, the posterior then replies on nd™(Ms)/2

, which is a penalty term that
rewards the use of more moment conditions. Note that this penalty term depends on the sample
size, hence is not sensitive to the prior specification. In addition, by applying the Laplace

expansion to the integrand of the right hand side, the posterior criterion (3.11]) can be shown to

be equivalent to Andrews(1999)’s MSC.
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CHAPTER 4

Bayesian Semi-Nonparametric Conditional Moment Restricted Models

4.1. Introduction

In this chapter, I consider conditional moment restricted model

@.1) E(p(Z, go)|W) =0

where (Z7,WT) is a vector of observable random variables, and "W may or may not be in-
cluded in Z. Here p is a residual function known up to gy. The conditional expectation is taken
with respect to the conditional distribution of Z given W, assumed unknown. The parameter of
interest is gy, which is infinite dimensional. Model (4.1) is a very general setting, which encom-
passes many important classes of nonparametric and semiparametric models. Recently, Chen
and Pouzo (2009a) relaxed the compactness assumption on the parameter space as imposed in
Ai and Chen (2003), and established the consistency and the convergence rate using the penal-
ized sieve minimum distance estimator. In addition, Chen and Pouzo (2009b) considered the
root-n efficient estimation of 6, as well as the asymptotic normality of the estimator. Note that
one of the most important special cases of conditional moment restricted model is nonparamet-
ric instrumental variable regression (Example 1.3.2). See Examples 1.3.1-1.3.3 and Section 1.3
in Chapter 1 for corresponding literature.

In the existing literature, there are generally two ways of regularization to overcome the

ill-posendess. One is to restrict gy to a compact space, and then minimize a consistent estimate
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of the minimum distance criterion over some finite dimensional compact sieve space; see, e.g.,
Newey and Powell (2003), Ai and Chen (2003), and Blundell, Chen and Kristensen (2007). The
other way is to introduce a Tikhonov regularization tunning parameter, relaxing the compactness
assumption. The procedure is then equivalent to minimizing a consistent penalized estimate of
the minimum distance criterion over an infinite dimensional function space; see, e.g., Chen and
Pouzo (2009a, 2009b), Hall and Horowitz (2005), Darolles et al (2010). Other related works on
NPIV in the literature are: Blundell, Chen and Kristensen (2007), Chernozhukov, Gagliardini
and Scaillet (2008), Horowitz and Lee (2007), Florens and Simoni (2009a), among others.

I will first focus on the general setting (4.1, following the regularization approach by Newey
and Powell (2003) and Ai and Chen (2003), which assumes that the parameter space is com-
pact. The conditional moment restriction is transformed into infinite number of unconditional
moment restrictions as the first step. The problem then becomes the estimation under many
moment conditions, which was studied by Han and Phillips (2006). After establishing the
posterior consistency in the general conditional moment restricted model setting, we focus on
the nonparametric instrumental variable regression model. As an alternative regularization ap-
proach, I will also establish the posterior consistency without the compactness assumption for
nonparametric instrumental variable regression. To achieve the consistency, I propose a data-
size dependent objective prior for the purpose of regularization, whose variance converges to
zero. This technique is very common in the literature of Bayesian inverse problem and ridge
regression. Recently, Florens and Simoni (2009a), have proposed a quasi-Bayesian approach to
solve the ill-posed problem. They assumed a normal error term, and achieved consistency of

the regularized posterior distribution, regularizing an operator that defines the posterior mean.
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The contributions of this chapter are in at least five senses. First of all, I construct the
posterior of the nonparametric structural function, which provides a nonparametric Bayesian
interpretation of the estimation of the conditional moment restricted model. Second, gq is not
assumed to be point identified, for the reasons to be explained in Section 4.2. Therefore the
consistency of the posterior of gy means that, asymptotically, it converges into any small neigh-
borhood of the identified region, which extends model (#.1) to the partial identification setup
(Chernozhukov, Hong and Tamer 2007, and Santos 2007). Third, there is no need to assume
any specific distribution on the data generating process. Instead, we use the limited informa-
tion likelihood (Kim 2002) to construct the posterior distribution for go. The use of the limited
information likelihood is similar to the Bayesian GMM (Yin 2009), which is more straightfor-
ward for models characterized by either moment conditions or estimating equations than the
common methos using Dirichlet process priors in the nonparametric Bayesian literature. I show
that by imposing only a few regularity conditions on the moment functions and priors, the pos-
terior distribution achieves the desired frequentist properties in the large sample sense. Fourth,
we extend the problem of GMM with many moment conditions in Han and Phillips (2006) to
nonparametric models, allowing the dimension of the parameter to increase with sample size.
Fifth, I study in detail the nonparametric IV regression model, and show that, by incorporating
a regularized prior to deal with the ill-posedness, the posterior distribution of the sieve approx-
imation can still be consistent even if the parameter space is relaxed to be noncompact. In
addition to these contributions, I also allow for the heterogeneity of the residual term, meaning
that E[p(Z, go)?|W = w)] can depend on w.

The remainder of this chapter is organized as follows: Section 4.2 constructs the posterior

distribution of the conditional moment restricted model, starting by transforming the conditional



98

restriction into infinite number of unconditional restrictions, and then constructing the limited
information likelihood for the posterior, followed by deriving its frequentist properties in large
sample limit. Section 4.3 applies the consistency results to the single index model. Section
4.4 studies in detail the nonparametric instrumental variable regression model, relaxing the
compactness assumption on the parameter space. Section 4.5 presents a simple Monte Carlo
simulation result. Finally Section 4.6 concludes with further discussions. Proofs are given in

the appendix.

4.2. Conditional Moment Restricted Model

4.2.1. Limited Information Likelihood and Identification Functional

Consider a conditional moment condition

4.2) Elp(Z, go)W] =0

where ¢ is the true nonparametric structural function, and is assumed to be inside some space of
continuous functions ©. For simplicity, throughout the paper, let us consider the case W € R,
which is supported on a compact set VV. The results can be naturally generalized to multi-
dimensional cases.

Following the setting of Ai and Chen (2003), let us approximate © by a sieve space O,
which is a finite-dimensional compact parameter space spanned by sieve basis functions{ ¢y, ..., ¢, }
such as splines, power series, wavelets or Fourier series, with ¢ — oo as n — oo, such that gg
can be approximated arbitrarily well by g, = > ¢, b;¢; for some coefficients {b; : : = 1, ..., ¢}.
Hence, instead of gy, we construct the posterior of g,, and show that ||g, — go||lz — 0 in the

posterior probability under some norm ||.||z.
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As the first step, we need to transform the conditional moment restriction into unconditional

moment restrictions. Suppose W = [a, b], with a < b. Let Ul | R? be a partition of W, where

Jg—1

4.3) R = |a+

; (b—a),a+ki<b—a) =1, k.

n

We allow k,, — oo as n — oo. Let X = (Z, W). For each j, define m,,;(g, X) = p(Z, g)l(WGR;@),
and m,, (g, X) = (mu1(g, X), ..., mur, (9, X))T, which is k,, x 1 vector. Then equation (4.2)

implies
(4.4) Emy,(go, X) =0

where the expectation is taken with respect to the joint distribution of X = (Z, W). Note that
my, (g, X) is k, x 1, where k,, increases as n increases to infinity. Hence (4.2)) implies many

moment conditions with the number of moments increasing to infinity. It is straightforward to

verify that
E(p(Z, 90)*1werr) 0
Vo = Var(ma(go, X)) =
0 E(p(Z, 90)*1wery )
For each g € O, and j = 1,...,k,, write m,;(g) = 13" my;(g,X;) and m,(g) =

(Mn1(g), -, Mk, (g))T. Under some regularity conditions, for each fixed k, m,(gy) would
satisfy the central limit theorem: for any o € R¥, as n goes to infinity,

(4.5) P(vnVy mg(g0) < o) — [[ @(es)| — 0

i=1



100

where ®(.) denotes the cumulative distribution function of standard normal.

We now construct the the posterior distribution of gy. Note that the true parameter space ©
is infinite-dimensional, we thus need to parameterize g, and approximate it on the finite dimen-
sional sieve space ©,. Therefore, instead of gy, we construct the posterior for the approximating
parameter of g, inside ©,. The asymptotic result motivates a likelihood function on the
sieve space O,:

L(gq) o< exp <_gmn(gq)TV0_lmn(gq>>

According to Kim (2002), the function L(g,) can be more appropriately interpreted as the best
approximation to the true likelihood function under the conditional moment restriction, by min-
imizing the Kullback-Leibler divergence, which is known as the limited information likelihood.

The right hand side of the likelihood function involves
(4.6) G(9q) = Mn(gq)" Vy 110 (gq)
Hence it is important to study the asymptotic property of G first. Define
(4.7) G, (9) = Ema(g9, 2)"Vy ' Ema(g, 2)

for all ¢ € ©,. Using a similar argument of Han and Philips (2006), under some regularity

conditions, we will show that

(4.8) sup |G(g) — Gr,(9)] =" 0

9€B,
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Note that GG, still depends on the sample size n. It can be shown that it uniformly converges to

some functional G(g) over g € ©, where

@9 60) = | 7 iy )

We call G(g) the identification functional since the identification of gy is characterized by min-

imizing G. To be specific, define the identified region for gq:
O;={9€0:E(p(Z g)|W) =0 for almost all w € [0, 1]},

which is assumed to be nonempty, then ©; = argminge G(g). If O; is a singleton, then
©r = {go}. Otherwise gy is partially identified on O (See, e.g. Santos 2007).

Throughout this section, we do not assume Oy is necessarily a singleton; therefore we allow
go to be only partially identified by the conditional moment restriction (4.2), for the following
two reasons. First, when the conditional moment restriction is given by the nonparametric
instrumental variable regression, the identification of g, depends on the completeness of the
conditional distribution of X |IV; however, the completeness assumption is hard to verify if the
conditional distribution of X |1V does not belong to the exponential family. Severini and Tripathi
(2006) explored identification issues with these models and note that point wise identification
can easily fail (See Example [[.4.1] below). Another reason is that, sometimes instead of g,
itself, we are only interested in a particular characteristic of it, say its linear functional h(go).
For example, in the nonparametric IV regression, if go(z) is the inverse demand function, then

its consumer surplus at some level z* can be written as a functional h(gy) = fox* go(x)dz —

*

go(z*)z*. In this case, the identification of gy might not be necessary (see example 1.4.1).
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Severini and Tripathi (2006) have shown that without assuming gy to be identified, it is still

possible to point identify its functional h(go).

4.2.2. Uniform Convergence to the Identification Functional

We give the assumptions for the uniform convergence of G and G, , as well as the posterior

consistency.

Assumption 4.2.1. (i) The data X™ = (X4, ..., X,,) are independent and identically dis-
tributed.
(ii) There is a metric ||.|| g such that the parameter space © is compact under ||.| .

(iii) The support of X (denoted by X') is compact.

Condition (i) assumes the data are independent and identically distributed. Condition (ii)
restricts the parameter space as well as the choice of the metric ||.|| 7. The compactness is a com-
monly imposed condition in the nonparametric and semiparametric statistical and econometric
literature, and is satisfied when the infinite-dimensional parameter space consists of bounded
and smooth functions (Gallant and Nychka 1987). In the nonparametric instrumental variable
regression model, the compactness of the parameter space is a way of “regularization” to deal
with the “ill-posed” problem (See Newey and Powell 2003). In this section, we impose prior
condition, equicontinuity and the sieve approximation assumptions to establish the posterior
consistency based on the norm ||.|| ;. When endowed with some specific norms, (O, ||.||7) be-
comes a Banach space. Specification of ||.|; as well as the parameter space are provided in
Sections 4.3 and 4.4, where we apply our results to nonparametric IV regression and the single

index model. Condition (iii) requires that the support of the data be compact.
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Assumption 4.2.2. (i) Forall j = 1,2,....k,, P(W € R}) = O(k;,"), where R} is define

by (@.3). (ii) k, = o(n?/").

Condition (i) is satisfied if I has a continuous density function. Condition (ii) requires that
the number of moment conditions in m, (g, X) should not grow too fast, which is needed for the
pointwise convergence of |m,,(g)" Vg 'm,(g) — Emn(g, X)*Vy ' Em,(g, X)|. This condition
is usually imposed in the literature of many moment condition problems (See Han and Phillips
2006).

Define K ,(w) = E(p(Z, g)|W = w), w € [a, b], and denote Z as the support of Z.

Assumption 4.2.3. (i) E(p(Z, go)*|W = w) is continuous and bounded away from zero on
w € [a,bl.
(ii) {K,(.) : g € O} is equicontinuous on |a, b).
(iii) p(z, .) satisfies: for any € > 0, there exists § > 0 such that

sup  sup  |p(z,91) — p(z,92)| <€
2€Z ||g1—g2|lH<d

Assumption[4.2.3]is used for the uniform convergence of G, to the identification functional
G over all g € ©. It imposes restrictions on the conditional second moment of the true residual
function. Since W is supported on a compact set, condition (1) also implies the uniform continu-
ity of E(p(Z, go)*|W = w). In addition, since E(p(Z, go)?|W = w) depends on w, the residual
heterogeneity is allowed. This assumption also implies that sup, ,ycex(as | E(0(Z; 9)|W)] is
bounded. Condition (iii) guarantees that G(g) is continuous on (O, ||.||z).

The following assumptions are needed for the uniform convergence of |G — Gy, |. Let

Amax (V) denote the largest eigenvalue of matrix V.
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Assumption 4.2.4. The sequence of random process maxi< <, v/1|Mn;(g) —Emy;(g, X)|

is stochastic equicontinuous.

This condition requires that the centered and rescaled moment functions should be uni-
formly continuous over © and n. The definition of stochastic equicontinuity can be found,
for instance, in Newey and McFadden (1994), which is commonly assumed in the probability
convergence theory and econometrics literature for the uniform convergence of stochastic func-

tions. It will be shown in Section 4.3 and 4.4 that Assumption [4.2.3| and [4.2.4] are satisfied by

the single index model and nonparametric instrumental variable regression model, with mild

assumptions on the data generating process.

Assumption 4.2.5. (i) sup, co, Amax(Var(mu(gy, X))) = O(ky).
(ii) For all g,, € ©,,, forall j = 1,2,....k,, for all k,,q, < n and n, E[my;(g,X) —

E(mn;(g, X))]* < B < .

Condition (i) and (ii) require that the fourth moments of m, (g, X) — E(m,(g, X)) exist
and that the second moment matrix has eigenvalues no larger than O(k,,). In Han and Phillips
(2006), it was assumed that the eigenvalues of Var(m,(g, X)) are bounded by a universal
constant uniformly over g and n, and a sufficient condition for their assumption was provided,
which assumed that the covariance structure is dominated:

sup Var(mn(g, X)) < aly, + by, b},
geo®

where a is some large enough constant and b*" is a k,, dimensional vector such that its elements

satisfy lim,, ., Zk” b? < oo (See Han and Phillips 2006, Assumption 1). Here, since the

=1 "1

number of moment conditions k,, grows with n, with a nonparametric structural function, it is
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more reasonable for the eigenvalues also increasing with n. Therefore we relax this assumption
and allow the eigenvalues of Var(m,(g, X)) to increase with the same rate of the number of
moment conditions. The payoff would be a slower rate of k,, going to infinity.

Under these assumptions, we can show that G, the power term of the limited information

likelihood, converges uniformly to the identification functional.

Theorem 4.2.1. (i) Under Assumptions for Gy, and G defined by ({.7) and

({.9) respectively,
sup |Gy, (9) — G(g)] =" 0

geo

(ii) Under Assumption for G defined by (@) in probability

sup |G(g) — Gy, (9)| =" 0

g€By,

4.2.3. Posterior Consistency

We use the limited information likelihood described in Section 4.2.1 as the likelihood func-
tion: for all g, = Y7, bj¢; € Oy, L(g,) o< exp (—2mn(g)" Vo 'min(gy)). Let p(g,) be a prior

distribution of the sieve approximation of gy. Then Bayesian rule implies:

p(9q|Xn) X p(gq)L(gq)

For any event A that is measurable with respect to the posterior distribution of, its posterior
distribution is given by

P(AIX™) = / p(gal X™)dlb
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A straightforward application of Jiang and Tanner (2008, Proposition 6) renders that for any

0> 0,

E{P(Glg,) = jnf Glg) > 531X} < P(sup |G(g) = G(9)] 2 9)

e—Qn(S

P(G(gq) — infyeo, G(g) < 0)

(4.10) +

By Theorem 4.2.1, sup,cq, |G(9)—G(g)| —? 0 in the probability distribution of X" as n — oc.
Hence G(g,) — infyco, G(g) — 0 in the posterior probability of g,|X™ given that the prior
probability P(G(g,) —infyco, G(g) < 0) is bounded away from zero. This requires a regularity
condition on the prior.

To proceed, we need to introduce some additional notation. Given the metric structure of
(O, ||.]lz), for aset A C O, define d(g, A) = inf,ecallg — a||z. Forany 6 > 0, let © = {g €
© : d(g9,07) < ¢}, the 0- expansion of the identified region of go. If gy is point identified
©7;={9}), @? is an open ball centered at gy with radius . In addition, for two sequences a,,

and by, write a,, > b, if $* — oo as n — oo.
n

Assumption 4.2.6. (i) For any 6 > 0 there exists ¢ > 0, such that fall all large enough
q = qn, P(g, € ©9) = e n.

(if) 2 — 0

Condition (i) means that the prior of g, cannot be exponentially small on the neighborhood
of ©;. Condition (ii) imposes a restriction on g,, the number of terms in the sieve approxi-
mation. Recall that in Section 4.2.1 we have established that O; = arg mingco G(g). It will

also be shown in the Appendix that G : © — R is continuous. In addition, the sieve space
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©, approximates O arbitrarily well. Therefore this assumption implies that for any o > 0, the

second term of the right hand side of (4.10) is negligible.

Assumption 4.2.7. For each g € O, there exists g, € ©, such that ||g — g,||z = o(1).

This assumption is simply the definition of a sieve space. It is satisfied by the spaces that are
spanned by commonly used sieve basis functions such as splines, power series, wavelets and
Fourier series. We will specify the norm ||.|| 7 in the subsequent sections.

We then have the posterior consistency for the estimation of gy:

Theorem 4.2.2 (Posterior Consistency). Under Assumptions 4.2.1-4.2.7, for any 6 > 0, in
probability,

P(g, € 65| X™) —* 1.

In particular, if gq is point identified, then in the probability of X",
P(|lgy — gollm < 6| X™) —* 1.

Let h(go) be a linear functional of gy, whose practical meaning may be of interest in many
applications. For example, if h(gy) = E[go(X)w(X)] for some weight function w, then with
proper choices of w, h can be used to test some special properties of g, such as monotonicity,
convexity, etc. On the other hand, / itself may have interesting meanings. For example, when
go denotes the inverse demand function in nonparametric regression, h(go) can be the consumer
surplus (See Santos 2007). Severini and Tripathi (2006) have provided conditions to point

identify h(go) even if g itself is not identified.
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Example 4.2.1. In the application of economics, let gy be the inverse demand function, and
we are usually interested in the change of consumer surplus fox* go(x)dx — go(x*)x*, with some
observable z*. Suppose the functional of interest is h(gg) = fox* go(z)dz = [ go(z)v(z)dx,
where v(x) = I(0 < z < z*). Assume that (X, W) are supported on [0, 1]?, with joint density
function fxw(z,w) = 3|z — w|. By Severini and Tripathi (2006), h(g) is point identified if
there exists p(w) € L*(W) such that [ p(w)fxw (w,z)dw = v(x) for almost all z € [0, 1]. In
fact, let ¢’ denote the derivative of the standard normal density function, and denote p;(w) =
5 (¢/(%52) — ¢/(2)), it can be shown that (see Polyanin and Manzhirov (1998) and Santos
(2008a)) lim;_.o fol pe(w) fxw (z,w)dw = v(x) for almost all x € [0, 1]. Therefore, h(go) is

point identified.

Example 4.2.2. Suppose we want to test that the unknown function g, is weakly increasing.
Note that any weakly increasing function g(z) must satisfy [”_sin(z)g(z)dz > 0. Hence the
functional of interest here is h(go) = [”_sin(z)go(x)dz. Suppose the joint distribution of
(X, W) is absolutely continuous, with density function fxu (z,w). By Severini and Tripathi
(2006), h(go) is point identified, if there exists p(w) € L*(W) such that [ p(w) fxw (w, z)dw =

sin(x) for almost all x on its support.

Theorem implies a flexible way to consistently estimate / in a Bayesian approach,
without identifying go. In the following assumption, condition (i) assumes the point identifica-
tion of h(go). A sufficient and necessary condition can be found in Severini amd Tripathi (2006).
Condition (ii) requires the continuity of A, which is satisfied when h(go) = E[go(X )w(X)] if

Elw(X)| < oc.

Assumption 4.2.8. (i) {h(g) : g € Or} = {h(g0)}. (ii)) h : (O, ||.||z) — R is continuous.
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Corollary 4.2.1. When g is not necessarily point identified, under Assumptions 4.2.1-4.2.7,

for any 6 > 0, in probability,

P([h(gq) = hlgo)| < 8] X™) =P 1.

4.2.4. Bayesian Implementation

Note that the likelihood L(g,) is not feasible because V; is unknown. Therefore we can

estimate Vj by v if go is identified, where

22y P(Zi 9 Vwiery 0
V=
0 L3 0(Zi 9) \wiery

and ¢ is a “preliminary” estimator of go, which can be, for example, the sieve minimum distance
estimator (SMD) in Ai and Chen (2003). If g, is not identifiable, meaning that ©; is not a
singleton, we suggest use k,/ to replace V', where [ is the identity matrix. Because under
very weak assumptions, each diagonal element of 1} is of order O(1/k,,), hence using k,,/ will
not affect the consistency result, whether g, is identified or not.

Given the basis functions {¢y, ..., ¢,}, the nonparametric function can be represented by
a linear combination g,(t) = > 7_, b;¢;(t), where ¢; is the ith basis function which can be
power series wavelets, or Fourier series. One can treat the basis coefficients {by, ..., b, } to be
independent parameters, each with prior 7(b;) ~ N(0,j~) for some o > 0, where the variance

is chosen such that the higher order terms has smaller variation around zero, which overcomes
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the potential over-fitting problem. The posterior of the sieve approximation is then given by
q n -
plggl X™) o [ = (0)) exp[—5G(g,)]

i=1

One can then simulate {b;} from the posterior through the MCMC procedure.

4.3. Application: Single Index Model

In the single-index model,
P(Z> 90) =Y — ho(Weo)

where gy = (ho,0y). For this specific application, the parameter of interest consists of both
an infinite-dimensional parameter h € H, and a finite dimensional parameter § € ). The
parameter space is written as © = H x (2. We can approximate © by sieve space ©, = H, x (2,
where H, is the sieve space approximation to H, as ¢ = ¢, — oo. Let {¢y,...,¢,} be an
orthonormal basis for H, such that g, can be approximated arbitrarily well by g, = >_7_, b;¢;
for some coefficients {b; : i = 1, ..., q}. Then the sieve approximation to gy can be written as
(X2io1 bidhi, bo) € O

Define M = {wf : w € [a,b],0 € Q} C R. We use the Euclidean norm for 6, and
introduce the Holder norm for A. Define

h(t1) — h(t
(4.11) I2||s = sup |h(t)] + sup Int) = hits)]
teM ity |t — o

Let H = {h : ||h]|s < B} for some known, large positive constant B. Here H is a Holder ball
of order one, a space of functions h : 'H — ‘R such that the first derivative is bounded. It is

known that power series, splines, and Fourier series all can approximate functions in the Holder
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ball well. For g = (h,0) € H x Q = ©, define
(4.12) lglla =10 + [l

Note that Ai and Chen (2003) used a Holder norm with higher orders, and the norm in Newey
and Powell (2003) can be simplified to higher order Holder norm if the data Z is supported on
a compact set.

We verify Assumption 4.2.2 by imposing more general conditions on the distribution of data

generating process.

Assumption 4.3.1. gy = (ho,6y) € © = H x Q, with norm ||.|| g which satisfies:
(i) H = {h: ||h||s < B}, where ||.||s is defined as [{.11).
(ii) €2 is compact.

(iii) ||.|| 1 is defined as .

Assumption 4.3.2. The conditional distribution of W|Y and the marginal distribution of
W have continuous density function fy|y (w|y) and fw (w) on [a, b] respectively, which satisfy:
(i) fw(w) is bounded away from zero on |a, b|.
(ii) For any 6 > 0, there exists d > 0 such that

sup  sup | fwyy (wily) — fwpy (wely)| <6

Y wi—wa|<d

Proposition 4.3.1. Let p(Z, g) = Y —h(W#), where EY? < 00 and sup, gce ER(W0)? <

0o, then Assumption[d.3. 1| and{.3.2) imply Assumptions4.2.3|and[4.2.4,
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4.4. Nonparametric Instrumental Variable Regression

The nonparametric instrumental variable regression model is given by
Y =go(X)+e

where X is endogenous, which is correlated with €. The parameter of interest is gy, which is
the nonparametric structural function. In addition, suppose we observe an instrumental variable
W € la,b] as., such that E(e|l/¥) = 0. The nonparametric IV model is thus essentially a
conditional moment restriction E(Y|W) = E(go(X)|W). Let Z = (Y, X), then p(Z,g) =
Y — g(X).

Define T : © — L*(W), such that T(g) = E(g(X)|W), and E(Y|W = w) = u(w), then
(4.13) Tgo = p1

The inference on gy is difficult. The first difficulty comes from the identification, which depends
on the invertibility of 7. If 7" is nonsingular, in which case it has no zero eigenvalue, gy can
be point identified by gy = T 'u. Newey and Powell (2003) characterize the identification
of gy in terms of the completeness of the conditional distribution of X given W. However, if
the distribution of X|I¥ is not assumed to be parametric, neither the invertibility of 7" nor the
completeness is easy to verify. See Severini and Tripathi (2006) for a detailed description of the
identification issue of go.

Even when g is identified, the second difficulty arises in estimation. As pointed out by
Newey and Powell (2003) and Hall and Horowitz (2005), there is an ill-posed problem. Note

that (4.13) is a Fredholm integral equation of the first kind. Since 7"~ is not bounded, it is not



113

continuous. Therefore, small inaccuracy in the estimation of p can lead to large inaccuracy in
the estimation of gy, which is known as the ill-posed problem (Kress 1999). In the existing lit-
erature, there are generally two ways of regularization to overcome the ill-posendess. One is to
restrict go to a compact space, and then minimize a consistent estimate of the minimum distance
criterion over some finite dimensional compact sieve space; see, e.g., Newey and Powell (2003),
Ai and Chen (2003), and Blundell, Chen and Kristensen (2007). The other way is to introduce
a Tikhonov regularization tunning parameter, relaxing the compactness assumption. The proce-
dure is then equivalent to minimizing a consistent penalized estimate of the minimum distance
criterion over an infinite dimensional function space; see, e.g., Chen and Pouzo (2009a, 2009b),
Hall and Horowitz (2005), Darolles et al (2010), and references therein. Recently, Florens and
Simoni (2009a) proposed a quasi-Bayesian approach, which regularizes an operator that defines
the posterior mean of gy, assuming a normal error term in the regression.

In this section, we assume g, be point identified by (#.13)), and focus on the posterior dis-
tribution of gy. We will show the posterior consistency in two approaches. The first is the
natural application of the general consistency result established in Section 4.2, which assumes
that g, lies in a known compact parameter space. Alternatively, we will relax the compactness

assumption, and impose a Tikhonov regularized prior instead.

4.4.1. Case with Compactness

This approach is similar to Newey and Powell (2003) and Santos (2007), focusing on the
case where g, is known to belong to a compact set. The posterior distribution of g is restricted
to this set. This approach eliminates the ill-posed problem essentially because the inverse of an

integration operator is continuous on a compact set.
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Let Uf;lRf be the partition of [a, b] defined in Section 2.1. Under this particular model
setting, mn;(g, X) = (Y — g(X))lwery for each j = 1,...,k,. Let my;(g) be the sample
analog of £'m,,;(g, X), and ©,, be the sieve space approximation to ©. We then have the limited

information likelihood:

n _ 1
L(g,) o< exp (=5malg)" Vi a(g,))
and the identification functional G : © — R:

Glg) = / [E(Y];(i(';?'sz:) O 4y ()

A sufficient and necessary condition for point identification of gy is that G(g) is minimized
uniquely at go on O.

When the parameter space is compact, we assume the metric ||. ||y to be:

(414) ||9||H:SUP|9(x)‘+ sup ‘g(xl)_g($2)|
x T1F#T2 |ZL‘1 - ZE2|

The parameter space © = {g : ||g||z < B} for some known, large positive constant B. The
compactness of © under ||.||y was shown by Gallant and Nychka (1987). We verify that in

this model, Assumptions 4.2.3| and [4.2.4] are satisfied with a more general assumptions on the

distribution of data. Let Z be the support of (X,Y").
Assumption 4.4.1. |||y is defined as {#.14), and © = {g : ||g||w < B}.

Assumption 4.4.2. The conditional distribution of W|X,Y and the marginal distribution

of W have continuous density functions fwxy(w|z,y) and fw(w) on w € [a,b] respectively,

which satisfy:
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(i) fw(w) is bounded away from zero on |a, b, and

(ii) Ve > 0, there exists O > 0, such that

sup  sup | fwxy (wilr,y) — fwxy (walz,y)| < e
(z,y)EZ |w1—w2|<d

This assumption provides sufficient conditions for the continuity of E(e?|W = w) on [a, b]

and the equicontinuity of {,(.) : g € O}. In fact we have the following proposition:

Proposition 4.4.1. Let p(Z,g) =Y — g(X), where EY? < co and

SUD,yco Eg(X)? < oo, then Assumptions |4.4.]| and |4.4.2| imply Assumptions |4.2.3| and |4.2.4l

The posterior consistency for the nonparametric IV regression model then follows immedi-

ately from Theorem 4.2.2] which is stated as a corollary here.

Corollary 4.4.1. Assume that gq is point identified. Under Assumptions 4.2.1| {4.2.2} 4.2.5]

H.4.1\andH.4.2|, for any § > 0, in the probability of X",

P(llgg = golls) < 0]X™) =71

4.4.2. Relaxing the Compactness

In this subsection, we relax the compactness assumption on the parameter space, and assume
O = LQ(X ). As has been discussed earlier, in order to achieve the posterior consistency,
additional regularization procedure is needed to overcome the ill-posedness. For this purpose,

for the sieve approximation of g,, we use a regularized prior:

4.15) p(gy) e~ a9l
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where {a, }°°, is a sequence converging to zero as n increases, but not too fast (we require

na? — o0o). From the frequentist point of view, prior (4.15)) is similar to the penalty term in

Chen and Pouzo (2009a, 2009b). Also, the regularization scheme through a penalty term on
the prior is commonly used in the Bayesian literature. For example, in the parametric case,
the penalty term in ridge regression can be viewed as a regularized prior from the Bayesian
perspective; see, e.g., Haitovsky and Wax (1980). In the nonparametric case, recently Florens
and Simoni (2009b) specified a regularized prior distribution that is an extension of Zeller’s
g-prior for the regularization.

We only consider the bivariate case of (X, W), and assume both X and W are supported

on [a, b] without loss of generality. We still employ the limited information likelihood defined

in Section 2:
(4.16) L(g,) o e~ 5mn(90) Vo " mn(g0)

where

n n

/!
_ 1
mn(g) = < (Y — g(Xi))]‘(WiGR?)v o Z(Y; - g(X’i))l(WiERZ)>
=1

=1

S|

The limited information likelihood is the best approximation to the true likelihood under the
moment conditions Therefore the posterior distribution based on L(g) has an asymptotic
likelihood interpretation.

As in the compactness case, the large sample behavior of L(g) depends on the limit of
mn(9) Vg tmn(g), which is G(g) = fab [E(Yg(‘igfw)/‘zv:)w)]Zde(w). By the earlier definition,

T(9)(w) = E(g(X)|W = w) for each w € [a, b], and the relation T'(gy) = E(Y|W), we have:
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Vg € L*(X),

For any g € L*(W), define

b
1915 = / g(w)*(E(E|W = w)) ™ dFy (w)

It then follows that G(g) = [|T(g — go) /3
Let us assume g is point identified, i.e., G(g) = 0 if and only if g = go. We also assume 7’ is
compact, and hence has singular value system {|\|;, ¢;, ¢, }, where T'¢; = |\;]1);, and for each
g € L*(X), we have the singular value decomposition g = >°°%, b;¢; + Q, where Q € N(T),
the null space of 7'. In the case of point identification, 7" is nonsingular, and therefore () = 0.
Let the singular values |);], j=1,2,.. be ordered such that |A\;| > |X3] > ... > 0, converging

to zero. In addition, {¢);} can be orthonormalized such that

b ¢i(w)2 B
J, =) =1

P i (w)s(w) i
mdﬂv(w) =0,i# ]

a

We can then write go(z) = >, 9:¢;(z). For each ¢ € N, the sieve space ©,, is defined as the
space spanned by {¢1, ..., ¢,}, with ¢ = ¢, — o0 as n increases. Therefore each g, € O, has
an expansion g,(z) = .1, bi¢;(x) with coefficients {b;}7_,. In addition, let ||go| = >_;°, 47,
and [lg,l| = S0, 02

The posterior distribution of the sieve approximation of g is then given by

n _ 1 _
4.17) p(gq|Data) X exp (—nai”gq||2 - §mn(9q)TV0 lmn(gq)>
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We now give the regularity conditions for the posterior consistency.

Assumption 4.4.3. (i) T is nonsingular.
(ii) (X, W) has joint density function fxw and marginal density functions fx and fyw respec-

tively, which satisfy
(4.18) / f XW dxdw < o0

Assumption 4.4.4. There exists o € (0, 1) such that for any constant ¢ > 0,

sup [ma(99)" Vo 'ma(gq) — Glgg)| = 0p(n™)

llgqll<e

Assumption 4.4.5. (i) > — 0, and na? — oo, as n — oo.
(ii) There exists {s,};>; C N, s, — oo, such that 3. g = O(a}/\;) = o(1), as n
increases.
(iii) n = gy = max{n'=* nal /X2 ;A\’
Assumption .4.3| guarantees the point identification of gy, which was also assumed by Hall
and Horowitz (2005). Hence gy can be recovered by go = T~ ' where p(w) = E(Y|W =
w). Condition (ii) guarantees that 7" is a compact operator (See Carrasco, Florens and Renault
(2006), Section 2.2) ). Assumption assumes the rate of the uniform convergence to G(g)
on any compact subset of L?(X). Assumptionimposes the rate of convergence restrictions
on the regularized parameter a,,, the singular values of 7', the Fourier coefficients of gy, and the
dimension of the sieve space ¢,,. Roughly speaking, neither a,, nor |\, | should converge to zero

too fast. Moreover, the Fourier coefficients of gy should vanish at least as fast as O(a2 /A2 ).
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One can verify that Assumption #.4.5]is satisfied, for example, if

s, =0(n"), for some r > 0
11
Nl =0("7), forsome0 <p< min{§, Z}
a? = 0(n™"), for some 2pr < k < 1
Z gj2- = O(n_(k_sz)), n = ¢, = max{n'"®, nl_(k_zpr)}.

j=>5sn
Under these stated regularity conditions, the posterior distribution (4.17)) is consistent when

the parameter space for g, is not compact.

Theorem 4.4.1. When the parameter space of gy is © = L*(X), under Assumptions m

M.4.4 and4-4.5] assuming that the posterior distribution is given by (#.17), we have

E[ll 94, — 9olI*| Data] = o,(1)

Before presenting the numerical examples, I would like to give some final words on the
regularized prior. The variance of the prior distribution (4.15) shrinks to zero, which is in
the spirit of Tikhonov regularization scheme to deal with the inverse problem. On the other
hand, it has a zero mean. Note that one of the attractiveness of the Bayesian approach for
nonparametric instrumental regression problem is that it can incorporate prior knowledge of the
structural function in the prior distribution. In fact, this can be achieved through a nonzero mean
term. For instance, suppose a priorly it is known that g, is concave, one can choose a known

concave function g* as the mean in the prior. Hence the regularized prior becomes

(4.19) log p(g) o< —naZ|lg — g*||*
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I conjecture that by using prior (4.19)), the posterior of the sieve approximation is still consistent
because of the shrinkage of the prior variance. In addition, the posterior mean would be concave,

as the prior mean is a concave function.

Conjecture 4.4.1. If prior (4.19) is used, where g* is either concave (monotone), under As-
sumptions in Theoremd.4.1] the posterior is consistent, and the posterior mean is also concave

(monotone).

If this conjecture actually holds, one can then incorporate the prior knowledge of gy in the

regularized prior distribution.

4.5. Markov Chain Monte Carlo

I present a simple simulation example in this section. The simulated model is a nonpara-

metric I'V regression, designed as:

y = g(x) + u = sin(z) exp(y/]z])

rT=w-+v

where the errors u and v and instrument w are generated as

u 1.09 06 0
v |~%idN|[O0, |06 1.09 0

w 0 0 1

One can verify that cov(z,u) = 0.6, and hence z is endogenous. In addition, cov(w,u) = 0

and cov(w, z) = 1, so w is a valid instrumental variable.
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I generated n = 1000 observations for (x,w,y). All the observations of w fall inside of
interval [—4, 4], so we partitioned [—4, 4] evenly into £ = 50, 100 subintervals. To implement
the Bayesian procedure, IV = k x [ was used as the weight matrix in the limited information
likelihood, to replace the unknown V[. We applied the Hermite series as the basis functions of
the sieve approximation, i.e., H1(z) = 1, Hy(x) = z,and H;(z) = H;_1(x)x—(j—1)H;_2(x),
with ¢ = 4, 5, 6 terms (we will comment on practical choice of ¢,, in next section).

For Approach 1, I placed the posterior in a compact set for the purpose of regularization.
I placed i,i,d, prior b; ~ N(0,0.5572) on each of the sieve approximation coefficients. The
variance gets small for large index 7, so that the priors of higher order coefficients b; gradually
concentrate around zero, which is designed to deal with the potential over-fitting problem. The
simulation was carried out by conducting the Metropolis algorithm with B = 1000 replicates.
The first 300 draws were “warm-ups” and were discarded to ensure the MCMC draws became
stationary. Only the coefficients in the draw that satisfy 23:1 |b;] < 100 were kept to ensure
the posterior distribution is within a compact space. The sample averages of the remaining
draws were calculated, treated as the estimated posterior mean of the sieve coefficients. Both
the estimated curve and the true structural function are plotted in Figure @.1]

For Approach 2, I relaxed the compactness assumption, but used the regularized prior (4.15)),
with a,, = 0.05 (small), 0.1 (moderate), and 0.8 (large). The estimated and the true curves are
plotted in Figure [4.2]

Both figures demonstrate that, when ¢,, is moderate, the estimated curve capture the true
curve fairly well. However, when ¢,, = 6, the finite sample bias is non-negligible, which may
due to the over-fitting. Comparably, this problem is not severe in Approach 1, as the prior

variances for higher order coefficients are decreasing to zer. Moreover, the finite sample bias
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=4, k= =4, k=200
s a=4, k=50 q=4 k=100 s q

Figure 4.1. Approach 1, solid: true structural function; dashed: the estimated function

for Approach 2 also comes from the choice of a,. Finally, our result is less sensitive to the

choice of &,,.

4.6. Conclusion and Discussion

I studied the nonparametric conditional moment restricted model in a Bayesian approach,
with a special focus on the frequentist properties of the posterior distribution. There was no any
specific distribution assumed on the data generating process. In stead, I derived the posterior
using the limited information likelihood, allowing the proposed procedure more flexible than
the traditional nonparametric Bayesian approach by assuming a normal distribution on the error

term, while the latter cannot avoid the risk of mis-specifying the underlying true distribution.
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G=4,k=100,a =0.8

q=4,k=100,a =0.05 q=4,k=100,a =0.1 8

q=6,k=100,2,=0.8

\

N

2 8 4 5

Figure 4.2. Approach 2, solid: true structural function; dashed: the estimated function

The limited information likelihood is the best approximation to the true likelihood by minimiz-
ing the Kullback-Leibler divergence. In fact, there are other alternative moment condition-based
likelihood functions. For example, if we approximate the empirical distribution of the sampled
data instead of the true likelihood, we end up with the empirical likelihood (Owen 1990). If
additionally instead of Kullback-Leilber divergence, the chi-square distance is used as the met-
ric, we will then obtain the generalized empirical likelihood (Imbens et al. (1998), Newey and
Smith (2001) and Kitamura (2006)). It is still possible to establish the posterior consistency if
these alternative moment condition-based likelihoods are used as the likelihood function, which

is left as a future research direction.
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In addition, our proposed Bayesian procedure allows the partial identification of gy, which
is more flexible than the traditional approach if the practical objective of interest is a linear
continuous functional of gy instead of g itself. This is because even if g is not point identified,
it is still possible to point identify h(gg) in many practical applications. The posterior of the
functional can be constructed from the posterior of gy, based on the MCM draws. It is also
possible to incorporate the prior 7(h(go)) for h(go) directly, by transforming 7(h(go)) into
p(b;), the prior of the sieve coefficients in g, = > 7, b;¢;, such that p(h(g,)) ~ m(h(go)) where
p(h(g,)) is derived from p(b;). We will leave this as a future work.

The compactness of the parameter space was the key assumption to achieve the consistency
for the general conditional moment restriction setting. We also showed that if the compactness
assumption is relaxed, by imposing a regularized prior whose variance converges to zero asymp-
totically, the posterior distribution based on the limited information likelihood is still consistent
in nonparametric IV regression. By imposing a regularized prior that depends on the tuning
parameter a,,, the ill-posed problem in nonparametric IV regression is overcome.

In applications, our results require a priori choices of k,,, ¢, and a,,, where k,, is the number
of partitions of the support of W, ¢, is the number of terms in the sieve approximation to
go, and a,, is the tuning parameter in the regularized prior, to deal with the ill-posedness in
nonparametric IV regression. We point out that our results are robust to the choice of &,
however, sensitive to ¢,. Although it is required ¢,, should diverge to infinity as n increases,
it turns out that the sieve approximation with large value of g, may suffer from over-fitting.
It is for this reason Newey and Powell (2003) suggested choosing a small number for ¢,, and

Ai and Chen (2003) chose ¢, simply by its assumed rate, which is also small. In addition,
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as pointed out by Chen (2007), some existing data-driven selection methods such as cross-
validation, generalized cross-validation, and AIC may be used. Alternatively, it is possible to
impose a Poisson prior on ¢, with the mean parameter diverging to infinity, and then a proper
¢» can be chosen from its posterior. The posterior consistency can also be achieved by such
a procedure, and we will leave this as the future work. Finally, the tuning parameter a,, was
used in our approach as well as in Hall and Horowitz (2005) to overcome the ill-posedness.

Development of methods for selecting a,, is another important research topic.
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CHAPTER 5

Bayesian Analysis for Classification Risk Using Empirical Likelihood

5.1. Introduction

One of the classical problem in data mining is to predict the unknown nature of a feature,
by classifying the data into subgroups. Suppose Y € {0, 1} is a binary variable to be predicted,
which depends on a vector of covariates X. The classification and prediction are based on a
classification rule C'(X,0) € {0,1}, which is a function of X and a certain action parameter
. The action parameter 6 is chosen such that under some risk function /, the expected risk
El(Y,C(X,0)) is as small as possible. In the traditional classification problem, instead of
minimizing the expected risk, if there are i.i.d. realizations (Y7, X1), ..., (Y,, X,,), researchers

choose 6 to minimize the empirical risk

1 n
5.1 = — 1(Y;, C(X;,0
5.1) o = g UKL CX0)

Minimizing the empirical risk to find a good classification rule is a classical problem, which
has been studied by a number of researchers, see for example, Devoye, Gyorfi and Lugosi
(1996). Mohammadi and Van de Geer (2005) defined the optimal action parameter 6 as the
minimizer of the expected risk, and consistently estimated it by minimizing the empirical risk
over a class of actions. More recently, Jiang and Tanner (2008) constructed the Gibbs posterior

for the action parameter, and aimed at minimizing the risk function without modeling the data
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probabilistically. Other related works can be found, for example, in Koltchinskii and Panchenko
(2002), among others.

In this chapter, we consider a Bayesian approach to making joint probabilistic inference
on the action and the associated risk, without requiring a probability model for the underly-
ing data generating process. This approach is more robust than the traditional likelihood-based
method, which requires modeling the distribution of the data generating process. In Jiang and
Tanner (2008), the Gibbs posterior is constructed from an empirical risk function, which does
not require the probability distributional assumptions on the data. However, this approach lacks
a Bayesian probability interpretation, in the sense that the likelihood function used for con-
structing the posterior is neither the true likelihood nor its approximation. Therefore, the Gibbs
posterior cannot be interpreted as the posterior distribution of the action parameter in the tradi-
tional conditional probability sense. In this chapter, we overcome this difficulty by applying the

empirical likelihood (Owen 1990). Let r denote the theoretical risk that satisfies
(5.2) ElIY,C(X,0) =r

The empirical likelihood is derived from the moment condition (5.2)), as a function of (6, 7).
It is well known that the empirical likelihood is the best approximation to the empirical dis-
tribution of the data in terms of the Kullback-Leibler distance subject to moment restrictions.
Therefore, with a proper prior, the posterior distribution derived from the empirical likelihood
has Bayesian interpretation asymptotically. Lazar (2003) provided simulation evidence in terms
of the posterior coverage probability to show that the empirical likelihood can be used as a valid

likelihood function for every absolutely continuous prior.
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One of the most important features of the moment restriction (5.2) is that the parameters
(0, 7) are only partially identified. That is, there are more than one pairs of (¢, r) in the parame-
ter space satisfying the moment restriction. Therefore the posterior distribution of (6, r) will not
degenerate to any single point even asymptotically. In recent years, partially identified models
are receiving rapid attentions in both statistics and econometrics literatures, and there are many
works done in this growing area. In these models, the identified region, defined as the set of
parameters that satisfy the moment restriction (5.2), becomes the object of interest. See for
example, Chernozhukov, Hong and Tamer (2007). More recently, Liao and Jiang (2010) have
studied the properties of the posterior distribution of the parameters in a similar setting of the
moment restriction (5.2), where they used the limited information likelihood idea (Kim 2002)
to construct the likelihood function. In this chapter, we show that the posterior distribution, con-
structed based on the empirical likelihood, has similar asymptotic properties to those described
in Liao and Jiang (2010). To be specific, we will show that the joint posterior distribution
for (0, r) will be asymptotically supported on an arbitrarily small neighborhood of the curve
{(0,7) : El(Y,C(X,0)) = r}. So far the posterior consistency of the empirical likelihood
for partially identified models has not been formally established, while the point identified case
was previously studied by Chernozhukov and Hong (2003) and Moon and Schortheide (2004).
Therefore an important contribution of this chapter is that we show the consistency of the poste-
rior distribution, constructed based on the empirical likelihood, for the parameters that are only
partially identified by the moment condition of the form (5.2).

Note that the posterior distribution P(6,r|Data) allows us to construct the conditional pos-

terior distribution P(60|r, Data), which is the posterior distribution of the action to achieve a
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given tolerant risk level. To our best knowledge, the posterior distribution of the action con-
ditional on the theoretical misclassification risk has not been characterized before. The con-
sistency of P(6,r|Data) implies that given r being controlled at a certain level » < r(, and
0 is generated from P(0|r < ry, Data), the true expected risk El(Y,C(X,0)) < ro + € for
any € > 0, with posterior probability approaching one, regardless of the distribution of the data
generating process.

We notice that, compared to the literature on the classical empirical risk minimization
(ERM) approach, there is disproportionally less work done on the inferential side of the classifi-
cation problem. The classical ERM approach obtains an optimal # by minimizing the empirical
risk. However, in such an approach, neither the associated true risk nor the posterior distribution
for 0 that achieves such a true risk are known to us (although we may be able to find an asymp-
totic confidence interval for the true risk based on the minimum empirical risk). An alternative
Bayesian approach is to model the probability P(Y = 1|X = z) either parametrically or non-
parametrically, and then use a likelihood-based posterior, see for example, Coram and Lalley
(2006). In comparison, our proposed method can describe, for example, the posterior distribu-
tion of the risk associated with any action #, and on the other hand, the conditional posterior
of 6 to achieve a certain tolerant risk level ry. Therefore, instead of improving the prediction
accuracy and the risk minimization, which has already been paid a huge amount of efforts in the
data mining literature, our contribution is to provide a new language for probabilistic inference
on both the risk and actions.

The remainder of this chapter is organized as follows. Section 5.2 will introduce the basic
model framework and the posterior distribution based on the empirical likelihood. Section 5.3

presents the main results of this chapter. Section 5.4 comments the possible extensions to a
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more general risk function in data mining. Section 5.5 provides some simulation examples to
illustrate the main ideas of this chapter and demonstrates how they are used in practice. Finally,
Section 5.6 illustrates an empirical application of the credit classification using the German

Credit Benchmark data.

5.2. Empirical Likelihood Posterior Distribution

Consider the following equation
(5.3) r= ElpW.0)6 = [ p(W.6)P(a0)

where 6 is a parameter used in the action of data mining and r is the resulting risk. Here W =
(Y, X) with Y € {0, 1} being the label to be predicted and X as an input. The classification
loss p(W,0) = |Y — C(X,0)| where C(X,6) € {0,1} is a classification rule labelled by 6.
The probability measure dF'(1) is based based on the (true) distribution of . We assume the
action parameter ¢ belongs to an action space O, and therefore the parameter space for (0, 7) is
© x [0,1].

We will regard (@) as a moment condition and base on this alone, without further mod-
eling the distribution of W, construct a posterior distribution jointly for the action-risk param-
eters (6, 7). This can be done by applying the empirical likelihood generated by the moment
condition. Assume that we observe a data set D = (W7, ..., W,,), which are assumed to be iid
realizations of . The empirical likelihood based on is defined by (Owen 1990, and Qin
and Lawless 1994):

Ppr(DI0,r) = sup {[[pilpi >0.> pi=1Y_ pilp(W:,0) —r] = 0}
=1 i=1 =1

P1,--5Pn
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(5.4) = eXp{—rlr}gg;log{l + ulp(W;,0) — r}}.

The empirical likelihood procedure has a good distribution interpretation using information
theory. Let P denote the space of probability measures on the Borel o—field on R4™(W),
Define M(0,7) = {u € P : [ p(w,)du(w) = r}. It can be verified (see Kitamura 2001) that
the empirical likelihood is the solution to

inf  I(p||P
petly T imllP)

where 1, denotes the empirical measure of D, and I(P;||P,) denotes the Kullback-Leibler dis-
tance between P, and P». Therefore, although (5.4) is not the true likelihood function based on
the data, it is the best approximation to the empirical distribution of the data under the moment
restriction (5.3), in terms of the Kullback-Leibler distance. This yields the Bayesian interpre-
tation of the posterior distribution based on the empirical likelihood of this chapter. Suppose a
prior distribution (6, r') is assigned in some sense, the resulting posterior then becomes (up to
a normalization factor):
(5.5) P(0,7|D) x exp {— ISS%Z; log{1 + plp(W;,8) — T]}} 7(r,0).

Instead of achieving a better risk minimization, in this chapter we are aiming at providing a
new language for probabilistic inference on the risk and action. The posterior distribution is a

flexible formalism that allows us to derive a number interesting results, for example:

(1) P(r|@, D), which is the posterior distribution of the resulting risk achieved by a given

action 6;
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(2) P(O|r = ro, D) or P(f|r < 1o, D), which is the posterior distribution of the action 6
needed to achieve a risk being ry or at most r respectively;

(3) PO € Ailr < ro,D)/P(0 € As|r < 19, D), which compares the posterior proba-
bilities of two ‘models’ A;  (or two sets of actions), in order to achieve risk at most
7.

(4) P(r|D), which is the posterior distribution of the achievable risks by all possible ac-

tions # from the support of the prior ©.

Note that the risk r is defined by » = E[p(W, #)|6], which depends on the action parameter
¢ and the underlying distribution Py, and therefore can be written as r = (6, Pyy). Here r is
not fixed even if 6 is, because Py is unknown and depends on the unknown parameters, and
therefore, from a Bayesian point of view, is random. A possible alternative way is to put prior
on (6, Py ), and obtain the posterior of r from r = (6, Py/). However, it is then necessary
to model Py non-parametrically. Our proposed approach is more convenient: by putting the
joint prior on 7(r, §) directly, we can let the data tell the functional relationship between r and 6
through the joint posterior distribution. For example, in the simulation study of Section[5.5] the
priors of r and 6 are assumed to be independent. However, the scatterplot of the MCMC draws
of (r,6) from the posterior distribution (Figure clearly illustrates a functional relationship

between them.

5.3. Main Results

In the classification problem when p = |Y —C(X,0)|and Y, C(X,0) € {0, 1}, it is straight-

forward to verify that the empirical likelihood and the corresponding posterior distribution have
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explicit analytic expressions. Define the empirical risk
(5.6) R(O) =n"" > |¥; = C(X;,0)|.
i=1
The following theorem says that, in the classification problem framework, the log-empirical
likelihood function is proportional (up to the scale —n) to the Kullback-Leibler distance be-

tween two Bernoulli distributions with success probabilities fﬁ(&) and r respectively.

Theorem 5.3.1. When p = |Y — C(X,0)| and Y,C(X,6) € {0,1} R(8),r € [0,1], where

R is given in , then the posterior distribution for (0,r) using the empirical likelihood is

given by
(5.7) P(0,7|D) o< exp(—nK (R(0),))m(6,r),
where
pln(p/q) + (1 —p)In{(1 —p)/(1 — @)}, ifp,q € (0,1)
(5.8) K(p,q) = +00, ifpe (0,1,¢g=0,0orpe|0,1),g=1
0 lqu[O,l),p:O, 07’(]6(0,1]7]):1.

\

PROOF. See the Appendix.

Note that does not identify (6, r) (nor necessarily 6|r). That is to say, the posterior
distribution of (6, ) will not degenerate to any single point even asymptotically. Based on a
treatment similar to Liao and Jiang (2010), however, we can derive a posterior consistency result

for this partially identified framework. The following theorem is our main result of this chapter,
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which shows that the posterior P (¢, r|D) will cluster around the region of true parameters that

satisfy the momement condition (5.3).

Theorem 5.3.2. Consider the classification case, when p(W) = |Y —C(X,0)| andY,C(X,0) €
{0,1}. Denote R(0) = E[p(W,0)6], R = n~ ' 3", p(Wi,0), and 1(f,r) = min{R,1 —
R,r,1 —r}. Assume the following:

(i) The prior n(|R — r| < §,n > 7) > 0 for any postive constants 6, T;

(ii) supgee | R — R| —F* 0 in the probability of D as n — oo;

then for any € > 0, we have: in the probability of D, as n — oo
P(R(0) —e <r < R(0) +¢|D) —"* 1.

PROOF. See the Appendix.
Intuitively, a generalized posterior consistency theory implies that the posterior distribu-

tion should be asymptotically supported around the set of minimizers of nK (R(f),r), the

A

power in the likelihood function. Since K (R(#),r) is the Kullback-Leibler distance between
Bernoulli(R(#)) and Bernoulli(r), it is minimized when R(6) and r are close to each other.
This theorem indicates that the posterior of (r,0) based on the empirical likelihood indeed
asymptotically clusters around the curve defined by the moment restriction {(r,6) : r = R(0)}.
Therefore, even though the posterior of the risk R(f) is unknown (since it also depends on the
unknown distribution Py ), we can look at the posterior of r instead.

The following corollaries describe two useful implications. The first says that if we would

like to find actions to control the true risk to be at most some desired risk level r(, then we can

use actions randomly generated by the conditional posterior distribution P(0|r < r¢, D), which
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will tend to generate actions € that have resulting true risks R(6) at most a little bit worse than

the desired level r.

Corollary 5.3.1. Suppose that P(r < ro|D) > & for some constant § > 0, then under
the regularity conditions in Theorem , for any e > 0, P(E[p(W,0)|0] < ro+ €|D,r <

.
ro)—" 1 asn — oc.

PROOF. Denote R = E[p(W,0)|0]. Then P(R > ro + €|D,r < ry) = P(R—19 > €,1 <
ro|D)/P(r < ro|D) < P(|R — 7| > ¢|D)¢~ =70 due to Theorem (5.3.2). Q.E.D.
Define r* = infypce E[p(WV, 0)|0], the minimum expected risk over all the actions in ©. The

next corollary states that the posterior distribution for r has no support below r* asymptotically.

Corollary 5.3.2. Under the regularity conditions in Theorem , forany e > 0, P(r <

r* —e|D)—=""0asn — oo.

PROOF. P(r < r* —¢|D) = P(r + ¢ < infy R|D) =" 0 due to Theorem (5.3.2).

Finally, for the sake of numerical computation, we point out that the Beta distribution is
a conjugate prior for the conditional posterior distribution of 7|6, D. To be more specific, if
the priors for § and r are independent, and 7(7) is Beta(a, b), then straightforward calculation

yields:

P(r|0,D) ~ Beta(nR(0) + a,n(1 — R(9))+b)

PO|D) o w(0)RO) O (1 = R()) " RO B(nR(0) + a,n(l — R(6)) + b)

where B(a,b) = [}

o N1 — ).
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5.4. More general risk functions in data mining

It is noted that while we have focused on the classification risk, the current method and and
theoretical results can be easily generalized to other risk functions of the form R = E[p(W, 0)],
where p = f(Y,A) with Y € {0,1} and A = A(X,0) € {0,1}. (One simple example is a
linear rule A = (X6 > 0) parameterized by 6.) For one example in a data mining context:
A marketing effort A = I[mail] of mailing out an advertisement with cost ¢ = 1 will be
based on z (including, e.g., gender, age, ethnic group, education, ...). The outcome will be
Y = I[purchase] where a purchase will lead to net income g = 100. Then one would like to
maximize the expected profit E[(¢gY — ¢)A] or minimize a risk R = constant — E[(gY — ¢)A].
Here up to a constant, f(Y, A) = —(gY — ¢)A, so that f(0,0) = f(1,0) =0, f(0,1) =c=1,
f(1,1) = ¢ — g = —99. Such profit-and-loss decision matrices are included in popular data
mining software such as SAS Enterprise Miner. We can apply the proposed method to construct

a posterior distribution jointly for the action parameter a and the resulting risk 7.

5.5. Simple Monte Carlo Example

Let the data be generated from the following design

Y = I(3X—5>0)
X ~ N(0,1), ¢ ~ N(0,3)

where X and e are independent. We apply the classification rule C'(X,0) = I(x_p>0). Let

p(0) =Y — C(X,0)|, one can then show that the expected risk is given by

(5.9) E[1(0)6] = Ex{[l — ®(V3X)|I(x>0 + P(V3X)(x<p)}
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where the expectation Ex is taken with respect to the distribution of X, which is standard
normal. We generated n = 1000 data points (Y7, X1), ..., (Y., X,,). The posterior for (6, r) were
constructed according to based on the empirical likelihood, with priors 7(0) ~ N(0,1),
m(r) ~ U[0,1], and 7(6, r) = m(#)m(r). According to Theorem[5.3.2] the posterior distribution
should be clustered around the risk curve {(0, E[l(6)|0])}. To illustrate this matter of fact,
B = 10,000 MCMC draws were generated from the posterior. In each step of the Metropolis
algorithm, we used proposal density ' ~ N(0*~1 0.5), and ' ~ UJ0, 1]. The first quarter of

the draws were discarded to ensure that the MCMC procedure becomes stationary.

0.55
0.5
0.45
0.4
0.35
0.3
0.25

0.2

Figure 5.1. Design 1: Expected risk curve and MCMC draws

Figure[5.1|plots the expected risk curve E[l(6)|6] against 6, and the scatterplot of the MCMC
draws of (6, r) from the posterior distribution. It is clearly illustrated that the MCMC draws are
clustered around the true expected curve, supporting our posterior consistency result.

Our method also gives the posterior distribution of the action 6 to achieve a certain risk

level. For example, if we want to control the classification risk to be at most 5% minimum
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quantile of the posterior distribution of 7, let ry be the 5% quantile of the MCMC draws of r,
ro = 0.1795, then the desired posterior for 6 is given by P(0|D,r < ry). If we want to control
the classification risk to be the at the minimized empirical risk level ming }?(9) = (0.1748, then

the posterior is given by P(A|D,r = ming R(6)). See Figure [5.2]as the plotted posteriors for 0

respectively.

Figure 5.2. Left: P(A|D,r < ry); Right: P(A|D,r = min R)

In addition, we can also plot P(r|D,0 = argminy R(6)), which is the posterior of the
risk given the optimal action arg miny }?(0) From the previous discussion we know that the
uniform prior is a conjugate prior for P(r|0, D). Therefore, P(r|D,0 = argming R(f)) is
Beta(min R 4 1,7(1 — min R) + 1). Finally, note that in this design, ming E[1(6)|6] = 0.168.
The marginal posterior of 7 is also plotted, which is obtained by numerically integrating out 6.
The plot indicates that the P(r|D) has not much support below the minimum expected risk. See
Figure [5.3|for these plots.

The final Figure [5.4| plots the theoretical risk E[l(6;)|6;] versus the controlled level of risk
0, where each 6; is from one of the MCMC draws (6;, ;), whose corresponding r; is less than
or equal to 7, and E[I(6;)|6;] is as given by (5.9). Therefore, one can think of the dots in Figure
5.4 with the same horizontal axis r( as the distributions of the theoretical risk £[/(6)|6], where

0 is generated from P(0|r < 1o, D). We can see that almost all the dots are below the identical
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Figure 5.3. Left: P(r|D,#* = arg ming R); Right: P(r|D)

T
I\

line y = ro. This indicates that, once the action parameter ¢ is generated from the conditional
Yy p g
posterior P(f|r < 1o, D), with the risk being controlled under level r, the theoretical L, risk

will also be less than or equal to 7.

Figure 5.4. E[l(0)|0] : 6 ~ P(8|r < ro, D) versus g
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5.6. German Credit Data: an Empirical Application
5.6.1. Data set and model specification

As an empirical example, we apply the proposed Bayesian empirical likelihood method to

the credit risk classification, using the German Credit Benchmark data set provided by Asuncion
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and Newman (2007). The data set consists of n =1,000 past applicants and their credit rating
(GOOD or BAD), which serves as the target variable Y. In addition, there are 24 attributes
served as input variables, which are used as the covariates X. The attributes are either ordered
categorical, such as “Credit History”, “Personal Status and Sex”, “Housing”, “Employment”,
or numerical, such as “Credit Duration”, “Credit Amount”, and “Age”. See Asuncion and
Newman (2007) for a complete description of the data set.

The classification rule using the jth observation is C'(X;, 0) = 1(X;;6p+6, +Z?ig X0 >
0). Here X;; denotes the realization of individual j on variable X;,7 = 1,2, ...,24. Note that
for the identifiability in regular binary response models, Horowitz (1992) suggested that X
should be a continuous variable whose coefficient , € {—1,+1}, i.e., X; is always kept in
the model. Therefore, the components of the covariates are arranged so that X; denotes the
7th observation of “Credit Duration”, which is a continuous variable, and it is reasonable to
assume that it is related to each customer’s credit behavior. We also included an intercept term
6. In addition, to make sure the ranges of the covariates do not vary too much for the purpose
of comparison, the continuous attributes were normalized, i.e., subtracted mean and divided by
the standard deviation.

For the credit classification problem, the cost matrix is given by the following table.

Table 5.1. Cost Matrix

Classification
GOOD BAD
Target Variable GOOD 0 1
BAD 5 0

Note that the cost matrix is asymmetric, this is because the penalization for mis-classifying

a Bad target variable Y into Good should be more severe than the vice versa. Therefore the loss
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function is
p(Y, X;0)=1(Y = Good,C(X,0) = Bad) + 51(Y = Bad, C(X,0) = Good).

The method proposed in the previous sections can be applied for variable selection. Let ¢ =
(11, ..., 194) denote a vector of selection indicators such that for each i = 1,...,24, ¢, = 1
if variable X, is selected, and i); = 0 otherwise. We then have the “entered” parameters
v = (0191, ..., O241094). A zero component of 6% means that the corresponding covariate is
not included. The first component is set to ¢; = 1 so that the intercept ¢; is always kept in
the model. Therefore the actual classification rule based on the “entered” parameters 0Y is
C(X;,0%) = I(X1;00 + 01 + >,y Xij0:0: > 0).
The log-empirical likelihood function for (6, r, ¢)) is thus given by
log EL(6,r,¢) = — rggﬁcg log{1 + p[p(Y;, X;,6%) — 7]}

Let || denote the number of nonzero components of ¢/, and I}, denote the k x k identity matrix.

We specify the priors as follows: 7(0, r, 1) = w(01), r)7w (v, r) = 7(0¥ )7 ()7 (r), where

Oy =2y —1, v ~ Binomial(1,0.5)
01 ~ N(0,101)y), 7~ Uniform[0,5]

W; ~ Binomial(1,\),i =2,...,24 1 = (1,19, ...,194)

A is a pre-specified parameter, determined by the expected number of selected covariates. The

posterior distribution is then given by

p(0,v,r|Data) o FEL(O,r, w)e—%ZfiIG?wi)\lwl—l(l — N2 PII0 < r < 5)
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24

1
logp(0, ¢, r|Data) = log EL = 75 3 07¢: + (19| = 1)log A+ (24— ]} log(1 —

=1
+1log I(0 < r < 5) 4+ Constant

5.6.2. Algorithm description

The Metropolis-Hastings algorithm was conducted to obtain the MCMC draws from the
posterior distribution. Similar to the algorithm proposed by Chen, Jiang and Tanner (2009),
each iteration combines BETWEEN steps that propose changes between different models, with
the WITHIN steps that propose changes of § within a fixed model. These steps are given as
follows: (in the algorithm below, denote ¢(¢;) as the density of N (0,0.5).)

BETWEEN Step Update 6 to ¢’ with model indices changing from 1) to v’.

(1) (Add/Delete) Randomly choose an index j € {2, ...,24}.
e If 1); = 1, propose ¢ = 0 and let ¢, = 0 with all remaining components of ¢

unchanged. This proposal is accepted with probability

. p(elawlvr’Da’tQ)Q(e')
m{l p(0.0 1| Data) }

e If ; = 0, propose ¢/ = 1, and generate ¢, ~ N(0,0.5) with all remaining

components of # unchanged. This proposal is accepted with probability

min{l p(0, ¢, r|Data) }
"p(0,%,r|Data)q(6))

(2) (Swap) When 1 < |¢| < 24, randomly choose two indices k,[ € {2, ..., 24}, such that

Y, = 0 and ¢y, = 1. Propose ¢, = 1 and ¢); = 0, and ¢}, ~ N(0,0.5),6;, = 0. This
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proposal is accepted with probability

. p(¢', ¢’ r|Data)q(6;)
min {17 p(97¢’r|Data)Q(%) }

WITHIN Step Update 0’ to 0* with model indices fixed and with the nonzero values of ¢’
changed: For each index j > 1 such that ¢/, = 1, generate 07 ~ N(¢,0.5). Generate
v ~ Binomial(1,0.5), and let 6y = 2y — 1. Generate r* ~ Uniform|0,1]. Accept 6*

with probability

ind p(6*, ¢, r*| Data)
" p(0,, r|Data)

Each candidate model can be indexed by a specific realization of 1), hence denoted by M.
Let ry denote the certain level at which the risk r is to be controlled. We compare the candidate
models by the conditional posterior probability P(My|r < ry, Data). For each realization of
1, let By, denote the number of appearances of ¢ in the MCMC draws whose corresponding
r is less than or equal to 7y, and let B,, denote the number of draws with r less than or equal to

ro. Therefore P(M,|r < ry, Data) can be estimated by

. B
(5.10) P(My,r) = =2
B,

5.6.3. Result

The algorithm described previously was carried out for B = 2, 0000 iterations, with A =
0.4. The first one fifth of the draws were discarded for the MCMC procedure to warmup. The
minimum sampled risk is 0.65 (note that the loss function p(Y, X; §%) is continuously supported

on [0, 5]), and the 1%-percentile is about 0.68. When r € [0.65, 0.68], only two sampled models
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have probability higher than 0.1. Table[5.3]summarizes the selected variables in the correspond-
ing models. In addition, Figure plots the estimated posterior probabilities P(M ,70) (5.10)
of thirty of the sampled models, as functions of ry. As r( increases, the posterior probabilities
of the sampled models decrease, since there are more models sampled. This demonstrates that
if the level of the risk that is tolerable is large, many different types of models can achieve it.

To verify that the theoretical risk level vy = 0.68 is actually achievable, the original data set
was then randomly divided into two groups: training (2/3) and validation (1/3). Both models in
Table [5.3) were first fitted with the training data. For each model M, we generated 10,000
MCMC samples of the corresponding selected action parameters {6'}.2% from P(f|r <
1o, training data, M;). These draws were then used to construct the classification rules with the
validation data (Y7, X3), ..., (Ya, Xio). The posterior expectation (based on the training data)
of the empirical risk (based on the validation data) is defined as E[-- =D ey p(Yi, Xis 0)r <
To, training data, M;], which is estimated by the MCMC sample analogue:

5.11)

10,000 7,

) . 1 o .
R; = 10,000 1, Z ZP Yi, X; 0°) [n—v;P(Yk,Xk;Q)V < 1o, training data, ;]

In addition, for each M;,j = 1,2 in Table we calculated the optimal action 6;) by mini-
mizing the empirical risk based on the training data
Oy = argmimi Z p(Yi, Xi,0'97)
(4) 0 n 1y <Xy

¢ i€Training

where ¢ corresponds to model M;. The optimal action was then used to generate the classifica-

tion rule C'(X, #) for the validation data. The empirical risk of model j based on the validation
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data is given by

. 1 ,
(5.12) min-ER;j=— Y p(Y;, X;:0(,0)

Y ieValidation

To see whether model selection can lead a better prediction accuracy, we also compared Rj and
ER; with the empirical risk based on the validation data without model selection FR-ALL,
where the classification rule was generated by minimizing the empirical risk of the training
data, using all the 24 covariates. Table summarizes Rj and min-£'R;. We can see that
ro = 0.68 is achieved by both models M : j = 1, 2. In addition, after minimizing the empirical
risk using the training data, the optimal action parameter for both models indeed have led to a
better empirical risk on the validation data (.682 and .679), compared to the empirical risk using
all the 24 covariates (.730). On the other hand, the selected models have better interpretability

of the rationale for the credit decision.

Table 5.2. Comparison of R versus ro, min-E R versus FR-ALL

Model R ro |min-FR FER-ALL
M, 0.679 0.680| 0.682 0.730
My 0.659 0.679

R, min-ER, and ER — ALL represent the posterior expectation of the empirical risk after
model selection (5.11)) , the empirical risk after model selection (5.12)), and the empirical risk
without model selection. All the action parameters are calculated based on training data, and

empirical risks are based on validation data.
Table summarizes the accuracy for correctly classifying a good customer (Type I), bad
customer (Type II), and the overall classification in the validation data, defined as the ratio of
correct classifications (Type I, Type II and overall) over the total number of good, bad, and

overall customers respectively. The classification action is obtained by using the training data,

as argming -- 37 p o (Vi Xy, 6'97), where ¢/ corresponds to model M; : j = 1,2 in
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Figure 5.5. Estimated P(My|r < 1o, Data) versus rq

0.7—

06—

04— ‘

03 ‘

01—

0.65 0.7 0.75 0.8 0.85

Table [5.3] Since the loss function pays five times more penalization on mis-classifying BAD
customers than mis-classifying GOOD customers, the optimal classification rule under the se-
lected models yields very good Type II prediction accuracy, which protects against accepting
the BAD customers. Model M, appears to yield a better classification: while maintaining a
high accuracy of the Type II classification, it performs much better in the Type I and overall
classification.

Finally, we point out that the selected variables in the optimal models are sensitive to the
choice of \. Here A\ denotes the prior expectation of the number of selected variables, which
was set to 0.4 in our application. Hence a priorily we expect around 10 variables to be selected.

If it is set to other values, the selected variables may be different. This fact is reasonable, since

0.9
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Table 5.3. Models with r» < 1%- percentile

Model Variables Posterior Probability
M, Duration of Credit 0.5
Credit History
Credit Amount

Present Employment Since
Real Estate Property
Age
Num. of Existing Credits at Bank
Num. of People Being Liable
Other Debtors/ Guarantors
Credit Purpose
M, Duration of Credit 0.5
Credit History
Credit Amount
Present Employment Since
Real Estate Property
Age
Num. of Existing Credits at Bank
Num. of People Being Liable
Other Debtors/ Guarantors
Telephone

Table 5.4. Classification Accuracy

Model Typel Typell Overall
M, 0.195 0916 0.426
M, 0478 0.841 0.595

different groups of variables, due to the collinearity, may have the same effect on the target

variable, and therefore yield to similar classification results.

5.7. Discussion

We considered a Bayesian joint probabilistic inference on the action and the associated risk

in the classification problem. The posterior probability is based on an empirical likelihood,
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which imposes a moment restriction relating the action to the resulting risk, but does not other-
wise require a probability model for the underlying data generating process. As there is no need
to assume the true likelihood function, such a Bayesian approach based on a moment-condition
likelihood is attractive and promising in huge amount of application areas. It has been shown
that this procedure works well when the sample size is large, since the empirical likelihood can
be interpreted as the approximation to the true underlying likelihood function asymptotically.
On the other hand, however, how our proposed posterior behaves in the finite sample case is
still an open and interesting question, which will be left in the future studies.

Another important feature of our approach is that the parameters (6, ) are not fully identi-
fied, i.e., the posterior density does not degenerate to a point probability mass, but asymptot-
ically clusters around the curve {(6,7) : E[p(W,0)|0] = r}. Therefore we can generate the
desired action § from P(0|r, Data), given a controlled level of risk rg. We illustrated by exam-
ples how this method is used to describe the posterior of the actions to take in order to achieve
a low risk, or conversely, to describe the posterior of the resulting risk for a given action. In
addition, this approach can also be applied to model selection.

Recently, there has been a rapidly growing frequentist literature on the models where the pa-
rameters of interest are not fully identified, whereas the literature on Bayesian approach is com-
paratively much less. Therefore our method is also an important contribution to the Bayesian
partial identification literature. However, there are many other important open questions to be
understood from a pure Bayesian perspective. For example, how do we construct an objective
prior when the parameter is not identified? In this case, nether the Jeffreys’ prior (1946) nor the
reference prior (Bernardo 1979) exist. The reason is that the information matrix is singular due

to the lack of identification. These problems, of course, deserve further careful research.
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APPENDIX A

Technical Proofs for Chapter 2

A.l. Proofs for Section 2.2: Theorem 2.2.1

PROOF. Let g(Q)™¢ = {z € ¢g(Q) : d(z,g(Q)°) > €}, and g(Q)*Tc = {x € ¢(O) :
d(z,g(€2)) < €}. Letinf g(Q2) = infyeq g(#), and sup g(£2) = supye 9(6). Ve > 0, we proceed

by two steps: first show 3N € N, whenn > N, Ve > 0,

g Cyg

and then show 3N € N, whenn > N, Ve > 0, g C g(Q2)™.

Step I-1: show ¢(Q2) = [inf g(£2), sup g(€2)]. Obviously, g(2) C [inf g(£2), sup g(£2)]. On
the other hand, Vx € [inf g(£2), sup g(£2)], since €2 is compact, 36;, 0, € Q, so that g(0;) < x <
g(02). By assumptions, €2 is connected and g is continuous. By the intermediate value theorem,
30" € Q, v = g(6*). Hence = € g(02).

Step I-2: show 30* € A, and a ball B(6*, R*), so that B(#*, R*) C {# € © : g(f) <
infygeq g(Q2)~}: In fact, Ve > 0, it follows by step I-1, g(£2)~¢ = [inf g(2) + ¢, sup g(Q2) — €.
Hence infpeq g(©2)~¢ = inf g(2) + e. Moreover, 36, € Q, g(f;) < infg(Q) + e. By the
continuity of g, there exists a ball B(6, R), such that Vw € B(6;, R), g(w) < inf g(2) + e.
Hence B(A1, R) C {0 € © : g(0) < infpeq g(2)~}.

If 0; € A, thenlet 0* = 6, R* = R. If 6, € Q\ A, since A is dense in 2, B(6;, }5%) NA # .

Pick up 0, € AN 3(917 %), Vo € B(eg, %), then d(9791) < d(6’,92) + d((92,(91) < % + % < R.
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Hence 6 € B(6:, R). It follows that B(6, &) C B(61,R) C {6 € © : g(0) < infeq ()},
and 0, € A. Let 0* = 0y, R* = %.

Step I-3: show g(€2)~¢ C g for large n: By condition 2 in Theorem 2.2.1, for 6%, there exists
Rp«, and N € N, such that when p < Ry« and n > N, P(0 € B(0*,p)|X™) > 7, w.p.a.l. Let
Ry = min{ Ry, R*}, then B(6*, Ry) C {0 € © : g(#) < infpeq g(2)~°}. Hence whenn > N,

Vo € g(Q)7,
Fy(z) = P(g(0) < 2| X") > P(g(0) < inf g(Q)~|X") > P( € B(6*, R1)|X") > m,

Hence z > F,'(m,). Likewise we can show x < F~'(1 — m,). Therefore g(2)~ C
[Fy N (), Ey (1 = )]

Step II: show for large n, g C g(€2)™: Step I-1 implies g(2) "¢ = [inf g(Q)—¢, sup g(Q)+e].
Vo € [g(Q2)T]¢, either z < inf () —e, or & > sup g(Q) +e. If x < inf g(2) —¢, then {0 € O :
g(0) <z} C {0 €0O:g() <infg(N) — e}. In addition, since g is continuous on ©, 36 > 0
such that when d(6,2) < 4, g(0) > inf g(2) — €. Therefore V0 € {0 : g(f) < inf g(Q2) — €},
d(6,€) > &, which implies {6 : g(0) < inf g(2) — e} C (Q°)~°. By condition 1 in the theorem,

AN € N, whenn > N, P(6 € (Q°)7°|X") < m, w.p.a.l. It follows that
P(g(9) < 2] X") < P(g(f) < inf g(2) — €| X") < P(0 € () °|X") <y

Hence © < F, ' (m,). If # > sup g(Q) +¢, by a similar argument we can show 2 > F, ' (1 —,).
Therefore, for n > N, if v € [F, " (m,), F, ' (1 — m,)], then x € g(Q)*. This implies § C

g(Q)*e.

Combining Step I, II, since € is arbitrary, dg (g, g(€2)) — 0 in probability. [J
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A.2. Proofs for Section 2.3

Throughout the proof, we denote () as the empty set, and ;1(A) as the Lebesgure measure of

set A.

A.2.1. Proof of Lemma 2.3.1

PROOF. Recall that (2°)7¢ = {6 : d(6,Q) > €}, which is compact. V0 € ()¢,

minj% < 0. 30" € (Q°)° so that supye(ge)— min; E%’e) = minj% < 0.
Let
Em;(X,0
d=— sup minM>0

ve@ ) I VT
then V0 € (2°)~¢, min; EW\Z}%’Q) < —¢ < —3%, which implies (%)~ C As. Hence PO €
(Q2)71X") < P(0 € A5 X7) = 0p(an).

A.2.2. Proof of Theorem 2.3.1

The following lemma is useful.

Lemma A.2.1. With probability 1,

m(@) (V)
(A.1) P(Zzo)21_p.q><_\/ﬁm}n{ﬂ7n}>

= () — V¥
(A.2) P(ZZO)S@( nmln{ﬂ%(@)—n})
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PROOF. Let Z = (Zy, ..., Z,)".

(B.1):

) =1 vy
S1-p.® (_\/ﬁm}n {mj(H) —Uj‘jfw)j/n})

(B.2):

J

m; () — V),
P(Z>0)<minP(Z; >0) =27 (ﬁmm J—n})

Proof of Theorem 2.3.1

PROOF. (1) According to Lemma 2.3.1, it suffices to show that, for any 6 > 0, P(# €

As|X™) = op(e7"), for some o > 0. Define

As = {Q:m.inM < —(5}

J 1/?Jjj

Then

P(0 € As|X™) /Ap(Q)L(Q)dQ

AsnAs =




160

where

Aj_{G:W<—5}ﬂ{9:L);Q)Z—5J— ,...,p}

27

By weak law of large number, A; — ¢. Hence p(A;) = 0, for any j. Then p(As N
AS) = u(U;Aj) < > 1(Aj) = Ow.p.a.l. Thus w.p.a.l, P(6 € A;|X™) < Const fA(S p(0)L(6)d6.

In addition, w.p.a.1, for some € > 0,

L) = P(Z>0)e " OV Ty,

Const - P(Z > 0)el¥lsupacsl En(xo)l+o+

< Const-® (\/ﬁmjin % + Op(%))

IN

Therefore w.p.a.l,

PO e As|X™) < Const-/ p(0)P (\/ﬁmjinw—kOp( ! )) de

i VUi Vi
< Const-®(—6y/n + Op(\/iﬁ))
< Const-®(—=+/n)

(2) For any integer k£ > 0, define

; 1
QO = {9 : min Em;(X,6) > —}
J v Vjj k
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Qo = {9 cmin Em;(X,0) > 0}
j

For any = C (2, for any integer £ > 0 and Ve > 0, by Lemma|A.2.1] w.p.a.1,

ﬁPWﬂWW9Z/‘ p(6)L(6)d6

2N,
> Const / o0 (1= p- [ - i min 74O —ﬁ(ij/n» y
=N i i
> Cmﬁ/‘ @ [1-p @ —v%mnEm*&@&;_”w%m)>M
=Ny J P
. Em;(X,0)
0)(1—p- |- “C 7 ) de
o (150 )
> Const/ p(0) (1 —p-® (_\2/_];>) do
2NQy,
> C?“Pw =N Q)

Note that ), C Qj1q, and [, O = Qu. Hence limy_.oc P(EN Q) = P(2N Qx),

which implies that, for some constant C' > 0, w.p.a.1, [Z p(9)L(0)d6 > CP(EN Q).

P € 2N Q)

where P(Q2/€)g) =

= P(ENQ) =PENQ)—PEN(2/Q))
= P(E)-PEN(Q/Q)) > P(E)— P(Q/Qh) >0

P(min; Em;(X,0) =0) = 0.

A.2.3. Proof of Theorem 2.3.2

PROOF. In Theorem 2.2.1, let A = int(€2), dense in Q2. Vw € int(Q2), IR > 0, such that

B(w, R) C €. Since 7, — 0 but P(# € B(w, R)|X") is bounded away from 0 according to
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theorem 3.1-2, hence for large n, P(6 € B(w, R)|X") > m,. Therefore, by Theorem 2.2.1,

[F_1<7Tn)v Fg_l(l — )] — g(§2) in p.

g

A.2.4. Proof of Theorem 2.3.3

The following lemmas are useful:

Lemma A.2.2. In probability,

(A.3) lim sup Iglaédnp(ﬂX") < 00
n—o00 €

Ve > 0,

(A4) liminf inf p(A|X™) >0

n—oo fe—¢

PROOF. (A.3): For some ¢ > 0,

lim sup sup L(60) < [ g;elICowocall EmCxolore < o

n—oo 0O j

Thus

lim sup max Inp(6|X™) = Constlim sup max Inp(f)L(0) < C-In(sup p(#)-limsup sup L(#)) < oo
€

n—00 n—oo € 0O n—oo €O

(A4): Ve >0,

liminf inf L(A) > Const-liminf inf P(Zy > 0)e IIVI-cupocollEm(X0)i+e)
n—oo fe—¢ n—oo @e)—¢€
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> C-liminf inf P(Zy >0) >0

n—oo fe—¢

Here C' denotes a positive constant. The last inequality follows since Zy ~ N,(m(0) —

Vip/n,V/n), and Q¢ C Q, and Em(X,60) > 0 on €.

Lemma A.2.3. In probability,

(1) Ve > 0,

limsup sup |ma,é<lnp(w|X”) —Inp(O|X™)| < o0

n—oo feQ—c W€

(2) If e, < n, Ve >0,
€n

Inp(0|X™)|

infge(ﬂc)—e

PROOF. (1) For each n,

Sup, | maxInp(w| X™) — Inp(9]X")| = max Inp(f].X") — inf Inp(6]X")

The result follows immediate from Lemma A.2.2.

(2) w.p.a.l,Inp(6|X™) < 0 on (£2°) ¢, hence

inf |Inp(d|X™)| = — sup Inp(6|X")
e(Qe)—e be (9) <
> —Const-In sup L(0)
0e(Q2e)—¢

> —C-In sup P(Zy>0)
0e(Q2e)—e

> —C-In sup & <\/ﬁmin m;(0) — (V@D)j/n)
0ec(Qe)—¢ J M
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As shown in the proof of Lemma 2.3.1, there exists some ¢ > 0 such that ()~ C

As, where A5 = {0 : min; w < —¢6}. Thus w.p.a.1,

inf [Inp(6]X")| > —C-lnsup @ (\/ﬁmm mjw)—(ij/n)

0e(Q2e)~ 0cAs \/@
> —C-lnsup ® (\/ﬁmjn m]_w))
OcAs J 2‘ /Vjj
> —C-In @(—g\/ﬁ)

> —C’l-n—i—C’glnn—I—C’g

where C > 0, Cs, C3 denote finite constants. This implies infye e« | In p(6|X™)| =

O,(n). O

Proof of Theorem 2.3.3

Ve > 0, since €, — 0o, then by Lemma A.2.3-(1), 3N € N, whenn > N, for any 6 € (27,

max Inp(w|X") —Ilnp(0|X") <e, w.p.a.l.

w€eB

Therefore when n > N, Q¢ C A,,, which implies lim sup,,_, . supycq d(0, 4,) <e.
On the other hand, let M = liminf, .. maxgece Inp(f|X™). By (A.3) in Lemma A.2.2,

M < co. Moreover, by (A.4),

M > liminf igf Inp(f|X™) > Inliminf iléf p(0|X") > —o0
e« e«

n—oo @ n—oo @

Hence M € R, and by the definition of M, 3N; € N, when n > Ny,

rgleaéclnp(ﬂX ) > M —€
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In addition, V0 € (Q°)~¢, p(#|X™) — 0 in probability. Thus for large n, Inp(8|X™) < 0 on

(Q°)~c. dN, € N, when n > N,

inf |Inp(A|X")|=— sup Inp(f|X") >¢€,— (M —¢)
0e(Q2e)—e fe(Qe)—¢

where the inequality is followed by lemma A.2.3-(2). Therefore when n > N,.

(A.5) sup Inp(0|X™) < —€, + (M —¢)
0e(Qe)—¢

However, when n > max{Ny, No}, V0 € A, = {0 : max,co Inp(w|X™) —Inp(0|X™) < €.},
Inp(f|X") > max,eco Inp(w|X") —¢, > M —e—e¢,. Compared to (A.5), § ¢ (2°)°. In other
words, d(0,2) < e. It follows that

lim sup sup d(6,92) < e

n—oo 6OcEA,

Since € is arbitrary, dg(A,, ) — 0 in probability.

A.3. Proofs for Section 2.4

Define A5 = {0 : Emy(X,0)7V, ' Emy(X, 0) > 6}, and
Ay = {0 : Emy(X,0) = 0, min Emy;(X,0) < 0}
J

Lemma A.3.1. Y6 > 0, for some a > 0
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PROOF. Define A5 = {6 : imy(0)TV; 'ing(6) > 61,

/A pOVLO) = /A pO) L0 + / p(0)L(0)d0

< [ sor@ws [ poLos

A

AsNAS = {0 : Emy(X,0)TV, P Emy(X,0) > 6} N {0 : my(0)TVy Ming(0) < 6} — ¢ wpa.l.

Hence for large n, pu(As N Ag) = 0. Then IN, whenn > N, w.p.a.l,

/ p(8)L(6)d < / p<e>%e—3m2<e>%1m2<6>—wT<2112?m2<9>+m1<9>>+w21wde
A5 A (§] 2

For some € > 0, for large n,
e—¢T(Z;123Tm2(6)+m1(9))+%szfl¢ < elltbll(supeeeIIEIIZ?,TEmz(Xﬁ)JrEm(Xﬁ)|I+e)+6 <

©.9)

Thus for some positive constant C', and large n,

A

/ p(O)L(0)d < C - / p(0)e= 22O V2 ma0) g9 < ¢ g am
As
In addition, 1(As) = 0 and p(#)L(#) is bounded on O, hence
/ p(0)L(0)do g/ p(9)L(9)d0+/ p(0)L(0)do = Op(e_g")
AsUA2 As

Az

Lemma A.3.2. V) > 0, for some a > 0,
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PROOF. : V6 € (Q°)~°, then either 35(6) > 0,6 € As(p), or 6 € Ay, hence 0 € Asp) U As.
Thus (2¢)7° C Use(ae)-s[Aso) U As]. Note that Q)0 = {0 :d(h,) > §} is compact, hence

= {A51 U As, ..., Asy U Ag} - {A(g(g) UAs: 0 e (Qc)_é} such that
N
()7 [ J14si U Ay
i—1
Let 0* = min{d;,i = 1,...,N}. Fora > b > 0, A, C Ay, hence (2°)~° C Az U Ay. Therefore
| poreas< [ pOLE)ds o
(Qc)fé

A(;* UAs

Lemma A.3.3. If Zy follows N,(mq(0) + £ 'S5ms(0) — 2571, 1571, then Vw € Z,
JR > 0, in probability

liminf inf P(Zy>0)>0

n—oo feB(w,R)

PROOF. Let &,(0) = mq(0) + £ 'S5ma(0) — 1579, Vw € E, Emy(X,w) > 0. Since
Emq(X,0) is continuous on O, there exist ¢ > 0, and an open ball B(w, R;), such that
infge pw,ry) Emi (X, 0) > €, where the inequality is taken coordinately. Moreover, Emq(X,w) =
0; hence by the continuity of Emy(X,.), IR < Ry such that supyep, gy X755 Ema (X, 0)] <
€, where |.| denotes the absolute value, taken coordinately. Therefore, infoc (., r) (Emi (X, 0) +
Y 'ETEmy(X,0)) > 0. 3N, when n > N, w.p.a.l, coordinately.

1
. _ 15T = _ vyl —
eeél(ljﬁ)(ml(e) + X7 X3me(0) nzl ) 0@191(131%) £.(0) >0
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Let 0f; denote the jth diagonal element in ¥, and &,;(0) denote the jth element of &,(6).

Then

inf P(Zy>0) > 1—7r-®|—y/n inf minfnj(e)

0€B(w,R) - 0€B(w,R) J o2
\VARY)

infgepw.r) Enj (60
> 1—-7r-@ —\/ﬁmlnm veBw.r) Eni (0)

J 2
«/‘713‘

>, 0
Lemma A.3.4. Forany 3, — oo, Vw € =, 3R > 0, V0 < R, w.p.a.l,

1
/ p(0)L(0)dO = ——n~9?
B(w,d) B

where d = dim(6).

PROOF. Vw € =, it can be shown that (using Lemma A.3.3), 3R > 0, and a positive con-
stant C, such that [, o p(0)L(0)d0 > C [, R)p(&)e‘%mQ(Q)TV{lm?(")d@. For deterministic

V, ', and a vector a, write weighted norm ||||?- = a”V, 'a. Then we have

1, _
slIm2O) < [[Ema(X,0)[[3 + [Ima(0) = Ems(X, 0)]

By Assumption 2.4.3, for any 3, — o0, choose ﬂﬂvflufl, so that

= 2 Iv==t -1 —1—1.y/—1 1
e m2(0)=Em2 (X5, ~ ,—Infn =" — @:IIV I=HIv=" — =

B Bn
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For some constant o > 1, let U = {6 : ||Emy(X,0)[|} < 22} By Assumption 2.4.4,

JR' < R, such that for any 0 < § < R/, infygcp(,5)p(0) > 0. Then

/ p(O)L(O)d0 > C / L o@yao > 0 (B(w,s) n )
B(w,5) B(w,0)nU OOn B

To derive a lower bound for the Lebesgue measure of B(w,d) N U, note that Emy (X, 0) is
Lipschitz continuous, and Emy(X,w) = 0, 3 X > 0, such that V0 € B(w, ), ||[Ems(X,0)|* <

Al — w||*. Then

[Ema(X, )17,

IN

[Ema (X, 0)]17 - [VH?

IN

AV 1160 = wlf?

< MVTHPIE - wl

In v

where |0 — w|o, = max; |6; — w;|. Hence {6 : |0 — w|?, < NV

} C U. Moreover, for large
enough n, {0 : |0 — w|?, < ﬁ} C B(w, ), thus u(B(w,8) NU) > u({0 : |0 —w|: <

—/\”‘}11‘1””2”}) = (2, /—/\”‘lfﬂllz)dn*d/z. Hence [, 5 p(0)L(0)d0 - 5 2.
Proof of Theorem 2.4.1

(1) Let 8, = n/2. Lemma A.3.4 implies that [, p(9)L(#)d# -~ n~". Thus by Lemma A.3.2,

for some o > 0,

Jipe-s P(O)L(O)d0
o p(0)L(0)do n—d

P(0 € (29)7°1X") =

(2) The result follows immediately from Lemma A.3.4 and that [ p(6)L(0)d6 is bounded.
Q.E.D.

Proof of Theorem 2.4.2: It follows immediately from Theorem 2.4.1 and Theorem 2.3.2.
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APPENDIX B

Technical Proofs for Chapter 3

B.1. Proof of Lemma 3.2.1]

I proceed by proving (ii) = (iii) = (i) = (ii).

(24) = (di1): By (i7), there exists ¢y such that EM (X,0;) > 0. Let \; = EM,(X,6,),
then (EM, (X, 0,) — A\)TVo(EM,(X,0;) — A1) = 0. (4i7) follows immediately.

(1i1) = (i): YV > 0, if (4i7) holds, then there exists ,, and \,, > 0 such that (EM (X, 6,,)—
M) IVo(EM(X,0,) — A\,) = o(1). Since Vi > 0, we have EM,(X,0,) — X\, = o(1), which
implies (7).

(i) = (di): Since C is compatible, there exist {6,,} and X\, > 0 for all n, such that
|EMs(X,0,) — M)l = o(1). Since EM(X,0) is continuous on O, and O is compact,
{EM,(X,0,)},>1 is bounded, which implies that {),},>; is also bounded. Therefore there
exist subsequences {6, } and {\,, } and Ay > 0, 6, such that 6,, — 6y, and \,,, — Ao.
Since © is compact, y € O;. It follows from continuity that EM (X, 6,,) — EM(X,6).

Therefore, for all € > 0, for all large enough £,

|EM (X, 00) = Aol | < |[EM(X, 00) = EM(X, O )|+ EM (X, 0 ) = Any [ An = Aol | < €

Since € is arbitrary, EM (X, 00) = Ao with 6y € O, and A\g > 0, which yields (ii). Q.E.D.
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B.2. Proof of Theorem 3.4.1

Let
(B.1) L(X”|95,>\S,C’S):/ LX"(8,, ), Co)p(A|C) AN
Rp—m
(B.2) L(X"(0,,C.) / LOX"(0, s, Ca)p(r|Ca) A
[0,00)™

For any candidate C,

p(CIXY) x p(Cy) / / / . LOX"(02, A, C)p(0:]CpO|CL)p O | C)dfdNod e
O %x[0,00)™ xRP—™

(B.3) x p(Cs) L(X"|0s, As, Cs)p(As|Cs)dAsdOs

Os JAs>0

B4 o« p(C) / L(X"(0,, C.)p(6:]C.)d6
Os

A tedious calculation shows that

1 — — MS(Q) - /\s
L(X"|0,, s, Cs) = (2m)7P/2 det(S) 2 exp { —=(M,(0) — Ay, M2(6))S™!
2 _
M(0)
where
0 0 IS
S:K+ write S~! =n b
" \o 3 T %,

Assume [|[V|| = O(1), ||| = O(1). It follows that ||X]] = O(1),

Y]] < O(n™1), and
2| = O(n™).

When C is incompatible, since >; is positive definite, hence there exits 7 > 0, w.p.a.l,
infy,>00,c0,(Ms(0s)— )T (Ms—As) > 27. By (B.3)), there exists a constant C' > 0, w.p.a.1,

p(Co| X™) < Cnm2e™™ [ exp(—2MT (0S5 M, (6,)) [ o €™ M O=50p (N, |CL)dA b
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Since O is compact, Em(X, ) is continuous on O, || X3]| < O(n™1), and p(\,|C;) is exponen-
tial with fixed parameter ¥, p(C,|X™) = O,(n™/2e~"7), which is exponentially small.

When C is compatible, we can then calculate (B.2)), and use (B.4):
L(X"0,,Cy) = (2m) 2=/ det (Vy + ) "2 P(Zy > 0)e™® [ [ i, where

e 1} is the lower diagonal block of V.

o Zy ~ Non(ML(0) + T SEME(D) — L300, 20)

o 7(0) = —5M;(0)(Va +nX) ' M(0) — ¢ [ST"S3MI(0) + M(0)] + 5,0 ST
Note that det(V; + nX) = O(nP~™), hence for some constant C' = O(1), we can write

L(X™|0,,Cy) = CP(Zy > 0)e™®,

Lemma B.2.1. For any C; = (M, 0;), let Q; = {0 € O, M(X,0) > 0} (for

simplicity, write (M, ©;) to represent (Ms,, ©,)). In probability,

B3 lm p(CUX") = Cp(C) [ pl6u]Coye ™ PR SN0 BN g
n—oo QS
PROOF. p(C,|X") = Cs) Jo, P(01C)p(Zs > 0)e™Pdf. Let RHS denote the right-
hand side of (B.5).

[p(CL|X™)~RHS| < Cp(C.) / p(O1C)

S

—¢TEM,(0)—§ EME(0)S 1 EME(0) —p(Za > 0)67(0) do

Denote A(6) = p(8]C,) [1g, e~V EM-O-3EMEOSTEME0) _ (7, > 0)er@)], Write [p(C,| X™)—

RHS| < Cp(C ( Jor A@)d8 + [, AG)d6 + [, A(e)de), where

U, ={0€0,: EM/(X,0) > 0}
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Uy={0 € 0,: EM(X,0) >0,Em;(X,8) =0 for some m; € M}
Us = {0 € O, : forsome m; € M, Em;(X,0) <0}
We look at the integrations on U, © = 1, 2, 3 subsequently.

U;: Notethat Q, = {0 € ©,: EM,(X,0) > 0},and Zy ~ N,,,(M,(0)+Z ST Me(9)—
iy, E%l) Note that ||3|| = O(1), and ||33]] < O(n™1). For any € > 0, by uni-
form weak law of large number, w.p.a.1, supycy, |[P(Zs > 0) — 1| < e. Hence for

1o efwTEMS(0)7%EM§(9)2—1EM§(9) —p(Za > 0)67(9) <e Tt

large n w.p.a.1, SUPper,
follows that

A(6)d < e/ p(0]C)d6 < ¢

U1 Ul

Usy: The Lebesgue measure of U; = 0.
Us: VO € Us, lgen, = 0, hence A(0) = p(0|Cs)P(Zy > 0)e™®. Ve > 0, wp.a.l,

supy, P(Zy > 0) < ¢, thus for large n, [, A(0)d0 < ¢ [, p(0]C,)e™Pdf < €O,(1).

Therefore |p(Cs|X™) — RHS| < Const - p(Cs)e, w.p.a.1, with arbitrarily small €. (]
Now back to the proof of Theorem When C is compatible, by the previous lemma,
w.p.a.l, p(Cy|X") > Cp(Cs)e_% supoeo, (IEM(X0a)IPI=HHILIIEM(X 0D (g e Q,|C,). As-

suming P(0 € Q4|Cy) > 0, it follows that p(C|X™) = Const x p(Cs) for some Const > 0.

B.3. Proof of Theorem [3.4.2

Let W be a p-dimensional random vector whose conditional distribution given (X", 6)

is N,(M(0),V/n). It then follows that L(X"|0s, A, C5) is equal to the density function of

WI[X™, 0. Therefore [, _, L(X"0s, X, Co)p(0s, A|Co)d\ = Ewp(fs, W|Cs)[(W € A)| X", 6].
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Define Z = \/nV ~Y2(W — M (9)). It then follows that Z|X™ 6 ~ N,(0, ). Hence

Eywlp(6,, WICs)I(W € A)[ X", )

Ez[por(0s,n V2PVYV2Z 1 M(0)|Cs) I (n~?VY2Z + M € A)| X", 6]

Eq. (X", 0)

Let QO©,A) = {6 € © : EM(X,0) € A}, and Ex~(.) denote the expectation operator

taken with respect to the distribution of X".

Lemma B.3.1. For any x™ = (x4, .., z,,) in the support of X",

limn f@ En(ﬂjn, 9)d0 = fQ(@,A) p97>\(95, EM(X, 9)|Cs)d9

PROOF. Define A, (0,2) = por(0s,n 2VV22 + M(0)|Cs)[(n~Y2VY22 + M € A).
Hence =,,(X™,0) = Ez[A,(0,Z)| X", 0] = [ A0, 2) [] #(2:)dz, where ¢(z;) is the probabil-
ity density function of standard normal distribution, and z = (z1, ..., z,). By Assumption[3.4.2]
for all fixed 2", A, (0, z) < g(0) for all z, and [[ g(0) [] ¢(z;)dzdf < oo. Since pp (6, ) is
continuous with respect to A, lim,, A,,(6, 2) = pg. (0, EM(X,0)|Cs)I(EM(X,0) € A). Apply

the dominated convergence theorem with fixed x™:

lim / =,.(z", 0)d0 = lim / / 400, 2) T $(z0)dzd = / por(6s, EM(X, 0)|Cs)d0
n e} n Q(@,A)

Q.E.D.

Finally, since

p(Cs| X™) o p(Cy) // L(X"0s, A, Cs)p(bs, \|Cs)dbsd\ = p(C’S)/ = (X", 05)do
s AEA

s
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and Va", p(Cy| X™ = 2™) < Const x p(Cs) [ g(6)d6, we can apply the dominated convergence

theorem again to obtain:

Exn |p(Cy| X™) — Const x p(Cs)/ por(0s, EM(X,0)|Cs)dd| — 0
0(6,A)

which implies p(Cs|X™) —? Const x p(Cy) fQ(@ ) por(0s, EM(X,0)|Cs)d in probability.

Q.ED.
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APPENDIX C

Technical Proofs for Chapter 4

C.1. Proofs for Section 4.2

C.1.1. Proof of Theorem 4.2.1

(i) By definition, Gy, (9) = Em,(g, Z)TVy ' Em,(g, Z). Since V; is diagonal, it is straight-

forward to show that

[E(p(Z, 9)lwern)]
2:

G i Z g 1W€R”
k(g p(Z, 90) 1WeR"

Also,

Fy (w
v B o7, g0 wer) POV € ) ()

[T E((Z,g)|W = w)]
clo) = / E(o(Z, go2IW =

It follows that for all g € ©

|G, (9) — G(9)|

IN

[E(p(Z,9 |W_w)]
Z/ E(p(Z, go)2IW = w) 77 ()

> [

< sup sup
1<j<kn weR}

IN

sup sup
1<j<kn weR?

X sup sup
1<j<kn 'LUGR;}

(p(Z, 9)lwery)]? _[E@Z W =w)l|
z 9P Lrem) POV € B))  B(p(Z, g0 W —wj | )
[E(p(Z, 9)lwery)]? [E(p(Z,g)|W = w)]?
E(p(Z.90)*lwery)P(W € R})  E(p(Z, 90)*[W = w)
E(p(Z, 9)lwery) . _E(pZg)W =w)
VEO(Z. g0l Lwer) POW € BY) - VE(P(Z o'W = w)
E(p(Z, 9)1wery) _ E(p(Z.g)|W = w)
E(p(Z, 90)*1wery ) P(W € R}) VE(Z,g0)2|W = w)

= A(g) x B(g), say.



177

Show sup,.q A(g) < oo:

E(p(Z,9)lwern E(p(Z, =
wpAlg) < sup sup sup |E(p(Z, 9)lwery)| \E(p(Z,9)|W = w)|
9e® 9€0 1<j<k, weR? \/ (Z.90)Lwern ) P(W € RY) VE((Z, 90)2|IW = w)

|E(p(Z, 9)lwery)|/P(W € R}) \E(p(Z, g)|W = w)|
< sup sup + sup sup

g€0 1<j<ky, \/ (p(Z, 90) 1WeR")/P(W c Rn) g€O wel0,1] \/E Z 90)2|W = w)

By Assumption 4.2.1 and 4.2.2, sup ce Sup,ep0.11 | E(p(Z, 9)|W = w)| < oo, and
inf,ep0,1) £(p(Z, go)?|W = w) > 0, hence the second term is finite. As for the first term,

note that for each n,

|E(p(Z, 9)lwery)] | Jry E(0(Z,9)W = w)dFiy(w)|
su Su = Su Su
geg ISJ‘SI?% P(W € R?) geglgjg%n P(W e R;L)

<sup sup |E(p(Z,g)|W = w)| < oo
9€0 we(0,1]

Also for each R} in the partition and each n,

E(P(Zago)zlweR;‘) fR” P2, o) IW = w)dFiy (w) > inf E(p(Z,g0)*|W =w) >0
PWeRyH P(W € R}) Zweon R

These yield that sup,.q A(g) < oo. Itis left to show sup g B(g) — 0.

E[p(Z, 9)lwerr]/P(W € RY}) E(p(Z,g)|W = w)
sup B(g) = sup sup sup
o 15isko vt | [B(p(Z, g0 lwery) [PV € By)  VEGZ 0PI = )
Elp(Z, g)lwerr]/[P(W € R}) — E(p(Z, g)|W = w)
< sup sup sup
9 1<j<ha wER] VEW(Z. g0 Lwery)/POW € Ry)
E(p(Z, 9)|W = w) _ E(pZ,9)|W =w)

+ sup sup sup
g 1<j<kn WER;'L \/E(p<Z, 90)21W€R;L)/P(W S R?) \/E(,O<Z, 90)2|W - w)

= C + D, say
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We have shown that the denominator in C' is bounded below by \/inf,, E(p(Z, go)2|W = w),

which is bounded away from zero. Hence

Elp(Z, 9)lwery]

C < Consts S s —Ep(Z,g)|W =w
< Constsup sup sub | P € 1) (p(Z, 9)| )
= Constsup sup sup P(W € R})™| E(p(Z, g)|W = t)dFw(t)—
g 1<j<ky, wER” R”

/;ﬂmsz—wmmﬁn

IN

Const sup P(W € R})~ / sup sup |K,(t) — Ky(w)|dFw(t)
R

J<kn n g weRY
Const x ¢, for any 0 > 0, and large n.

IN

The first equality is due to E[p(Z, g)lwery| = fRn p(Z,9)|W = t)dFw(t),and E(p(Z, g)|W =

w)P(W € R}) = [, E R p(Z, g)|W = w)dFy(t). The second inequality follows by putting
SUp,, SUp,,cgn inside and rewrite £ (p(Z,g)|W) into K,(.). The last inequality follows by As-
sumption 4.2.2, and that { K;(.) : g € ©} is uniformly equicontinuous on © given O is compact.
Also, for large enough n, the size of R}‘ is arbitrarily small. In addition, for any R}‘, we have
fR” dFw(t) = P(W € R}).

Finally,

D <sup|E(p(Z,g)|W = w)|
g,w

1 1
X sup sup
j<kn wel0,1] \/E (Z, 90)*Lwers)/P(W € RY)  VEW(Z, 90))W = w)

Note that sup, ,, |[E(p(Z, g)|W = w)| < oo, and

1 1
JERZ, ) wery) POV € RY) - VEZ, o' = w)
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VEW(Z go)P[W = w) — \JE(p(Z. g0 Lwery)/ P(W € By)
 JE0Z 90 e B (ol Z, g0 PIW = w) [P(W € B)

E(p(Z, 90)*|W = w) — E(p(Z, go)*1wery)/P(W € R})
VEWZ goP[W =w) +[E(p(Z, o) Lwery)/P(W € R})

< Const x

= JD(I(A;Y/O—% X /R?[E(p(Z’ 90)*|W = w) — E(p(Z, go)*|W = t)]dFyy (t)

By Assumption 4.2.1, E(p(Z, go)?|W = w) is uniformly continuous on [a, b]. Hence for any
> 0, there exists V, whenn > N, forany R, | R%| is small enough, and fR? |E(p(Z, go)2|W =
w)—E(p(Z, g0)*|W = t)|dFw(t) < 6P(W € R}). Hence D < Constxd. Since d is arbitrary,
SUDyco) B(g) — 0.

(i) Define £(g, X) = i (9, X) = Emn(g, X), j = 1, ooy Fns (9, X) = (&a, s k)T =
M (g, X)—Ema(g, X), and &,(g) = 1 3011 (9, Xi) = ma(9) = Ema(g, X) = (€ut, s Eun) "

Then

G(9) = Gr,(9) = [Emn(g,X) + &))"V [Ema(g, X) + &(9)] — Emy(g, X) V5 Emy(g, X)
= 2Emy (9, X)"Vy ' 6u(9) + &) Vo (o)

= W,(9) +W;(g), say

?

It suffices to show W (g) — 0 uniformly on © in probability, i = 1, 2.
For W(g) : Step I: show W(g) —P 0 for each g. In fact, EW}(g) = 0 since E,(g) = 0

for each g € ©. Now for any g,

Var(W,(9)) = E(W,(9)*) = 4Em, (9, X)" V5 ' E(&(9)&u(9)") Vg Ema(g, X)
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Note that E(E,(9)E(9)") = Var(&.(9)) = %an@n(g)) = %Var(mn(g, X)). Hence by
Assumption 4.2.3, E(£,(9)&.(9)") = O(%2). In addition,

)\max(‘/oil) = . ! = 3 !
mini <<k, E(p(Z, 90)*1lwery) — mini<j<k, E(E(p(Z, 90)*|W)lwery)
< 1
= O(kn)

The inequality and the last equality are due to Assumption 4.2.2 (i) and Assumption 4.2.4 (i).
Therefore, Var(Wl(g)) = O(52)Gy, (9) = O(k2) = o(1).

Step I1, show {W!(g)} is stochastic equicontinuous on ©. In fact,

_ 2 _
(Wa()l = 2[Em,(g, X)" V5 &a(g)] < ﬁllEmn(g,X)T%_lHll\/ﬁﬁn(g)ll
kn

Y (Vng(9)%)z

j=1

’ (Vo )G (9))2 % VI <kini:(\/ﬁ€nj(g))2>

J=1

[

%(Emn<g,X>Tvo—2Emn<g,X>>

[NIES

IA

>~
g8

]

"
)
>

VAN

@)
A/ =
~_
NE

\

"

9

i

S

By Assumption 4.2.3(ii1), max;<;<k,

V1, ()] is stochastic equicontinuous. Hence {W;(g)}
is stochastic equicontinuous.

Step III: By Newey and McFadden (1994) Lemma 2.8, it follows from that {W!(g)} is
stochastic equicontinuous and pointwise converges to zero, and that © is compact, W!(g) — 0

uniformly on O.
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For W2(g), we proceed in the same arguments. Step I: show W?2(g) converges pointwise to

zero. In fact

W2g) = &l9)"Vy ly) = Z E(p( &nj(9)*

p(Z, 90)*wern)

< C’onstz e %} cR) " O(kn)i (lifnj(gaXi)>2
(n—§> ZZ&%(%X < )szm 9, Xi)ns g’Xl)]

j=1 i#l
- O(D[Wnl(g) +Wn2(g)]7 say

Step I-1: show W,,;1(g) —* 0 for each g. It suffices to show E|WW,,;(g)|> —* 0 for any g. In

fact,

E|W,i(9)]2 = ”E (ZZ&% 9, X )2 b (ﬁi)w(l)

j=1 i=1
where the inequality and the last equality are due to Assumption[4.2.5|(ii) and Assumption4.2.2]
(i1).

Step I-2: show W,,2(g) —* 0 for each g. Since Vj and g, E¢,,4 x) = 0, and &,;(g, X;) and
€nj(g, X)) are independent if ¢ # [, thus EW,5(g) = 0. To show Var(W,2(g)) — 0 for each

g € O, we apply the following result:

Lemma C.1.1. If X4, ..., X,, are uncorrelated with means all equal to zero, then
Var() - X]'X;) =2 tr[E(X;X])E(X;X])]
i#] i#]
PROOF. Straightforward but tedious calculations yield that both left and right hand side

equal 2 B(X]X;)* O
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Back to Step I-2: Applying Lemma A.1 to W,2(g) = 3 D iz &g, X)) T (g, X)), and

noting that tr(AB) < \/tr(A?)tr(B?), we have

Var(Woala) = ot S rB(E(g. X060 X)) Bl (0. X, (0. X))
i#£]
< 2 JolE g X069 X)) % B (9. X,)60 (9. X))
i#]

Foreachi =1,...nandg € O, E(&,(g, X;)&.(9, Xi)T) = Var(&,.(9, X;)) = Var(m,(g, X)) =
O(k,), hence tr[E%(&,.(g, X;)én(g, Xi)T)] = O(K?). Therefore Var(W,s(g)) = O(k3 /n?) =
o(1).

Step II: show {W?2(g)} is stochastic equicontinuous on ©. In fact,

kn

) oz Ter15 o gnj(g)Q
W) = &l9) Vo &ulg) = ‘= E(p(Z, 90)21W6R”)
€nj(9)°
< Constz P WJ c R” = an]

<0 (’“—) max [V (o)

n 1<j<kn,

Note that if {|Q,(g)|} is stochastic equicontinuous, then so is {Q,(g)?}. Therefore {W?2(g)} is

stochastic equicontinuous. Q.E.D.

C.1.2. Proof for Theorem 4.2.2

The following lemmas are useful.

Lemma C.1.2. (G : © — R is continuous
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PROOF. By Assumption there exists 02 > 0 such that inf,cj01 E(p(Z, 90)*[W =
w) > o2 > 0. In addition, given © x [0, 1] is compact, by Assumption (ii),

SUP (g,w)e0x[0,1] |E(p(Z7 g)|W = U))’ < o0. Hence for any gi, g2 € e,

b _wg_ ) :w2
|G(g1)—G(92)| < / ’E[IO(Zagl)‘W_ ] E[p(Z,g)’W HdFW(w)

o E(p(Z, 90 |W = w)

2
< = sup  |E[p(Z,9)|W = w]|
o (g,w)€©x%]0,1]
b
x/ E(Ip(Z, g1) — p(Z, g2)|IW = w)dFyy (w)
< Const sug lp(z, 91) — p(z, 92)|
zE

The continuity follows since {p(z,.) : z € Z} is equicontinuous on O.
Lemma C.1.3. For any § > 0, liminf,_ . P(G(g,) — infgeq,, G(g) < 9) = e~

PROOF. Write ¢ = g, (depending on n). By Lemma|C.1.2] G is continuous on ©. Hence
for any ¢ > 0, there exists § > 0, for g, € 09, |G(g,) — supyeo, G(g)| < e. Note that
©; = argmingee G(g), hence G(g,) — infyco G(g9) < e. In addition, for any ¢, G(g,) —
infyeo, G(g) < G(g,)—infyee G(g) < €, whichimplies {g, € O3} C {G(g,)—infeco, G(g) <
¢}. Then Assumption implies that for any € > 0, for all large ¢, P(G(g,) —infyeco, G(9) <
€) > P(g, € ©9) = e cn,

Proof of Theorem 4.2.2:

The posterior of gg is given by

G(Qq))

|3

P(gql X™) o pgy) exp (—
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A straightforward application of Jiang and Tanner (2008, Proposition 6) renders that Vo > 0,

P(G(gq) — gien@qu(g) > 50| X™) < P(Sélé) 1G(9) — G(g)| > 0)

672716

P(G(gq) — infyeo, G(g) < 0)

(C.1) +

By Theorem 4.2.1, supce, |G(9) — G(g)| — 0in the probability distribution of X™ as n — oc.

Also, Lemma implies that for any § > 0,

6—2715

: €—2n5+cqn = o(1
P(G(gq) — infgee, G(g) <) — (1)

provided that ¢,/n — 0. It then follows from that G(g,) — infgeco, G(g) — 0 in the
posterior probability. Note that infyce = G(go), and infe, G(g9) > G(g0). g9 € Oy, which
implies 0 < G(gy) — infyeco, G(g) < G(g)) — G(go), hence by the triangular inequality,

G(g,) —inf G(g9) < Glgy) — inf G(g) + | inf G(g9) — G(g9)| +|G(g7) — G(g0)]

geo gEBO, gEBOy

< Glgg) — inf Glg) + 2(G(g]) — G(g90))

Since ||g) — gol| — 0 and G(g) is continuous on ©, G(g,) — infyce G(g) — 0 in the posterior

probability, meaning that in the probability of the distribution of X", for any € > 0,
(C.2) P(G(gq) — in(g G(g) > €| X™) — 0
ge

By definition ©; = arg ming G/(g), hence forany ¢ > 0, €9 = inf congs)e G(g)—infyee G(g) >
0. then yields with probability approaching 1, G(g,) < inf cgnes)e G(g), which implies

g, € ©% with the posterior probability approaching 1. Q.E.D.
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C.2. Proofs for Section 4.3
C.2.1. Proof for Proposition 4.3.1]
PROOF. (i) When p(Z,g) =Y — h(W0), then

1
S Rt F(wn)
X / |(y — ho(w160))? fw (w2) fwy (wily) — (y — ho(w2bo))? fwv (w1) fwyy (waly)|dFy (y)

Const - | / (v — ho(wn00))?| f(unly) — f(uwnly)|dFy (y)
i wr) = foy ()| / (5 — ho(wi60))? vy (waly)dFy (4)

+[ho(w100) — ho(wa6o)] /fw|y(w2|y)|2y + ho(w16) + ha(w2bo)|dFy (y)

A+ B+ C,say

[E(p(Z,90)*|W = w1) — E(p(Z, go)*|W = w2)

IN

IN

For any & > 0, ||lw; — wsl| is small implies A < 4§, provided that Ve > 0, 39, such that
SUD,, SUD 4, <5 | Sy (Wily) — fwiy (waly)| < e, and that sup, |h(t)| < co. Also B < §
provided that fy is continuous on [a,b], and sup,, ez fwy(wly) < oo. Finally, C' < §
follows from the continuity of hg(.).

(i) For any wy # ws, supyce |E(p(Z, 9)|W = w1)—E(p(Z, 9)|W = ws)| = SUP(p.60)c0 |h(w16)—
h(wq8)|. Since h € 'H is compact under Holder norm, there exists a constant such that for any

h € 'H, and t| # to,

M 2 o
Hence supj,cy, |h(w10) — h(wq8)| < Const - |wy — wol||@]|. Note that Const does not depend
on h and 6 is in a compact set, it follows that for any € > 0, exists J, as long as |w; — ws| < 4,

SUP(p.0)co |M(w10) — h(waf)| < ¢, which yields the equicontinuity of { E(p(Z, g)|[W =) : g €
O}.
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(iii) For any wy, we and hy, ho, |p(2,g1) — p(2, 92)| = |h1(wby) — ha(wby)| < |hy(why) —

hl(w02)| + |h1(w92) — hg(w02)| S ||h1||5|w|||01 — 92” + ||h1 — hg”s. This is because,

hi(t) — hy(t
|hi(why) — hy(whs)] < sup [P (t) — P 2)||w91—w92| < ||| s|wh — whs]

t1to |ty — 1o

and |hy(wby) — ha(wbls)| < sup, |hy(t) — ha(t)|. Recall that H = {h : ||h||s < B} for some
known constant B. Hence as long as ||, — 6| < €¢/2B, and ||hy — hal| < €/2, sup,, |h1(wb;) —

C.2.2. Proof for Proposition 4.3.1: Assumption4.2.4]

Lemma C.2.1. Forall j = 1,....k,, let &,;(g9) = Mn;(9) — Ema;(g, X), then Assumption
4.2.4|holds on (O, ||.||x) if Ve > 0, 30 > 0, such that

(C.3) lim sup max P ( sup \/ﬁ]fnj(gl) — gnj(gz)\ > e> <€

n—oo J<kn llgr—g2ll <6

PROOF. For any ¢, g2 € O, let j; and j, be such that

max /n|m;(g1) — Emn;(g1, X)| = V/nlimng, (91) = Emng, (91, X)|.

1<5<kn
max v/l (g2) — By (g, X)| = Vit (g2) — Emog (92, X)),

1<j<kn

Let Qn(g) = maxi<j<r, V/n|mn;(g) — Ema (g, X)|, then
Qn(gl> = \/ﬁ|gnj1 (gl)|7 Qn(gQ) = \/ﬁ|gnj2 (92)|

By definition, Q,,(g1) > v/7|€0j,(91)], and Q. (g2) > /11|, (g2)|- It follows that /1|5, (1) —

Qu(g2) < Qulgr) — Qulg2) < Qulgr) — Vl€nji(g2)]. Note that if y < z < =z, then
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|z| < |y| + |2|. Hence by the triangular inequality,

|Qn(91) - Qn(92)| < \/ﬁ|gnj1 (1) — gn]i (92)| + \/EENJ'Q(QI) - gn]é (92)

By the definition in Andrews (1992), Q),,(g) is stochastic equicontinuous if holds. Q.E.D.

Now Emyi(g9,X) = E[(Y — h(WO)1(W € R;)] = E[L(W € R,)E(Y — h(W0)|W)].
Since E(Y — h(W6)|W = w) is continuous on w € [a,b] for all h by Proposition |4.3.1}
therefore Em,,;(g, X) < sup,, E(Y — h(WO)|W = w)P(W € R;) = O(1/k) for all g. By
weak law of large number, km,,;(g) = O,(kEm,;(g,X)) = O,(1). Hence by Proposition 3
in Jiang (2009), for any small v > 0, for compact ©, sup,cg |km,;(g) — kEm,;(g, X))| =
0p(n~"/#*7), which implies implies v/nsup,ce &nj(9) = Op(n7/k) = o0,(1) for all j < k.

Therefore for all j < k, for large enough n,

P ( sup  V/nl&n;(91) — Enj(g92)] > 6) <P (Sup Vnén;(g) > E) <e€

llg1—g2ll <0 geo 2

Q.E.D.

C.3. Proofs for Section 4.4

C.3.1. Proof for Proposition 4.4.1]

PROOF. (i) First note that for all w € [0, 1], and p(Z,g) =Y — g(X)

E(p(Z, go)*|W = w)

JORCIR

¥ —90(@))* o )
/ Jw (w) fwx (wly, 2)dFy x (y, )
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Hence for any wy, wo,

|E(p(Z, go)*|W = w1) — E(p(Z, go)*|W = w)]

— an(z))? x(wily, x) _fW|Y,X(w2|?/,fE) .
= /(y 90(2)) Jw (w1) Jw (w2) AFyx(y,7)
< s [l
(C4) | fwiy.x (wily, ) fw (wa) — fwyy.x (waly, ) fw (w1)|[dFy,x (y, ©)

Note that | fiyy,x (wi|y, z) fw (w2) — fwyx(waly, ) fw (w1)| < | fwiy,x (wily, @) fw (ws) —
fwiv,x (waly, ) fw (wo) [+ fwpy,x (waly, @) fiw (w2) = fwvy,x (wely, ) fw (w1)| < sup,ep,1) fw(w):
| fwiyx(wily, ) = fwy.x (wely, ) [+sup,ep1) fwy.x (w, [y, 2)-| fw (wa) — fw (w1)]| < Const-
sup, , [ fwyv.x (wily, ) — fwy,x (wely, z)| + Const - | fr(w1) — fw (wa)].

By Assumption[4.4.2] V6 > 0, 3d > 0, such that when |w; — ws| < d,
| fwiy,x (wily, ©) for (wa) — fwpy,x (waly, @) fw (wr)| < 0 for all z, y. In addition, fy is bounded
away from zero. Hence|C.4| < Const - E(€?)d, which yields the continuity of E(p(Z, go)*|W =
w) on [0, 1].

(ii) For all wq,ws, and g € O,

[Kg(wi) = Kg(wa)| = |E(Y = g(X)[W =w) = E(Y — g(X)[W = w,)|
leYX wl\y, ) fW\Y,X<w2’yax) r
< /Iy g( ‘ T (100) dFyx(y, x)

Using a similar argument as in (i), we see that for any 6 > 0, as long as |w; — ws| < d for some
d, | Ky(wy) — Kg(ws)| < 6-Const- E[Y — g(X)|. Then Assumption [#.2.3(ii) follows provided

that EY? < co and g € ©.



189

(iii) Condition (iii) follows immediately given that p(Z, g) =Y — g(X), and sup, |g1(z) —

92(x)| = |lgr — g2l 1

Finally, Assumption4.2.4]can be proved using the same argument in the proof of Proposition

4.3.1] using Lemma[C.2.1] Q.E.D.

C.3.2. Proof of Theorem 4.4.1]

First, we apply the singular representation of 7". Since 7" is compact, let {|\;], ¢;, 1; }i>1 be
the singular system of 7', where |A;|, |\2|..., are the singular values of 7" such that T'¢; = |\;|1;.
Forany g € L*(X), we have the singular value decomposition g(z) = > 7, bi¢;(x) +Q, where
Q € N(T). Since we assume in this case gy is identified, therefore the null space N'(T") = {0}.
Hence Q = 0. Also, (T'g)(w) = > o0, bi|\i|thi(w). Define T* : L*(X) — L*(X), such that for
any g =37, bidi(),

=D bil\ilgilz)
i=1

with norm ||T*g||?> = Y22, b?|\;|%. In addition, the inner product of L?(W) is defined as

=1 "

<ty > /wz W) (w) B(ew)~ dFyy (w)

and {1, } are orthonormalized such that < 1;,v; >= ¢;;, the Kronecker delta. Therefore the

norm of 7T'g is

ITglll = / (Tg)(w)]*(E[e*|W = w])™ dFy (w ZbW = [[T"9l]

Therefore G(g) = ||T (g9 — 90)|I5 = IT* (9 — g90) |-
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Let g, = Y%, bj¢;(x). The proof is carried out by deriving an upper bound of [||g, —
90l|*L(gq)p(gq)db, and a lower bound of [ L(g,)p(g,)db. For some sequence €2 = O(a, /A2 ) =
o(1), define

A ={(by, ""bq) € R?: G(gq) + angqH2 < 5121}

The following lemmas are useful:

Lemma C.3.1.

/A ng - 90H2L(gq)p(gq)db =0, (( "‘ - + Z g]) >

n JjZsn

PROOF. Note that on A, G(g,) + a2||g,l]* < 2. Let& = g, — go + an(T* + a,) ' go.

Hence

(T +an)€ll* = (T + an)(gy — 90) + angoll* = 17" (g4 — 90) + angall”

< 2(1T" (g4 — 90l1* + anllgall”) < 2¢5

Let &(x) = Y2, mi¢i(x) be the spectrum expansion of &. [[(T* + a,)E|> = Yoo, (INi] +

an)*n? > a?||€||%. Therefore, ||£||*> < 2€2/a?. It follows that

0 2
o 2 < 22 T* " 4n: 2 -n
oo =gl < 26T+ ) g0l + 455 =23 nre) 9t e
2
gl +2 3+

Jj>Sn n

IN

In addition, 4,, C AX = {b € R?™ : a2||b||* < €2}. We have

ng - 90”2L<gq)p(gq)db x / ng - 90HQG*na"”gq||27%m”(gq)TV°71m”(94)db
An A”
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IN

4¢? .
/ 19 — golldb < < gl 2y g+ —) 1(Ay)

Jj>Sn n

— n 2 2 qn
((AQ llgoll® + ];ngj n) an) )

Let T*go(z) = Y .2, pi¢i(x) be the spectrum expansion of 7% go(z). For ¢ = ¢,, define

Q.E.D.

Are = {beRaplgyl® > 7}

Aze = {bERT:|T(g, — 90)|I” + anllggl® > €. anllggl® < €3}
Recall that AS = {b € R? : ||[T*(g9, — go)||* + aZ]lg4||* > €2}, which then follows that

Al C Ay U Ag.. We evaluate A 5. respectively.

Lemma C.3.2.

B 2 q/2
.=l stontoan = 0, (o= ()

PROOF. Ay. C Ball(0, |e,|/a,), a ball centered at zero with radius |e,|/a, = o(1). By

Assumption 4.4.4] we have uniform convergence on As,.:

SUDy, e A, mn(gq)TVO’lmn(gq) — G(g,)] < n™®. Therefore

/A 190 — 90lI2L(g2)p(g,)db < / 190 — 0ll? exp(—nG{gy) — na? gal”
2c 2c
+n|G(gq) - m(gq)/vo_lm(gqﬂ)db
<exp(n =~ ) [ g, - ol
A2c

< 2expn = =) (ol (Batit0 el fen) + [ g
Ball(0,len|/an)
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The equality follows from that €2 /a2 = O(a2 /X2 ) = o(1). Q.E.D.

Lemma C.3.3. For some constant ¢ > 0,

p2 T q
[ o=l toptay = 0, (5 S (1425 )

_ 1 _
PROOF. [, [lg, — 90lI?L(gq)p(gq)db < e~ Ja Mlor = gol|2em ™) Vo m(90) gb. Define

QN

the following matrix notion:

k
H = (hij)uxn, ~ where hyj =Y I(W; € R, W, € R))
=1

‘Ijq = (¢1(X]))qxn7 y - (Y17 "'7Y7’L)T7 V - qqu\IjZ

Write g,(z) = >0, bidi(z), and m;(g,) = n >0 (Vi — g,(X;))I(W; € R;). Itis then

straightforward to verify that Z?Zl m;(g,)* has the following matrix representation:
- 1
> omig) = (0T =y HYV YV (b~ VT, Hy)
j=1
1 _
—l-ﬁ(yTHy —y"HUIV'0, Hy)
1
> ﬁ(bT —y"HY, VYV (b— V¥, Hy)

Note that m(g,)"Vy 'm(gy) = S5 m;(g,)*E[2I(W € R;)]™", and for all j = 1,....F,
E[EI(W € Rj)] = O(k™).

Thus there exist two positive constants ¢; and cy such that



193

c1k Z?:l m;(g4)% < m(g.)TVy 'm(g,) < cok Zle m;(g,)?. Therefore, without loss of gen-
erality, we will only consider the simplified case there there exists a universal constant ¢ such
that (g, Vi 'i(gq) = ok 4 (g,

Let Z = (%, ..., Z,) be a multivariate normal random vector, such that Z ~ MV N (p, X),
where = y"HUIV™!, and ¥ = 74V ~'. The joint density function of (Zi,...,Z,) is

Fa(br, oo by) = (2m)~9/2 det () ~Y/2e~3 (-0 =7 -1 Hence e~ Ti=1 ™300 = (27)4/2 det(S) Y2 f4(by, ..., b,

which yields

_ 1 _
[l sl Ligplanas < 7% [ g, - go7e o g
Ate

Alc
< exp(—ne,) / gy — gol|?e e = (a0 g
Alc
< exp(—ne?)(2m)?/? det(E)l/Q/ 94 — ol|>f2z (D1, ..., by)db
Alc

q
< exp(—ne2)(2m)¥? det(X)/? <2HgoH2 + 2/ Zb?fz(bl, e bq)db>

Ate =1

q
< exp(—ne2)(2m)¥? det(X)/? <2HgOH2 +2) E[23|Dam]>

i=1
Let Z,, .., Z, be independent normal variables such that Z; ~ N(u;/|\i, (2nA2)~"). The
joint density function of (71, ..., Zq) is
F2(b1, b)) = (n/m) [Ty [Nil exp(—n 328 (bil\i] — pu:)?). Since G(g,) = [IT(gq —
go)lI* = D0y (Bil Xl =)+ 1 117> hence e7¢60) oc f(by, .., by). Inaddition, emm(90) Vo m(9q) o
fz(b1, ..., b,), and note that Vg, € ©,, we have pointwise convergence lim,, ., m(g,)" 'V 'm(g,) =
G(g,)- Hence it follows that E(Z?|Data) = O,(E(Z?|Data)) = Op(‘;—:;—ﬁ), and det(X)/2? =

O,((2n)=92TTL, [Ni|™). We have

/Im—%WMMMM%

Alc
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q q 2
—ne2 - Hi 1
sca(e “WWV”II“”1<M”2+§:(Xi+zmv)>)
i=1 i=1 ¢ ¢

— —nez T a2 (1, 1
O (6 (n)\g) ( +n)\2

where the last equality follows from that Y7, p2 /A2 < 370 12 /A2 = ||g0]|> = O(1), and that

A >A3> ... >\ QED.

Lemma C.3.4.

/L(gq)p(gq)db > O, <exp(—n1—a —¢/2 - na?) <%>4/2)

PROOF. A result to be used later is,

q/2
maxi <ln “n _ a2) — ¢ (a/24na) (i)q/z

>l ¢y \U M " 2n

with optimal ¢;, = /2%, Define || "] = supy,_t|7°9]1%, 1 (b) = nlIT*IPllg, — goll” +
nan gl and B, = {b € R? : n,,(b) < Inc}; }. It can be shown that B,, C R? is a ball centered

ata = (ay, ..., a,) with radius r, where

T
a2+ |7

1 T* 2.2 1 *
T2 — IHC:; . nH H an =0 nc, . ai
nag, +n|[T? az, + || 7|2 n

Therefore pu(B,,) = O,(r?). Note that with optimal c*, r* = O(¢/n) = o(1). By Assumption

. SUDg,eB, G(gq) — 1m(gq)" Vi '10(gg)| < n™*. We have

= 0(1),

[ Elapton)as = [ exp(-nm(g,)"Vy mlg,) ~ na? g,))db
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> / exp(—nG(gq) - nai||gq||2 - n|G(gq) - m(gq)TV()_lm<9q)|)db

exp(—n | T*(gq — g0)|I” — naz |l gql|*)db

> exp(—n!~)c u(B,)
=0, (exp(—n1 *—q/2 —na?) <%>q/2)
Q.E.D.
Proof for Theorem 4.4.1]

/Hg _g H2p(g \Data)db = fAanq - 90H2L<gq)p(gq)db + fA% Yq — gOHQL(gq)p(gq)db
SR J L(gq)p(gq)db

By Lemma|C.3.1}|C.3.4] Assumption|4.4.5| and the definition of ¢;., [, l9,—gol|*L(g4)p(g4)db =

O,(¢/a,)?"2. Therefore

Jall9q = 90lI*L(gq)P(gq)db 0, <(2663”)q/2 <€3)> = 0,(1)

J L(gq)p(gq)db aZq a2

The last equality follows from that €2 /a2 = O(a2 /A2 ) = o(1),and €2n/(ga2) = O(nal [g\2) =

o(1), since ¢ = na? /A2 by Assumption [4.4.5|

By Lemma[C.3.2]
ng 9q — 90||2L(9q)p(9q)db ome2 \ 2
c — O 2 -« 2 2 2 n
T (o0d b | exp(2n' ™% + ¢/2 + na;, — ne;) ( s )

2een 9/
—0,(%2%) " o)

2
a,q
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By Lemma|C.3.3]

fA lg9q — 90||2L(9q)p(gq)db 27 \ q
le =0, | exp(n'™® + ¢/2 + na2 — ne? (—) 1+ —
[ L(a)p(0,)db AN How) 0400

s@(@%fﬂﬁ;%ﬁz%m

The last equality follows from the fact that: at one hand, 27e/(g\}) = o(1) since ¢ > A2 by

a/2
assumption. On the other hand, define d,, = <%> —L5. It’s left to show d,, = o(1). In fact,
q q

since ¢ = ¢, — 00, then for some constant C' > 0,

Ind, = —(g—l)lnq— <g+1> ln)\g—l—gC—lnn

_ RO SCI Vo a
= O( 21nq 2>\q+ 2C’ lnn)
< O(—qlnq—qln>\3+q0):O(—q(lnq—C)—qln)\g)

= O(—gqlng—gln )\2) =0O(—¢ln q)\z)

We have —¢In g} — —oo since ¢ > A_?. Therefore In d,, — —oo, which implies d,, = o(1).

Q.ED.
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APPENDIX D

Technical Proofs for Chapter 5

D.1. Proof of Theorem[5.3.1]

PROOF. Define L(p) = >, log[l + u(Y; — C(X;,0)| — r)]. Let ny be the number of 7
such that |Y; — C'(X;, 0)| = 0, and ny be the number of i such that |Y; — C(X;,0)| = 1. Note
that R =n"' 3" [V; — C(X;,0)| = n'ny, and n; +ny = n. Since |Y; — C(X;,0)| € {0,1},

we have

L(p) = > log(l—pr)+ > log(l+p(l-r))
i:]Y;—C(X4,0)|=0 i:]Y;—C(X;,0)|=1
= nylog(l — pr) + nglog(l + u(1 —1r))

Differentiating (1) and setting to zero, it is straightforward to verify that the optimal p* =

na—nr n—n

neyy» With max, L(p) = (n—ny) log a5 +n2 log 72. Replacing n; by nR yields max,, L(p) =

n3(1—7r)2r2

na2mni

nK(R,r). Finally, we verify that the second derivative L"(y*) = — < 0 when

€ (0,1). QE.D.

D.2. Proof of Theorem[5.3.2]

The following lemmas establish some relationships between the expression in the log em-
pirical likelihood and the square (or absolute value) distances. The first lemma is for the special

case of classification and the second one is more general.
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Lemma D.2.1. Forp,q € (0,1], and K (p, q) as defined in (5.8),

(D.1) 0.5(¢ — p)* < K(p,q) < {min(p,q,1 — p,1 — ¢)} 20.5(p — q)*.

PROOF. This is straightforward by a second order Taylor expansion of — In(1+4; »), where

0 =¢q/p—1landdy = (1—-¢q)/(1 —p)—1. QED.

Lemma D.2.2. Let m;, i = 1,...,n, be iid random variables. Suppose positive constants
dt,07, M are such that P(my > 0%) > 0, P(m; < —6) > 0, and P(Im1| < M) = 1. Then,

with probability P* at least 1 — m,, for some m, > 0 exponentially small in n, we have
(D.2) (min{6*, 1)~ | > max {1n(1 n um)} > (7/36)M~2(m)?,

"
where overlines represent sample averages.

Proof of Theorem [5.3.2]

Denote R = E*p(W,a) and A = sup, |R — R|, then

P*|[R—r| > ¢€D] < [I(JR—r| > e)I(A < 6/2)6*”K(R’T)d7r/fe’”K(R’T)dﬂ + I(A >
€/2). The numerator of the first term is less than e~""/® since |[R — 7| > |R —r| — A > ¢/2
and this implies K (R, r) > €2/8 due to a previous lemma.

The denominator is bounded by

[e KB I dr > [I(|R—r| < 8)I(A < 6/2)I(n > 7)e KENdr

> e TR (1R — | < 6, > 7)I(A < §/2), where = min(R, 1 — R, r,1—7)
and 6 and 7 are some positive constants. Here we used again a previous lemma to bound
K(R,r) < {min(R,1 — R,7,1 — )} 205(R —7r)2 < (1 — 6/2)"205(R — r)* < (1 —
§/2)720.5(8 +46/2)2.
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Combining these we obtain: the event A < min{d/2,¢/2} implies the event

P R D 6—n62/8—|-(9n/8)(5/(7——5/2))2
— > < .
(R=rl>dD) < <=7

Note that p(|R — r| < 4,7 > 7) > 0 by assumption. Choose constants 7 and § suitably, then
the right hand side can be made arbitrarily close to zero (and exponentially small in n). This
happens with P*, the probability in D being at least P*(A < min{J/2,€/2}), which converges

to 1 by assumption. Q.E.D.
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