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These are remarks on issues related to the optimal growth problem. They are
intended for my 504 class, so use at your own peril!

1. Method of Undetermined Coefficients

The solution of the system

uW(Cy) = Pu(Coa)f (K1)
Kt+1 - f(Kt)_Ct

will be approximated around the steady state by a solution of the linearized equa-
tions

ocy = 0C1 + Yk
wey + (1 — Cd)k't_t,_l = ¢kt

where lowercase letters are percentage or log deviations of the steady state, v =
—k*f"(k*)/ f'(k*) is (minus) the elasticity of f',o = —c*u”(¢*)/u/(¢*) is (minus)
the elasticity of v, w = C*/Y ™, and ¢ the elasticity of f. Noting that, at the ss,
/(1 —w) =1/, it is convenient to rewrite the equations as

¢t = Cry1 + Ok

1
ki = Bkt — XCt

1



where § = /o and x = C*/K*.
We posit that the solution has the form

¢t = Ucky

kt+1 = Uik

The previous two equations furnish two new equations in the unknown coeffi-
cients. For example,

1 1
kt+1 = —kt — XCt ==> Ukkt = Bkt — XUth

B

that is,
1

Uk =g~ XVe (1)

Also,
¢t = Cip1 + Oker ==> vk = vekiy1 + vk

Note that we need to eliminate k;y; from the RHS, but this is straightforward:
Veky = Uckiy1 + vk ==> vk = vevgk + vk

S0,
Ve = VU + U (2)
The two equations 1-2 can now be solved for v. and vg. Solving for v yields

14 (1/8) +x0 £ /(1 + (1/8) + x0)> — 4/
2

Vi =

Which root to take? For stability, we have to take a root that is less than one
in absolute value. There is at most one such root.
1.1. Larger Systems

The method just outlined generalizes to larger systems. In fact, often one will
have to deal with a system that can be written as

AXt+1 - BXt (3)



where X; = (J],Z}]) is a (column) vector of nj jumping variables (J; ) and np
state variables (Z;). To solve for a convergent solution, one postulates that the
solution has the form:

Jy=MZ,

Zt+1 = NZ,

The method of undetermined coefficients is essentially the same as before: one
uses the guesses just made in 3 to eliminate all variables but Z;, arriving to a
system of equations that need to be solved for the unknown M and N. Such a
system will typically be nonlinear, so one needs to use the restriction that the
matrix N must be stable (i.e. must have eigenvalues with absolute value less than
one).

1.2. Blanchard-Kahn

Suppose that A in 3 has an inverse. Then the system can be written as
Xt+1 = 11X,

for some matrix II. This looks like a standard vector difference equation but,
what are the boundary conditions? The initial value of the predetermined vari-
ables provide np initial restrictions on X,.Other restrictions are derived from the
requirement that X; must converge to zero as t goes to infinity. Blanchard and
Kahn established that this is guaranteed if and only if the number of unstable
eigenvalues of Il (with absolute value greater than one) is exactly nj. That im-
plies that there are nj additional restrictions on Xy, in order to guarantee that
the system jumps to the saddlepath.

If the number of unstable eigenvalues of II is less than nj, the solution is
indeterminate.

1.3. Uncertainty

Suppose now that the production function is
Y = A f(Ky)

where A; is a Markov process.



The solution is easiest to derive if we take a dynamic programming viewpoint.
The state is given by (K, A), and the Bellman equation should be:

v(K,A) = Maxz u(C)+ BE{v(K' A")|A}
st. C+ K' = Af(K)
One way to solve this is the dynamic programming way, i.e. solve for the

function v using the Bellman equation. It is more usual to look at the first order
conditions:

' (C) = BE{v (K, A")|A}

noting that
v (K, A) =u'(C)Af(K)

so that we arrive at the Euler condition
u'(C) = BE{u/ (C")A'f/(K")|A}
This is usually written as

u'(Cy) = BELW (Crin) A f'(Ki)}

Also,
Cy+ K1 = A f(Ky)

The two preceding equations plus the exogenously assumed behavior of A,
describe the dynamics of the system.
The nonstochastic steady state is then defined as the solution of

u'(C) = pu'(C)Af(K)

C+ K = Af(K)

for A equal to the expected value of A;. That is, it is the steady state of the
associated deterministic economy in which A; is always equal to its expected
value. Note that if A =1 this is exactly the same as in the deterministic case.

Then one proceeds almost as before, linearizing the dynamic system around
the ss. One gets, for the Euler equation,

—o¢; = B{—0ci1 + apr — vk }



and for the resource constraint
weg + (1 —w)ki = ay + ok
The behavior of a; is typically approximated by
Apy1 = Pag + €41
where ¢, is white noise. Note that this implies
Eiai 1 = pay
To solve this system, one defines

Ky
X t = Ay
Ct

and arranges the system as
AEtXt+1 = BX;
The method of undetermined coefficients involves solving for
¢ = Ms;

kv = Nsy

ki
is the state at t.
Once M and N have been computed, one can calculate impulse responses and
population moments in a straightforward way. One can also simulate the system.
To do this, note that we can now write:

B Eepr || ke 0
St+1 = [at+1]_{pat + 1 Et+1

= PSt + Q€t+1

where

where P is the matrix with /N as the top row and (0 p) as the bottom row, and
(@ is the column vector (0 1)".



Suppose we want to compute ¥y = Fs;s;. From the above,
20 = EStSQ = E(PSt_l + Qgt)(PSt—l + Qé‘t),

or

Yo = PYoP +QQ'o?

That is, Yy must solve the preceding equation.
It is now easy to find other covariance matrices. For instance, given any
j=12 ..

Ej = EStSQ_j = ijSt,jS;_j = p]ZO

Exercises: Farmer, Chapter 3, 3-4 (pp 60-61).

2. Continous Time

As in the Solow model, assume:

e+ i = f(ke)

and '
kt - 'it - 5l€t
(note that I am reintroducing depreciation) so that we get
dk .
% = kt = f(kt) — (Skt — Ct (4)

The representative agent’s utility function is given by

/e”tu(ct)dt

0

where p > 0 is the rate of time preference.

At time ¢, k; is the state and c¢; the control. Given a path for ¢;, the motion of
the state is given by (4).

The standard way to tackle this problem is to introduce a costate variable \;
which acts as a kind of Lagrange multiplier. Then one forms the Hamiltonian:

Hy = e ulc) + N(f (k) — 0k — ;)

The Mazimum Principle now says that if ¢, is optimal,



e at each t, ¢; must maximize the Hamiltonian H,

e the law of motion of the costate is given by

. OH,
)\t——a—kt

Let see what are the implications. If ¢; maximizes H;, it follows that
e = e "/ (¢y) (5)

Note that the costate has the interpretation of the shadow value of output at

The second part of the Maximum Principle gives:

A= =i f' (ki) = 0) (6)

The last two equations together with (4) give a dynamical system on (k, \),
with ¢ implicitly as a function of (k, A). What are the boundary conditions? As in
the discrete time formulation, kg is given. The other condition is that the value
of capital left over should converge to zero:

thm )\tkt =0

In this problem, it is useful to eliminate the costate variable using (5) and
express the system as one in (¢, k). Take the derivative with respect to ¢ in both
sides of (5) to get:

A = —0e P (¢;) + e Pt ()¢

or, dividing both sides by A,

}\t . U;// (Ct)ét

N P u'(ct)

But, using 6 and rearranging, we obtain the Fuler condition:

G- 1wy —s-p

¢ o(e)

where




is the coefficient of relative risk aversion, or the inverse of the coefficient of in-
tertemporal substitution.

Note what this tells us: when investment is very productive relative to im-
patience, consumption grows faster. That is, the agent saves, accumulates more
capital, and today’s consumption falls relative to tomorrow’s. The speed of ad-
justment depends on o.

The only solution satisfies the transversality condition:

tlim e "' (¢ )k = 0
Consider the special case in which the CRRA is constant at o. Then the
equations of motion are given by

¢ = (k) 5 ple

k= f(k)—c—dk

I have suppressed the ¢ subscripts since they are not needed: this is a system
of autonomous equations.

A graphical analysis is possible in (c, k) space. One first graphs the ¢ locus
and the k locus. The first one is just the equation:

c = f(k) — ok

The second is the k axis (¢ = 0) and the f'(k) = p + ¢ parallel to the ¢ axis.

A steady state is an intersection of the two locuses.

The global dynamics will be explained in class. In particular, we will find that
the motion of the system is given by the saddlepath, which has the form ¢ = g(k).
This is the same as the policy function in dynamic programming.

Likewise, it should be emphasized that linear methods and undetermined co-
efficients find a linear approximation to the saddlepath.

(Now you can read Lucas’s paper on endogenous growth if you like.)

3. Market Interpretation

We will posit an economy with a representative household and a representative
firm.



3.1. Households

The household owns capital and the firms, and has a unit endowment of labor
that it supplies inelastically to the market. Its preferences are given by

o

Z Bu(cy)

t=0

Its budget constraint:
Ct‘i‘it :wt—l—rtkt—i—wt

where w; and r; denote the real wage rate and the rental rate of capital, respec-
tively, while 7; denote the profits of firms. Capital evolves according to:

kt+1 - (]_ - (S)kt —|— it

Note that I am allowing for incomplete depreciation of capital here.
You should show that the household’s problem implies the Euler equation:

u'(c;) = Bu'(cip1)(1 4141 — 0)

The interpretation is the same as usual, except that the return from saving
one unit of goods is 14,1 + (1 — 9).
The household’s transversality condition is

tlirn B ()1 =0

3.2. Firms

The typical firm maximizes profits
Tt = Y — Tehe — wily
subject to the production function
yr = F(ki, 1)
As before, an optimal plan involves:

wy = F2<ktalt)
e = F1<k3talt)



3.3. Equilibrium

A competitive equilibrium is an allocation (¢, iy, kiv1,li,y:) and price system
(wy, ) such that:

e Given the price system, (¢, i, k;11) is an optimal plan for the household

e Given the price system, (yq,lt, k) is optimal for the firm (i.e. maximizes
profits)

o All markets clear

The market clearing condition implies, in particular, that [, = 1.
Take a competitive equilibrium. Insert the expression for profits, 7, into the
households budget constraint and get:

Ct+ i =Y

that is
f(kft) = F(kft, 1) =+ ka_l — (1 — 6)]{/}

Also, from the household’s Euler condition,

u'(cr) = Bu' (i) [f (kesr) + (1 = )]

The last two equations are the same as those in the solution of the optimal
growth problem (where we had assumed § = 1), and the transversality condition
is the same. So we have proved that any competitive equilibrium allocation solves
the optimal growth problem.

The converse is true: the solution of the optimal growth problem can be de-
centralized as an equilibrium of the market economy. To show this, note that
what you need to identify to complete the market equilibrium is the associated
price system. But the needed prices are just given by the marginal products of
labor and capital.

4. Further Remarks

Let us elaborate on the problem of the household in the preceding section. In
particular, we have stated that the budget constraint is:

ct—i-it:wt—l—rtkt—i—m



kt+1 = (1 - (S)k’t + it

Consolidating, we have that
kt+1 — (1+Tt—5)kt+wt+7rt—ct

Here, ky is given.

Let us expand the model a little bit, and allow individual households to borrow
and lend from each other. In equilibrium, of course, each household’s assets must
equal capital, a; = k;. Also, the rate of interest on borrowing must equal the rate

of return on capital accumulation. So, in each period,
a1 = (1"‘7} —5)at+wt+7rt —
This means that, in the first period,

a; = (1+7‘0—6)a0+w0+7r0—00
= (1+7‘0—6)CLO—|—ZO

where z; = w; + my — ¢;. Likewise, in the next period,

CL2:<1+7’1—(5)0/1+21

or
Eag = a1 + Ezl
where Ry = (1 +r; —9)
Same,
1 1 N 1
—a3 = —a;+ —a
Ry ° R " Ry’
= aj+ Ezl —+ R—222

where Ry = (1 + 171 —d)(1 +1ry —0)
We continue and conclude that for any 7" > 1,
1 1

— = g+ —=—un+—2m+..F+—
RTCLT+1 ax i Z1 + R2Z2 + RTZT

1 1 1
= (1—|—T0—(5>CLO+ZO+—Zl—|——ZQ+...—|——ZT

Ry Ry

Rr

(7)



Finally, from the definition of z,

t

T
+
E —I——CLT_H (1+T0—6)/€0+ E th e
t=0

Now, letting T" go to infinity on the RHS, and then on the LHS,

t Wy + Ty
S+ im pera < (Lo ko + 3117

Assuming that

1
— >
Tlglolo Ry ars1 20

we now have

Z—< 1+7’0— /{30+Zwt+7rt

(8)

(9)

This says that the present value of consumptlon cannot exceed the present

value of (nonfinancial income) plus initial wealth.

What is the meaning of (8)? If some household violated it, some other house-

hold would have to be accumulating assets with strictly positive value in the limit.
This cannot be optimal for the lender. So the assumption is that nobody would
agree to lend to a household whose assets do not satisfy 8. This is called a No
Ponzi Game condition, for now obvious reasons.

Summarizing, we have shown that the sequence of budget constraints 7 and

the No Ponzi Game condition 8 imply the present value budget constraint 9.

Can we show the opposite? Suppose that a consumption plan {¢;} satisfies

T
1 Wi + T — C
— =(14+7r9—0)ko+ E _
RTCZTH ( To ) 0 - R,
Then,
1 wy + T — ¢ —w T —c
Y Ve 4 T T T n t t t
Ry ——ar41 ( + 79 ) 0 —RT ;:0 7Rt
1 wr + T —Cr

= aT

+
Rpy Ry

the present value budget constraint 1 with equality. Define assets at the end of
any period 7' > 0 by:



which implies, recalling the definition of Ry,
ary1 = (1+7‘T—(5)CZT—|—U}T+7TT—CT

So the sequence {a;}°, satisfies the sequence of budget constraints 7. Also,
by construction,

lim —dari1 = 0
T—o0 RT

In sum: we have shown that the sequence of budget constraints 7 and the No
Ponzi condition 8 are equivalent to the present value budget constraint 9. This
has very important consequences and applications.

Some remarks are in order:

e One implication is that household’s problem can be equivalently formulated
as maximizing lifetime utility subject to the present value budget constraint
(9). This is, for example, the way the problem is formulated in Romer, ch.
2.

e This view stresses that consumption depends on the present value of income,
and not on the timing of income. This has important consequences, some
of which we will discuss in the course.

e For the sequence of budget constraints to be equivalent to a single present
value budget constraint markets must be complete. The meaning and signif-
icance of market completeness will be investigated later in the course, but
suffice it to say here that markets are complete in the case here because
there is no uncertainty and we ended up assuming that there is borrowing
and lending.

4.1. Application: The Importance (Or Not) of Fiscal Deficits

In the previous setting, suppose that there is a government that needs to spend
some exogenous amount ¢; in each period. To finance this, the government can
either impose lump sum taxes on the representative household, 7, or borrow an
amount by, ;. The government’s constraint is, hence,

biy1 =g — 7 + R,

where R; is the gross rate of return (principal plus interest) on government bonds.
For simplicity, assume by = 0 (i.e. no government debt inherited at time 0).



The representative household’s budget constraint is now
a1 = (1+7m—0)ay +wy +m —cr — T4

where now a; includes the amount lent to the government. The rest of the model
is as before.

A competitive equilibrium is now defined as an allocation, a price system, and
a government financing policy {7, b;+1} such that:

e given prices, the allocations are optimal for private agents (as before)
e markets clear, and

e the government budget constraint is satisfied at all times.

The first thing to note is that R} = 147, —d (why?). Now note the following:
per our previous argument, the household’s sequence of budget constraints is
equivalent to the present value one:

Z 1+7’0— ko‘i‘zwt—'—ﬂ-t g%

where the only dlfference is the presence of the discounted value of taxes in

the RHS. This says that government policy affects private decisions through the

present value of taxes and, importantly, only through that present value.
Assuming, however, that

bry
lim —2 =
im—

Tt Gt

2n 4w
So the present value of taxes are equal to the present value of expenditure.
But the latter is exogenous. This implies that government policy matters only
because of the present value of expenditure. Whether expenditure is financed via
taxes or via debt is immaterial. In other words, fiscal deficits are irrelevant. This

is a crucial result known as Ricardian Equivalence.
Are we justified in imposing the condition lim

then one can show that

b .
—+= = 07 An argument similar
T

to previous ones implies that lim b}T%“ cannot be strictly greater than zero (it would

mean that some household is acting suboptimally). But, can lim T“ be strictly

less than zero? This would imply that the government is taxing households more
than it needs to finance expenditure, the difference being lent to the public.



