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1. Introduction

It is well established that many economic series contain dominant, smooth components, even after

removal of simple deterministic trends. This is particularly true for series from finance and

macroeconomics. A traditional way to model these components is as random walks, leading to I(1) and

ARIMA (p,l,q) models in the Box and Jenkins’ (1970) terminology. The success of such models with

economic data and relationships between groups of such series, including the idea of cointegration, has

resulted in a considerable literature and special statistical techniques to handle the problems of inference

with data having this property. A small part of this literature is included in the book of readings by Engle

and Granger (1991).

If a series is such that its first difference is stationary (and has positive spectrum at zero frequency)

then the series has an exact (or pure) unit root. It is quite possible that such roots occur in practice. How-

ever, there is little economic theory that produces them, and, in practice, there are many types of

processes that have near unit roots and are very difficult to distinguish from perfect unit root processes,

given a finite sample. In this paper, a particular class of such processes are introduced, having a root that

is not constant, but is stochastic, and varying around unity. In this way, the process is stationary for some

periods, and mildly explosive for others. However, on average, the series may seem to be I(1), according

to standard tests.

The class of processes here is a stochastic version of the time-varying and seasonal unit root

processes suggested by Osborn (1988), and considered by Franses (1994), where, for instance

xt  = s xt 1  +  t

and xt is observed quarterly. The parameters, s, are allowed to change each quarter, such that

s =1


4
 s  =  1. Alternately, the stochastic unit root (STUR) process can be thought of as a special case of

the time-varying parameter processes discussed in Andel (1976), with the special feature that the variable

is nonstationary. In this sense, STUR processes combine unit root as well as time varying parameter

characteristics which are of some interest in economics.
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Interestingly, many economic series appear to be modeled well as STUR processes, based on a

forecasting analysis which compares four types of models: (i) random walk (with drift) processes; (ii)

fixed parameter autoregressive processes; (iii) time varying parameter models (using a Kalman filter for

estimation); and (iv) STUR processes. In particular, STUR models perform well at multi-step ahead fore-

cast horizons.

The rest of the paper is organized as follows. STUR processes are introduced in Section 2, and vari-

ous properties are derived. Standard I(1) tests are discussed in Section 3. Section 4 presents a STUR

test, and Section 5 examines estimation strategies. Section 6 compares the forecasting ability of the

STUR model with standard time varying parameter models, linear autoregressive models, and random

walk models. The final section briefly discusses bivariate extensions, and concludes.

2. Stochastic Unit Root Processes

Consider a series xt generated by

xt  = at xt 1  +  t   , (2.1)

where t is zero mean, i.i.d. with variance 
2, and where

at   =  exp(t) (2.2)

with t a Gaussian stationary series having mean m, variance 
2 and power spectrum g(  ). This is an

example of a doubly stochastic process as considered by Tjøstheim (1986), and has been specifically

analyzed by Brandt (1986), and Pourahmadi (1986, 1988). However, the exponential form (2.2) is a con-

venient case for consideration of the long-run properties of the series. A particular example that will be

used to illustrate the results is the case where  t is given by an AR(1) process

t   =   +  t 1 + t (2.3)

where | |  < 1, and t is i.i.d. normally distributed N(0,
2  ) and is independent of the series t . It will be

assumed throughout this section that t is generated exogenously from xt , so that

g ( t +1 |  t j  , xt j  , j  0 )  =  g ( t +1 |  t j  , j  0 )

where g( |  I) is a conditional distribution. For the example (2.3), m = /(1  ) and 
2  = 

2 /(1  2).

(2.1) can be solved as

xt   =  t  + at t 1 + atat 1 t 2+ ...+ atat 1
. . . . .atk +2 tk+1+ atat 1

. . . . .atk +1xt k

or,
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xt   =  t  + t,1 t 1 + t,2 t 2+ ...+ t,k1 tk+1+ t,kxt k (2.4)

for any integer k, 0  k  t, where,

t, j   =  exp(St(j)) ,

and,

St(j)  =  
i =0

j 1

 t i

with the notation St(0) = 1. It should be noted that for j>0

Ej   E [St(j)]  =  jm  , (2.5)

and,

Vj   =  var[St(j)]  =  
2 [j + 

r =1


j 1
(jr)(r)] (2.6)

where (r) = corr(t  , t r). For j large (2.6) can be approximated as

Vj     jf(0) (2.7)

as shown in Koopmans (1974, page 171) where f(w) =
2
1___g(w).

A standard result that is useful in this analysis is that if a random variable X is distributed N(m , 2)

then

E [exp(kX)]  =  exp(km + ⁄1
2k 22). (2.8)

It follows that for k large,

E[t,k]  =  exp(Ek + ⁄1
2Vk)    exp(k)  , (2.9)

where,

  =  m + ⁄1
2f(0). (2.10)

Assuming for convenience that x 0 is deterministic, and taking expectations of (2.4) with k  = t gives

E[xt]  =  x0exp(t)

and, as the t are i.i.d.,

var(xt)  =  
2

j =0


t 1
E[t, j

2 ]  =  
2

j =0


t 1
exp(2jm + 2Vj)    

2

j =0


t 1
exp(2j)  , (2.11)

where,  = m + f(0).1 Thus,

var(xt)

  
= t 

2

= 
2

�
�
� 1  exp(2)

1  exp(t2)___________ �
�
�

             

if   = 0

if    0

 

�
�
�
�
�
�
�

(2.12)

__________________
1 This is an approximation of the true variance of xt, since E[t, j

2 ]  exp(2 j) for small j.
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Turning to consideration of (linear) regression coefficients t,k as in:

xt   =  t,kxtk + error

it can be noted from (2.4) that

EL(xt  |  xtj  , j  k)  =  xtkEL[t,k |  xtj  , j > k]  =  xtkE[t,k] (2.13)

where EL(.) is an expectation using only the components of the conditioning sets in a linear form and E(.)

is an unconditional expectation. Thus, from (2.9),

t,k  =  E[t,k]  =  exp(k) ,  for large k (2.14)

Using the identity corr(xt  , xtk)  =  t,k		 	 	var(xt)

var(xt k)________ thus gives the following approximate expressions

for this autocorrelation when t and k are both large:

 < 0  = 0  > 0
 > 0 exp(kf) exp(kf) exp(kf)
 = 0 exp(k)(1  k/t)1/2 1 -
 < 0 exp(k) - -

where  = m + ⁄1
2f ,  =  + ⁄1

2f ,and f  f(0) =
2
1___g(0) where g(0) is the spectrum of t at zero fre-

quency. Empty cells are cases that cannot occur, since by definition,   .

The autocorrelations decline exponentially (approximately) in all cases except when  =  = 0, so

that f(0) = 0 and m = 0. This special case occurs, for example, if t  = 0, all t, since it then follows that

E[et ] = 1, and xt is then a perfect unit root process.

Two alternative characterizations of the STUR process given by (2.1) and (2.2) are

(i) STURA: t is such that E[et ] = 1 so that

m + ⁄1
2

2   =  0 (2.15)

(ii) STURB: t is such that E[t,k] = 1, k large, where t,k is given in (2.4), so that

  =  0     or     m + ⁄1
2f(0)  =  0 (2.16)

The persistence which arises when the restrictions given by (2.15) or (2.16) are met is similar to the per-

sistence exhibited by perfect unit root processes. For instance, as in the case a random walk, shocks from

the distant past continue to have an impact on current values of the process.

More precisely, the properties of STURA depend on the relative size of 
2 and f(0). Suppose that

f(0) > 
2 , so that, essentially, t is smoother than white noise. It follows that  and  are both positive,
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so that from (2.12), the variance of xt is increasing explosively, although probably mildly so, and E[t,k]

is increasing with k. Thus, distant shocks have greater impact on the current value of the series than do

recent shocks. This property also holds for linear I(d), d>1, processes, for example, and might be called

"super-persistence".

A STURB process will have E[et ] < 1 if f(0) > 
2 , so that a regression of

xt   =  t,kxt k + error

will yield t,k values which are nearer to unity for large values of k than for small values of k. The per-

sistence property is now particularly interesting.

Recall that

xt   =  
j =0

k1

t, jt j  + t,kx 0

and

t, j   =  exp[St(j)],   j  1   and   t, 0 = 1

where, St(j) has mean jm, variance jf(0), for j large. If t is normally distributed, then t, j will have a

lognormal distribution. With the constraint that E [t, j] = 1, which implies that m is negative, standard

results then give

variance (t, j)  =  exp(jf(0)) 1

mode(t, j)  =  exp(3/2 jf(0))

median(t, j)  =  exp(1/2 jf(0))

Also, a 95% confidence interval (about the median) is

exp[ ⁄1
2jf(0)  

+  2(jf(0))1/2]

Thus, as j increases, t, j has a constant mean, an increasing variance, a mode and median which tend

towards zero, and a 100(1  )% confidence interval that tends towards very small values. This implies

that the form of persistence which is displayed is very fragile.

For a theoretical perspective, stochastic unit roots may be seen to arise quite naturally in econom-

ics. As an example, it is well known that many basic formulations of the permanent income hypothesis

involve the term
1 + Rt

1 + ______ (see Hall (1978), for example). Using the standard approach,  is the marginal
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rate of time preference, and Rt is the real rate of interest. A frequently made assumption is that this term

is identically unity. However, when that assumption is relaxed, and Rt is allowed to vary stochastically,

then the term may well vary around unity, and probably has a mean very close to unity, as expected in the

STUR case.

To summarize, the above results indicate that the properties of STUR processes are often markedly

different from comparable properties of perfect unit root processes. Another characteristic of stochastic

unit roots is that they are quite difficult to distinguish from perfect unit roots. This is not surprising given

that evidence presented below indicates that variances of stochastic unit roots are often quite small. In

this sense the usual power failures associated with unit root tests should apply. Nevertheless, before dis-

cussing an appropriate testing strategy for the presence of STUR, we provide an example of a STUR pro-

cess which is readily mistaken for a pure unit root process based on a standard Dickey-Fuller test.

3. An Augmented Dickey-Fuller Test with a STUR Alternative

It is interesting to ask whether the oft applied augmented Dickey-Fuller (ADF) test has power

against STUR alternatives. ADF tests have as the null hypothesis, that the series in question is distri-

buted as I(1). However, with the amount of data available in macroeconomics, these tests are unlikely to

have much power against a variety of processes which are, in some sense, near I(1). Processes against

which unit root tests have little power may be called "generic unit root" processes (Granger (1993)).

In order to shed light on the power properties of the ADF test in the presence of STUR, two experi-

ments were performed. In both experiments, a process was generated by (2.1), (2.2), (2.3). In the first

experiment, t   i.i.d. N(0, 0.0001),  = 0.60 and  = 0.00003125. The second experiment used

t   i.i.d. N(0, 0.000001),  = 0.60 and  = 0.0000003125. Thus, both experiments are STURA

processes with E(at) = 1.

Augmented Dickey-Fuller tests using the regression

xt   =  0 + 1t + 2xt 1 + 
j =1

p

cjxt j  + t (3.1)

where then run. The relevant test statistic is the standard t-value for 2, the coefficient of xt 1. The test

can be run in various forms: without constraints (case 3), without trend (case 2, 1 = 0), without trend
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and intercept (case 1, 0 = 1 = 0), and for various amounts of augmentation (value of p). Monte Carlo

results for various p values are given in Table 1. Although not reported, the results of the experiments

varied very little for p = 2,3,...,10. The table lists the percentage of estimated t-values that lie above the

theoretical 95% and 5% values, taken from the tables provided in Fuller (1986), for a sample size of 250.

If the augmentation is estimated, being defined here as that which makes the estimated autocorrelations

of the residuals of the augmented equation up to lag 20 all be in the region 2/		 	 	250 , the value of p = 1 is

chosen in all cases. Thus, the experimental results for the ADF(1) tests are the most interesting. The

other test results in Table 1 are for comparison.

To reiterate, in Table 1 results for 
2  = 0.0001 and 0.000001 are reported. Clearly, in practice, the

variance of the stochastic unit root depends on the particular characteristics of the data. For instance, esti-

mation results which are presented in Section 6 suggest that 
2 may be as large as 0.001, and as small as

0.0000001. In support of the values used in Table 1, note that the variance of the STUR term discussed

above,
1+Rt

1+_____, was calculated to be 0.00026 using quarterly U.S. data from 1959:1-1993:2. (Defining

(1+Rt) = (1mtr)it   [pt +1/pt   1], where mtr=0.4 is the marginal tax rate, it is a quarterly average of the

3 month t-bill rate and pt is the gross domestic income price deflator).

From both experiments, it is clear that the ADF(1) test cannot distinguish between the given STUR

model and a standard pure unit root process. In particular, using the 95% critical value, the null of a pure

unit root (I(1)) fails to reject about a 95% of the time. Thus, the power of the test is very close to the size.

However, it should be noted that the results vary slightly depending on whether an intercept or trend is

added to the regression, and depending on the number of lags, p. The above results represent only a brief

glimpse at the properties of the ADF test for STUR processes. Various other experiments were also run,

but are not reported here. Perhaps not surprisingly, it turns out that the pure unit root null fails to reject

around 95% of the time for 
2 values both larger (i.e. 

2 = 0.01) and smaller than the values reported on.

In the next section, a test is discussed which has some power even when 
2 = 0.0001. Overall, these

results seem to support the proposition that STUR processes are generic unit root processes and are often

not rejected by an ADF unit root test having I(1) as the null.
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4. Testing For Stochastic Unit Roots

That ADF tests have low power against some STUR alternatives is not particularly surprising, since

the test is well known to exhibit limited power against a variety of "near" I(1) processes. In the STUR

case it would be ideal if one were to construct a test which has STUR as the null hypothesis. This is

difficult, though, given the rather complex nature of STUR processes, and is not considered in this paper.

The approach adopted here has difference stationarity as the null hypothesis, and a random coefficient

AR(p+1) model as the alternative. Leybourne, McCabe, and Tremayne (1994) develop the LM type test

which we will discuss. Interestingly, the test is also applicable to STUR processes, and is robust to vari-

ous departures under the null such as ARCH and GARCH. Of note is that the test starts by assuming that

a series is non-stationary. In this way, the test has the null of a fixed unit root (or a linear I(1) process) and

the alternative of some more general non-stationary data generating mechanism.

The model treated by Leybourne et al. has

xt   =  
i =1


q +1
i,txt i  + t (4.1)

1,t   =  (at + 1) ,  i,t   =  (i   ati 1) ,i =2,...,q ,  q +1,t   =  atq  ,

where at  i.i.d. (1, 2) and t  i.i.d. (1, 
2), and q is a non-negative integer. Trends may also be incor-

porated into (4.1), and some dependence is allowed between the at and t . Also, note that under the null

hypothesis that 2 = 0, xt is seen to be an AR(q+1) process with a unit root, since all of the coefficients

sum to unity. The version of (4.1) which we will consider has q=1 and 1=1:

xt   =  atxt 1 + t  , (4.2)

and is examined by Leybourne, McCabe and Tremayne (1994) and McCabe and Tremayne (1995). In

this framework, consider: H0: 2 = 0 against H1: 2 > 0. Before writing the statistic, three features of

the test should be mentioned. First, Leybourne et al. show that the test statistic below remains unchanged

when the natural log of at in (4.2) is allowed to follow a stationary AR(1) process, as in (2.1), (2.2) and

(2.3). Second, randomized coefficient models such as (4.1) and (4.2) can be written as models of condi-

tional variation. However, the lagged level of the process itself drives the conditional heteroskedasticity,

while in many G(ARCH) formulations it is the innovations that drive the conditional variation. Ley-

bourne et al. have shown that assuming the t are stationary is sufficient to ensure that the test has no



- 10 -

power against G(ARCH). They have also shown that the empirical size of the test in the G(ARCH) case

is less than its’ nominal value so that the test is conservative. 2 Unfortunately, this result doesn’t hold

when the form of heteroskedasticity is IGARCH. These and other related issues will be left to future

work. Third, it should also be noted that the test is augmented in the same way as ADF tests to allow for

various forms of serial correlation in the differences of xt .

Assuming normality, using the standard conditioning argument, and substituting 2 = 0 in the first

order condition, yields

L ( . )/2 |2=0  =  
4

t =q +2

T

(
j =1

t 1

j)
2(t

2  
2) + op(1)

The statistic is

ẐT  =  T 2
3____

̂
2
̂
1

t =q +3

T

(
j =q +2

t 1

̂j)
2(̂t

2
  ̂

2
)  ,

where, ̂t is the residual from a regression of xt on a constant, a trend (and lags of xt), with the number

of lags, q chosen accordingly (i.e. so that the t are not autocorrelated), ̂
2
 = 

T
1__̂t

2
and

̂
2
 = 

T
1__(̂t

2
  ̂

2
)2. Leybourne et al. show that the size and power of the statistic is not significantly

affected by overfitting. Thus, they suggest that to err on the side of too many lags is better than under-

specifying the number of lags.  ẐT converges weakly to a sum of functionals of generalized Brownian

bridges and Brownian motions, given by

0

1

G 1(r)2dG 2(r)  
0

1

G 1(s)2dsG 2(1)  ,

where G1(r) = W 1(r)  rW 1(1) + 6r (1r)[W 1(1)/2  
0

1

W 1(s)ds]   ,   G2(r) = W 1 + (1  2)1/2W 2(r),

the limit processes W 1 and W 2 are independent Brownian motions, G1 is a generalized Brownian bridge,

and the nuisance parameter  is the covariance between t  and t
2. The critical values reported in the

footnote of Table 2 are simulated under the assumption that t is symmetrically distributed so that =0.

However, the distribution could be tabulated for different values of , and an estimated value used to

__________________
2 These finding were pointed out to the authors in correspondence with Steve Leybourne.
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calibrate the critical value.

Table 2 contains size and power Monte Carlo results when the alternative is the STUR model

specified by (2.1), (2.2) and (2.3). That is, the alternative is (4.1), but with at  = exp (t) and

t   =   +  t 1 + t

where | |  < 1, t   i.i.d. N (0,
2 ) and is independent of the series t , and E (at) = 1. Since the test has

difference stationarity as the null, it may have power against STUR, as STUR processes are clearly not

difference stationary, in theory. As might be expected ẐT has very good power against the STUR alterna-

tive for larger values of 
2 and for larger sample sizes (i.e. 

2 = 0.1 - 0.001, T=500, and 1000). As 
2

falls, the power of the test tails off significantly. The size of the test is also given in Table 1, and

corresponds to the case where 
2  = 0. For sample size T=250, the sizes reported are exactly 0.01, 0.05,

and 0.10 because critical values were not reported for this sample size in Leybourne et al., and are calcu-

lated here using 10000 simulations. Based on the limited Monte Carlo evidence presented in Tables 1

and 2, as well as evidence from a number of other ADF test simulations (see discussion above), it seems

that the difference-stationarity test has more power against STUR alternatives than standard ADF tests.

For example, given that the ADF and ẐT tests are invariant to the scale of the data (
2), one may compare

the results from Panel (A) in Table 1 with those from Table 2, column 3. For a sample size of 250 obser-

vations, the power of the ẐT test is fairly low (0.152 for nominal size of 5%), but is still around three

times as high as the power of the ADF test. In order to examine the relationship between ADF and ẐT

tests further, the experiments reported in Table 1 where repeated for T=500. We found that the relative

performance of the two tests remains approximately the same as for the T=250 case. Some test results for

actual macroeconomic series are given in Section 6. Before discussing a series of forecasting experi-

ments (Section 6), we briefly outline some strategies for estimating STUR processes.

5. Estimation Strategies

Two methods for estimating the parameters of STUR processes are considered. The first is the

approximate maximum likelihood method discussed in Guyton, Zhang, and Foutz (1986). In contrast to

Guyton et al., though, conditions are not found for the existence of a stationary generalized autoregres-

sive process. Rather, the parameters of a nonstationary STUR process are estimated. Assume that
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xt   =  atxt 1 + t   ,     at  =  exp(t)     and     E(at)  =  1    or      =  0  , (5.1)

where

t   =   + 
i =1

p

it i  + t  ,

and t is a stationary stochastic process, thus generalizing (2.3) to be an AR(p) process. (The STUR

model may also be extended in the current context by adding lags of xt , as in (4.1), for example.) Of

course, for the sake of estimation, we will not assume that E(at) = 1  or  that   = 0, as we do not wish to

impose that the process must be STURA or STURB according to (2.15) or (2.16). Another possible vari-

ation of the above STUR process is the addition of a time varying intercept, say ct , to the measurement

equation. In this way, the upward trending behavior of many economic series could, potentially, be better

modeled. As we will see below, such generalizations pose no problem for the approximate maximum

likelihood (AML) estimation technique.

Assume that the t and the t are normally distributed with zero means, and variances 
2 and 

2 ,

respectively, and are independent. Thus, at is distributed as a lognormal random variable. The unknown

parameters are gathered into a vector,  = (, , 
2, 

2 ), where  = (1, 2, ..., p). In order to con-

struct a likelihood function, use the well known property that f(x, a |  ) = f(x |  a, )f(a |  ), where

f(.), is a joint density. Then, noting that likelihood is proportional to probability, assuming a value of

unity for the constant of proportionality, carrying the conditioning argument one step further, and intro-

ducing a randomization parameter, K yields

L(x |  )  =  L(x,  a |  )da  =  L(x |  a,  )f(a |  )da  =  Ea |L(x |  a,  )

and,

Êa |L(x |  a,  )  =  L̂(x |  )  =  
K
1__

k =1

K 


�
� 		 	2

1_____ �
�
�

T


Te


2

2
1_____

t =1

T

̂t,k
2

(5.2)

̂t,k  =  xt   âk,txt 1 (5.3)

where by Ea | we mean the expectation over a conditional on the parameter , and assuming that the

density of x 1 is the same as the conditional density of xt , given xt 1, and that x 0 = 0. This is a standard

result, except that the at are unobserved so that we construct an estimate, L̂(.) by randomly sampling

across different distributions of at .
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In order to calculate values of the likelihood function for various points in the parameter space,

various sequences, ak = {ak,t}, are generated for each {, i,  i =1,...,p,  
2 } in the parameter space.

Thus, the approximate maximum likelihood function given as (5.2) is a random variable, and is an esti-

mator of Ea |L(x |  a,  ). Maximization of (5.2) proceeds by first generating K sequences {t,k},

t=1,...,T. Then, L̂(. |  .) and its derivatives are calculated for each point in the parameter space

̂ = (̂, ̂i  , i =1,...,p , ̂
2
 , ̂

2
). This iterative procedure is carried out until a ̂ is found which optim-

izes L̂(. |  .), according to some convergence criterion. Following accepted techniques from the

simulation-based estimation literature, the same K sequences, {t,k}, t=1,...,T, are used throughout the

optimization. Approximate maximum likelihood methods are also considered in the disequilibrium

literature. For example, Laroque and Salanie (1994) show that simulated pseudo ML estimators have

good finite sample properties, even for values of K as low as 15. It should be noted that 
2 cannot be

concentrated out of the approximate likelihood function (since the sum of logs is not equal to the log of

sums).

The finite sample properties of the AML method were examined using a series of Monte Carlo

experiments. STUR processes were generated according to (5.1) with p=1, 1 = 0.6, E(at) = 1, t   i.i.d.

N(0, 0.0001) and N(0, 0.000001), and t   i.i.d. N(0, 1.0). Parameters were estimated using the GAUSS

computer program and the Broyden, Fletcher, Goldfarb, Shanno (BFGS) algorithm. Table 3 contains

average parameter estimates and standard errors for 1000 trials, for sample sizes of 100, 250, and 500

observations, and for randomization parameter, K, values of 10, 25, 100, and 250. A number of results

emerge from inspection of Table 3. First, the AML method appears to produce fairly reasonable average

point estimates of the STUR parameters, in particular for the larger sample sizes of 250 and 500, and for

the larger K values of 100 and 250. For example, when K=10 and 25 the average point estimates of 
2

are not as close to their true values as when higher randomization parameters are used. Interestingly,

selecting K=250 does not generally result in substantial improvement over the K=100 case. Second, 
2

is estimated very well, even for small K and T. Finally, it should be noted that the parameters are usually

estimated fairly imprecisely, particularly in Panel (B), where a smaller value of 
2 is used. This suggests

that AML estimates should be used with caution, in practical applications. Overall, though, the AML
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technique is intuitively appealing, works fairly well in simulations, and we feel that the estimation

method is worthy of further investigation.

A second estimation technique was also considered, and consists simply of minimizing the sum

squared residuals, the ̂t , in (5.3). In this formulation, t is assumed to be the AR(1) process given by

(2.3). Using a procedure very similar to the AML method, K fixed sequences, {k,t}, t=1,...,T are first

generated. Then, K sequences of {âk,t}, t=1,...,T are generated for a point, ̂, in the parameter space.

From these, a function value

K
1__

k =1

K

t =1

T

(xt   âk,txt 1)2

is calculated. This approximate minimum sum squares (AMSS) is calculated for various different ̂

values, and some numerical optimization method is used, yielding a final estimate, ̂
*
. For the AMSS

method, a natural estimator for 
2 is

̂
2
  =  

T
1__

K
1__

k =1

K

t =1

T

(xt   âk,t
*

xt 1)2

where âk,t
*

uses the "optimal" estimates, ̂
*
. Of note is that estimates from the AML and AMSS methods

can be used to construct estimates the STURB condition, (2.15), where

sĉ   =  m̂ + ⁄1
2̂

2
  =  

(1̂1)

̂______ + 
(1̂1

2
)

̂
2

_______

Thus, the STUR condition, (2.15), can easily be checked, although we do not provide standard errors for

these estimates.

Unfortunately, AML only simplifies to AMSS if either: (i) the randomization parameter, K, is unity

(which results in wild estimates for obvious reasons); or (ii) lnL(x |  )    Ea |lnL(x |  a,  ) (Jensen’s

inequality is actually an equality, i.e. Ea |lnL(x |  a,  )  =  ln(Ea |L(x |  a,  )) ). For example, it can

be shown (using a bit of algebra) that AML reduces to AMSS when the following conditions hold:

K
1__



�
�
�
�
�
�
� k =1


K

e 2̃
2

1_____

t =1

T

̂t,k
2

k =1

K

e 2̃
2

1_____

t =1

T

̂t,k
2

t =1

T

̂t,k
2

_________________

�
�
�
�
�
�
�
�

  =  
K
1__

k =1

K

t =1

T

̂t,k
2

(5.4)
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where ̃
2

is the variance estimator which arises when one attempts to concentrate 
2 from L(x |  .), and

when terms of the form



�
�

e 2̃
2

1_____

t =1

T

̂t,i
2

�
�
�



�
� t =1

T

̂t, j
2 �

�
�

  ,i, j = 1,  . . .  ,K  ,i  j (5.5)

are identically zero. 3 Thus, while intuitively appealing, there is no obvious reason why AMSS should

provide reasonable estimates. In order to further examine AMSS, a number of simulations analogous to

those carried out for the AML method were done. Perhaps not surprisingly, the AMSS method produced

wild estimates much of the time, and failed to converge at all for many of the simulations. Thus, at this

juncture, we include discussion of AMSS primarily as a curio, acknowledging that further examination of

the method may be of some interest, particularly given that it is computationally inexpensive.

Other estimation techniques may also be of some interest for STUR, but for the sake of brevity we

have limited our introductory examination to two. Clearly, there is also a lot of other interesting work

which remains to be done in this area in the future. For example, state space models which incorporate

STUR conditions, and which employ the Kalman filter are of potential interest. In the next section STUR

models, which are estimated using AML, are examined from an empirical perspective. One model which

is compared to STUR has at distributed as an AR(1) process. The model is estimated using the Kalman

filter, and differs from the STUR model in that at  AR(1) rather than at=exp(t) with t  AR(1).

6. Forecasting and Test Results

One clear way to judge the relevance of a model is to ask how well it performs compared to other

models when analyzing actual data. In this section the relative forecasting performance of a simple

STUR model is compared to a linear autoregressive model with constant parameters, an standard autore-

gressive model with a time-varying parameter which is estimated using the Kalman filter algorithm, and a

random walk model. Of note is that the Kalman filter is a natural estimation technique for time varying

parameter models, while AML may be a natural method when the log of the AR parameter follows an AR

__________________
3 A full derivation of these conditions is available upon request from the authors, and follows by taking the log of the likelihood in (5.2),

and attempting to concentrate out 
2. This in turn yields conditions which are sufficient to ensure that the AML estimator is the same as the

standard OLS estimator (i.e. conditions whereby we can use the standard argument that the likelihood is maximized when the sum of squared
residuals is minimized). It is these conditions that are reported above as equations (5.4) and (5.5).
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process. Along these lines we emphasize that our analysis focuses on which model best represents the

data, and does not attempt to compare the performance of the different estimation techniques. Many

more sophisticated forecasting models are available for the series, so that the forecast comparison below

is meant just as a guide to the usefulness of the four models studied, from the perspective of multi-step

ahead forecasting.

The series analyzed are listed in Table 4, Panel (A). The in-sample period is 1955:1-1987:12, and

the out-of-sample period - used to evaluate the forecasting models - is 1988:1-1991:10. All data are

monthly. The data are a potpourri of monthly U.S. macroeconomic series, and are meant to depict a

somewhat wide range of different characteristics which are associated with economic time series.

In practice, model builders often work with log (xt) and with growth rates, or "rates of return",

defined by rt  = (xt   xt1)/xt1 which are usually very well approximated by log(xt). However, note that

if xt is actually generated by (2.1), (2.2) and is positive then

t   =  log(xt) + log[1  t /xt]    log(xt)  t /xt (6.1)

As usual, t is thought to be small compared to xt . It follows that t is approximately equal to rt . Conse-

quently, if rt is well modeled by a stationary series, as is often assumed, then log(xt) will be an exact unit

root process and xt will be approximately STUR. This has implications for the original level variable

which are rarely discussed. The original variable will not have a perfect unit root but something like a

STUR model is more appropriate. Of course, (6.1) illustrates that estimating STUR processes using

growth rates introduces heteroskedasticity into the model. For this reason, we estimate the models in this

section using levels data. This is not meant, however, to imply that using log data isn’t preferred, and

future research should shed more light on the issue. Rather, we keep the current forecasting exercise sim-

ple by focusing on STUR models using levels data, and ignore heteroskedasticity in our empirical

analysis.

The series were all found to be "generic" I(1), using augmented Dickey-Fuller tests (see Table 5).

However, as discussed above, the ADF test has low power against some STUR alternatives. Thus, the

series were also tested using the ẐT statistic. Table 5 contains test results for the series. The results
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suggest that the null of difference stationarity should be rejected for 6 of the 10 series at a 1% level. This

suggests that some macro-economic series might be better specified when the pure unit root restriction is

relaxed, although the caveats mentioned in Section 4 certainly apply. Furthermore, the particular form of

non-linear model which is appropriate will naturally vary for each series, and is an currently an area of

considerable research in economics. However, since the test considered has some power against STUR,

these types of models should be of some interest. 4

For each of the actual series, forecasting models were formed as follows:

(a) RW: standard random walk with drift models.

(b) AR(p): standard autoregressive models of order p, AR(p), where the order is selected using a

BIC criterion and all coefficients, including a constant, are estimated by OLS with no constraints on roots

of the model.

(c) Kalman: a time varying parameter model, xt  = at xt1 + t , where at is assumed to evolve

according to an AR(1) process is fitted to each series. The parameters of this model are determined in-

sample by a grid search procedure. The parameter at is estimated recursively by using the Kalman filter

algorithm, as described in Anderson and Moore (1979) and in Harvey and Phillips (1982). Two alterna-

tive multi-step forecasting procedures were considered and compared, and are discussed in Appendix I.

In the comparisons, the more successful technique, called here the "chain-rule" method is used.

(d) STUR: models of the type given in (2.1), (2.2) and (2.3) are fitted, with no constants placed on

the parameters, using the AML method discussed above. Parameter estimates are given in Table 4, Panel

(B), assuming that t follows an AR(1) process. Forecasts using the AMSS estimates are simulation

based, analogous to the methods discussed in Section 5. The number of randomization steps, K, is set at

100. The h period ahead forecasts are constructed as

xt +h
f   =  

K
1__

k =1

K

(
i =1


h

at +i,k
f )xt

__________________
4 Tests of non-linearity such as the one suggested above usually have linearity as the null. (See Luukkonen, Saikkonen, and Teräsvirta

(1988) and Tsay (1989), for example.) In many cases, though, it may be preferable to specify a specific non-linear model as the null. For the
STUR case, this is left to future research.
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Two candidate AML forecasting techniques were considered:

(d.1): Use the parameter estimates, ̂, to generate K sequences {̂t,k} and {̂t,k}, t=1,...,T. Then

construct K sequences {ât,k} = 


�
� xt 1

xt   ̂t,k_______ �
�
�

, and {at +h,k
f } = 



�
�

ê(at +h1,k
f )̂êt,k

�
�
�

, where ât,k is the initial

value for the recursion on a f .

(d.2): Use {̂t,k}, t=1,...,T to construct K sequences {t +h,k
f } = 



�
�
̂ + ̂t +h1,k

f  + ̂t,k

�
�
�

, and

{at +h,k
f } = 



�
�

et +h,k
f �

�
�

, where the same ̂t,k are used for all h in (d.1) and (d.2).

Guyton et al. (1986), alternatively, use Bayes’ Rule to generate the conditional distribution of {a}

given {x}. The technique is complicated, though, and any simplification relies heavily on an assumption

that the at are normally distributed. Experimentation using in-sample data indicated that (d.1) yielded

reasonable forecasts. For this reason, (d.1) is used as the STUR forecasting method. To simplify our

analysis of models (a)-(d), fixed autoregressive parameters are not updated as new sample information

becomes available. We leave the examination of evolving AR(p) and STUR models (see Swanson and

White (1995), for example) to future work.

In order to reduce possible biases in any of the forecasts, a regression was run (in-sample), of the

form

xt +h  =  h + hxt +h
f  , (6.2)

where xt +h
f is one of the four forecasts described above, and h, h are the bias  adjustment parameters

used to calculate the final forecasts. There is no obvious reason to believe that the constant parameter

AR(p), or Kalman forecasts are biased, but they were put through the same procedure so that a direct

comparison could be made.

To ask if one method is statistically significantly better than another, suppose that at time t, the two

forecasting methods produce errors ut , vt , from st  = ut + vt , dt  = ut  vt . The null hypothesis to be tested

is that var(u) = var(v), which is equivalent to r = corr (st  , dt) = 0. To perform this particular test, a stan-
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dard z-statistic for correlation is used where z = ⁄1
2 log(1+r)/(1r) (Anderson (1984)). Under the null

		 	 	 	n  1 z is asymptotically distributed as a N (0 , 1) random variable where n is the post-sample size. A

low p-value indicates rejection of the null hypothesis. Diebold and Mariano (1995) discuss various ver-

sions of this test.

Table 6 summarizes the forecasting comparison results. For the 1-step, 5-step and 10-step ahead

forecast horizons, the first four columns of figures contain out-of-sample mean squared errors, while the

last 4 columns contain the results of the comparisons. In particular, "ranks" from 1 (best) to 4 (worst) are

assigned to each model for each variable. Total ranks for each model at each horizon are also given, with

the lowest corresponding to the "best" score, in a crude sense. Whenever a model was found to be statist-

ically superior to another model, for a given series, a * (5%) or @ (10%) was placed beside the models’

rank score. The total number of "wins" based on *s and @s is also given for each model, again offering a

crude indication of model superiority.

Various provocative results are apparent. For example, the AR model ties for the lowest number of

"wins" at all horizons, except for forecast horizon, h=1, when the AR model "wins" more frequently that

STUR. Furthermore, 7 of AR’s 16 "wins" are for models of unemployment. This agrees with a hypothesis

that unemployment is best modeled as a stationary process, at least based on our limited analysis. For

h=1, Kalman has the best "rank" sum, while STUR has the worst rank sum. Furthermore, STUR has no

"wins". However, for h=5 and h=10, the results change dramatically. Interestingly, the constant parame-

ter AR model "ranks" worst for both multi-step horizons. At h =5, STUR "ranks" second, behind RW,

while for h =10, STUR clearly ranks first. Also, for both multi-step horizons, STUR ranks second in

terms of "wins", while RW wins for h =5 and Kalman wins for h =10.

Overall, the results are rather mixed. All of the models appear to offer useful forecasts, at least for

some of the series. However, the constant parameter AR model appears to under-perform the other

models for most of the series, most of the time. The STUR model, on the other hand, performs very well

outside of the one-step ahead case. These STUR results are encouraging, and suggest that further analysis
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of such models may be useful. Nevertheless, the issue of why STUR performs so poorly for h =1 remains

a quandry. More light should be shed on the issue, as more sophisticated estimation and testing tech-

niques become available.

In general, much care needs to be taken when constructing forecasts for any given economic time

series. Thus, the four forecasting methods considered here are necessarily limited in scope. Further

experiments, for instance, might compare STUR forecasts with more complicated alternative forecasts.

Nevertheless, the testing and forecasting results of this Section suggest that STUR processes offer a com-

plementary modeling option, and, as such, should be entertained when forecasting economic time series.

This is, perhaps, not a surprising result, as it is hard to find many macroeconomic theories which suggest

that the perfect unit root model is preferable over more general, near unit root models.

7. Bivariate Generalizations and Conclusions

If xt ,yt are a pair of series having a decomposition

 xt   =  Awt + x̃t (7.1)

yt   =  wt + ỹt

where x̃t  , ỹt are both stationary and wt is STUR, then zt  = xt   Ayt will be stationary, and a standard

cointegration situation occurs in that xt  , yt will both be extended memory in mean but there exists a

linear combination that is stationary. However, a more interesting situation occurs from considering the

logs of a pair of economic variables, lxt  , lyt . If, as is often assumed, the changes of these variables are

stationary, then lx  , ly have perfect unit roots, and, as sometimes indicated by tests, lxt and lyt are coin-

tegrated, so that lzt  = lxt   clyt is I(0), then lxt  , lyt can be thought of as being generated by a (linear)

error-correction model

lxt   =  1lzt 1 + lagslxt  , lyt  + uxt (7.2)

lyt   =  2lzt 1 + lagslxt  , lyt  + uyt

where all terms in this model are I(0). It follows that there is a decomposition
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 lxt   =  clwt  + lx̃t

lyt   =  lwt  + lỹt

when lwt has a perfect unit root, and the last terms are each I(0). Gonzalo and Granger (1995) discuss

how the terms in this decomposition can be estimated from (7.2) giving, essentially

lx̃t  = (1+c)lzt  , lỹt  = lzt . It is also frequently observed that for cointegration involving the logs of vari-

ables, c  = 1, and this value will be assumed (see Engle and Granger (1987) for an introductory discussion

of cointegration and error correction). Taking exponentials gives

xt   =  exp(lwt)exp(2lzt)

and,

yt   =  exp(lwt)exp(lzt)

suggesting that, in practice xt  , yt will be cointegrated with a stochastic parameter, in that xt   ytexp(lzt )

will be I(0). As nothing has been estimated about the properties of lzt , except that it is stationary and has

zero mean, exp(lzt ) can have virtually any positive expected value. However, if the variance of lzt is

small, then the characteristics of exp(lzt ) match those of the stochastic unit roots discussed above. Thus,

even a procedure as innocuous as finding that two logged series are cointegrated does have potentially

important implications for the stochastic behavior of the series. Even this simplistic analysis suggests

that random coefficient cointegration may be a consequence of the analysis of the logs of variables, in

many cases. Of course, the error-correction model (7.2) could also have stochastic coefficients, leading

to deeper questions concerning testing for, and defining appropriate forms of cointegration. These ques-

tions, and other multivariate extensions, in the area of stochastic  cointegration, for instance, are the sub-

ject of future research.

The results presented in this introduction to stochastic unit root processes are, we believe,

sufficiently promising for further discussion and analysis of these and similar processes to occur. They

allow the theorist and the econometrician to get away from the very tight constraints on a process

imposed by a perfect unit root and to generate data of a more realistic kind. It is seen that STUR models

have the potential to provide improved forecasts for macroeconomic time series, at least relative to
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AR(p), time varying parameter, and random walk models. Furthermore, a simple test indicates that non-

linear models such as STUR processes may be preferred to difference stationary models in many cases.

Future research directions include the estimation of STUR processes, as well as an analysis of the

economic theories in which stochastic unit roots arise naturally. Another important area for development

is stochastic coefficient cointegration.
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Table 1: Results of Augmented Dickey Fuller Test Monte Carlo Study1


Panel (A):   = 0.01

DF ADF(1) ADF(2) ADF(5) ADF(10)
CASE 1 ( 0 = 1 = 0 )

Average ̂2 -0.006 -0.007 -0.007 -0.007 -0.007
Average t̂ 2 -0.345 -0.379 -0.379 -0.372 -0.350
t̂ 2>1.95 97.2 96.8 96.8 95.6 95.6
t̂ 2> 1.29 6.8 6.8 6.8 7.2 6.8

CASE 2 ( 1 = 0 )
Average ̂2 -0.021 -0.021 -0.021 -0.021 -0.021
Average t̂ 2 -1.510 -1.532 -1.520 -1.508 -1.473
t̂ 2>2.88 95.6 95.6 96.0 94.8 96.0
t̂ 2>0.06 5.6 5.2 5.2 6.4 6.4

CASE 3 (no constraints)
Average ̂2 -0.040 -0.041 -0.042 -0.043 -0.045
Average t̂ 2 -2.155 -2.199 -2.199 -2.186 -2.147
t̂ 2>3.43 92.8 92.4 92.8 94.1 92.4
t̂ 2>0.92 6.4 4.8 4.0 4.4 5.2

Panel (B):   = 0.001

CASE 1 (2 = 1 = 0)
Average ̂2 -0.007 -0.007 -0.007 -0.007 -0.007
Average t̂ 2 -0.385 -0.395 -0.381 -0.359 -0.340
t̂ 2>1.95 96.4 96.4 96.0 96.0 96.4
t̂ 2> 1.29 6.0 6.8 5.6 6.4 5.6

CASE 2 (1 = 0)
Average ̂2 -0.022 -0.022 -0.022 -0.022 -0.022
Average t̂ 2 -1.584 -1.596 -1.578 -1.551 -1.522
t̂ 2 > 2.88 94.1 93.6 93.2 94.0 94.8
t̂ 2 > 0.06 4.0 4.0 4.0 3.6 5.2

CASE 3 (no constraints)
Average ̂2 -0.043 -0.044 -0.044 -0.044 -0.046
Average t̂ 2 -2.248 -2.263 -2.244 -2.211 -2.175
t̂  2>3.43 93.2 91.6 92.0 93.2 94.0
t̂  2>0.92 3.2 3.2 2.8 3.6 5.2

1 The STUR model estimated is, xt  = atxt1 + t, where at = exp (t) , and, t =  + t1 + t. The parameter, ,
is set at 0.6, while  is fixed so that E(at)=1. The two error processes are simulated as independent, each being dis-
tributed i.i.d. normal with 

2 = 1.0 and 
2  = 0.0001, and 0.000001, respectively, for Panels (A) and (B). Results

are shown for the Augmented Dickey Fuller tests with an intercept and a trend using  x t as the dependent variable
when the null hypothesis is xt   I(1). The regressions were run using various augmentations (lags) of the depen-
dent variable. The the number of lags used, (p), the average value of the coefficient ̂2 in (3.1), and the correspond-
ing average t̂ 2 value aer all shown. In each case, 10000 simulations were performed. The sample size was set at
250 observations, and the critical values used correspond to a 5% and a 95% cumulative probability under the null
hypothesis, and are given in Fuller (1976).
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Table 2: The Power of the ẐT Test Against STUR Alternatives1



Panel (A): Nominal Size = 1%

T 
2  = 0.0 

2  = 0.0001 
2  = 0.001 

2  = 0.01 
2  = 0.1

50 0.009 0.018 0.016 0.093 0.330
100 0.014 0.019 0.058 0.249 0.639
250 0.016 0.041 0.150 0.494 0.852
500 0.011 0.103 0.354 0.813 0.955
1000 0.014 0.213 0.614 0.939 0.987

Panel (B): Nominal Size = 5%

50 0.052 0.061 0.069 0.187 0.485
100 0.046 0.079 0.135 0.376 0.795
250 0.047 0.121 0.233 0.618 0.926
500 0.056 0.185 0.504 0.892 0.978
1000 0.060 0.356 0.718 0.964 0.993

Panel (C): Nominal Size = 10%

50 0.100 0.116 0.126 0.252 0.576
100 0.097 0.134 0.186 0.444 0.854
250 0.094 0.188 0.312 0.693 0.949
500 0.106 0.255 0.577 0.921 0.984
1000 0.121 0.427 0.767 0.972 0.995

1 Results are shown for ẐT  =  T 2
3____

̂
2
̂
1

t =p +3

T

(
j =p +2

t1

̂j)
2(̂t

2
  ̂

2
)  . Critical values for sample sizes 50, 100, 500,

and 1000 are from Leybourne et al. (1994) and are {.349, .320, .278, .261} for the 1% level, {.215, .192, .161, .149}
for the 5% level and {.161, .142, .114, .104} for the 10% level. As the critical values for T=250 are not available,
we calculated them using 10000 simulations, under the null hypotheses, at = 1 for all t. The values are {.289, .168,
.122} at the 1%, 5%, and 10% levels respectively. The STUR alternative used in the power simulations (

2  > 0) is
xt  = atxt1 + t, where at = exp (t) , t =  + t1 + t, and E (at) = 1. The two error processes are assumed to be
independent, each being distributed i.i.d. normal with respective variances, 

2 and 
2 . =0.60, and 

2= 0.01, 0.1,
1.0, 10.0 for 

2 = 0.0001, 0.001, 0.01, 0.1, respectively. The parameter  is fixed so that E(at) = 0. 10000 simula-
tions were used for the Monte Carlo experiment.
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Table 3: AML Estimates for Various Randomization Steps, K, and Sample Sizes1



Panel (A):  = 0.01

T K ̂ ̂ ̂ ̂
2

100 10 -0.0038 0.5952 0.0084 0.9909
(0.0067) (0.2102) (0.0098) (0.0724)

25 -0.0086 0.5993 0.0092 0.9966
(0.0136) (0.0017) (0.0051) (0.0189)

100 -0.0047 0.6004 0.0117 0.9955
(0.0092) (0.0188) (0.0088) (0.0275)

250 -0.0057 0.6006 0.0111 0.9955
(0.0131) (0.0226) (0.0077) (0.0369)

250 10 -0.0026 0.6005 0.0092 0.9937
(0.0054) (0.2371) (0.0094) (0.0395)

25 -0.0027 0.6050 0.0099 1.0026
(0.0046) (0.0320) (0.0080) (0.0121)

100 -0.0025 0.6018 0.0100 0.9993
(0.0041) (0.0159) (0.0035) (0.0090)

250 -0.0024 0.5996 0.0101 1.0000
(0.0053) (0.0016) (0.0036) (0.0125)

500 10 -0.0013 0.5855 0.0069 1.0129
(0.0031) (0.2337) (0.0052) (0.0349)

25 -0.0013 0.5828 0.0087 1.0031
(0.0022) (0.1210) (0.0042) (0.0281)

100 -0.0013 0.6001 0.0099 1.0000
(0.0025) (0.0041) (0.0031) (0.0074)

250 -0.0010 0.5967 0.0098 1.0002
(0.0025) (0.0327) (0.0026) (0.0044)

Panel (B):  = 0.001

100 10 -0.0030 0.5678 0.0053 0.9955
(0.0072) (0.3007) (0.0065) (0.0721)

25 -0.0034 0.5910 0.0029 1.0027
(0.0082) (0.1352) (0.0046) (0.0547)

100 -0.0039 0.5970 0.0020 0.9919
(0.0086) (0.1515) (0.0043) (0.0302)

250 -0.0040 0.6058 0.0018 0.9942
(0.0070) (0.0353) (0.0035) (0.0340)

250 10 -0.0027 0.6353 0.0056 0.9989
(0.0047) (0.1160) (0.0083) (0.0257)

25 -0.0025 0.6006 0.0042 0.9963
(0.0045) (0.0341) (0.0069) (0.0239)

100 -0.0023 0.6089 0.0019 0.9994
(0.0049) (0.0560) (0.0037) (0.0148)

250 -0.0021 0.6049 0.0016 0.9956
(0.0044) (0.0245) (0.0029) (0.0258)

500 10 -0.0012 0.5818 0.0035 0.9996
(0.0027) (0.1694) (0.0057) (0.0236)

25 -0.0015 0.5687 0.0016 0.9968
(0.0025) (0.2096) (0.0023) (0.0177)

100 -0.0011 0.6015 0.0018 0.9992
(0.0021) (0.0604) (0.0034) (0.0082)

250 -0.0012 0.6043 0.0012 0.9986
(0.0026) (0.0294) (0.0012) (0.0049)


1 The parameters listed are averages based on 1000 simulations using the approximate maximum likelihood method discussed above. Bracketed
values are standard errors across replications. The data is simulated using the STUR model: xt = atxt1 + t, where at  = exp (t) , and,
t =  + t1 + t. The parameter, , is set at 0.6, while  is fixed so that E(at)=1. The two error processes are simulated as independent, each
being distributed i.i.d. normal with 

2 = 1.0 and 
2  = 0.0001, and 0.000001. Sample sizes of T=100, 250, and 500 are considered.
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Table 4: Series Definitions, Summary Statistics and STUR Estimates1

Panel (A): Series Definitions

Series Used Description and CITIBASE Mnemonic

Money Stock - M2 (FM2) Money Stock: M2, Billions 1982 (FM2D82)
Stock Price Index (SPI) S&P’s Common Stock Price Index * (FSPCOM)
Long Interest Rate (RL) US Treasury Composite 10 yr +, %/yr. * (FYGL)
Short Interest Rate (RS) US T-Bills Auction Avg., 3-mo., %/yr. * (FYGN3)
Medium Interest Rate (RM) US Treasury Cons Maturity, 1-yr., %/yr. * (FYGT1)
Industrial Production (IP) Industrial Production, total index (IP)
Nominal Inventory (NI) Mfg. & Trade Inventories: Tot, Billions (IVMT)
Unemployment Rate (UR) Unemp. Rate. All Workers 16+ yrs. (LHUR)
CPI - Wage & Cler. (CPI) CPI all wage earners and cler., all items (PRNEW)
Prod. Price Index (PPI) PPI: all commodities * (PW)

Panel (B): Summary Statistics and STUR Parameter Estimates

Series Mean Variance ̂ ̂ ̂
2

̂
2

sĉ

FM2 1581 196651 0.0026 -0.846 0.0001 70.0 0.0014
SPI 103 2809 -0.0036 0.025 0.0586 9.92 -0.0019
RL 6.58 8.33 -0.0012 -0.302 0.0001 0.07 -0.0008
RS 5.77 9.40 -0.0060 -0.328 0.0004 0.33 -0.0043
RM 6.39 10.3 -0.0040 -0.169 0.0003 0.28 -0.0032
IP 64.2 424.6 0.0002 -0.992 0.0000 0.38 0.0001
NI 279 41888 0.0002 0.960 0.0019 7.46 0.0049
UR 5.97 2.68 -0.0009 -0.376 0.0000 0.05 -0.0006
CPI 54.3 826 0.0052 -0.184 0.0000 0.10 0.0043
PPI 55.4 793 0.0048 -0.902 0.0001 0.17 0.0025

1 All variables are monthly with in-sample: 1955:1-1987:12 and out-of-sample: 1988:1-1991:10, and are season-
ally adjusted unless marked with an asterisk. Means and variances are calculated using the entire sample. The
STUR parameter estimates are based on the approximate maximum likelihood method discussed above, with start-

ing values gotten from the minimization of
k =1

K

t =1

T

̂k,t
2

, where xt  = atxt1 + t, and at = exp (t) , t =  + t1 + t.

In order to account for potential trending behavior, the series were demeaned before estimating the STUR parame-
ters tabulated above. To facilitate an ex-post forecast comparison, STUR estimates are based on the sample
1955:1-1987:12. The STURA condition, (2.15), is estimated as sĉ  = ̂(1̂)1 + ⁄1

2̂
2

(1̂
2
)1.
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Table 5: Test of Monthly Series for STUR1

STUR Tests ADF Unit Root Tests
Series Lags of xt ẐT p ̂2 t̂ 2

FM2 9 0.204* 9 -0.014 -3.06
SPI 4 0.439** 5 -0.017 -1.95
RL 12 0.763** 8 -0.024 -2.48
RS 6 1.386** 7 -0.026 -1.78
RM 13 1.075** 7 -0.026 -2.02
IP 1 0.041 1 -0.027 -2.99
NI 13 0.511** 10 -0.002 -1.16
UR 12 -0.017 4 -0.024 -3.08
CPI 9 0.667** 10 -0.001 -1.67
PPI 12 0.167 10 -0.003 -1.85

1 Sample is 1955:1-1987:12 for all series. All data is monthly (see Table 6.1). The 2nd and 3rd columns report
STUR test results. Lags of xt denotes the order p of the autoregression in xt used to ’whiten’ the original series.
The order, q, was chosen by analysis of the first 15 estimated autocorrelations using the region (2/T1/2 , +2/T1/2).
** denotes rejection of the difference stationary null hypothesis at the 1% level, and * denotes rejection at the 5%
level using the critical values of 0.279 and 0.171 from Table 2. The test assumes that the series are non-stationary,
and has H0: difference stationarity, HA: STUR. All series were previously found to be "generic" I(1), as evidenced
by examining the last 3 columns in the table. In particular, the null hypothesis of I(1) fails to reject for all ten
series, where the ADF test statistics were calculated from the regression model given as (3.1) above, as were the
number of augmentations, p.
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Table 6: Forecasting Comparison with Bias Adjustment1

Panel (A): One-Step Ahead Forecasts

Series Mean Squared Forecast Errors Ranks and Significance Tests

RW AR Kalman STUR RW AR Kalman STUR

FM2 108 55.7 55.9 199 3* 1** 2** 4
SPI 114 126 107 113 3 4 1@ 2
RL 0.043 0.040 0.040 0.044 2 1 1 3
RS 0.043 0.041 0.030 0.062 3* 2* 1**@ 4
RM 0.074 0.080 0.060 0.080 2 3 1*** 3
IP 0.421 0.351 0.351 1.095 3* 1* 1* 4
NI 20.1 15.1 14.7 19.5 4 2 1* 3
UR 0.017 0.020 0.030 0.020 1* 2* 3 2
CPI 0.100 0.082 0.093 0.110 3 1 2 4
PPI 0.807 0.860 0.740 1.570 2* 3* 1* 4
Rank Sum 26 20 14 33
No. Wins 6 6 12 0

Panel (B): Five-Step Ahead Forecasts

FM2 1614 1006 1086 1678 3 1** 2** 4
SPI 822 1091 1077 825 1@ 4 3 2@

RL 0.251 0.300 0.250 0.240 2@ 4 2* 1*

RS 0.660 0.902 0.643 0.710 2** 4 1* 3*

RM 0.701 0.771 0.740 0.710 1* 4 3 2@

IP 4.18 4.03 4.01 4.51 3 2 1 4
NI 299 234 252 247 4 1@ 3* 2
UR 0.141 0.091 0.502 0.150 2@* 1*** 4 3*

CPI 0.770 1.36 1.09 0.810 1@* 4 3 2*

PPI 6.07 8.70 6.82 5.76 2* 4 3* 1*
Rank Sum 21 29 25 24
No. Wins 10 6 6 7

Panel (C): Ten-Step Ahead Forecasts

FM2 4191 2940 2742 4093 4 2 1** 3
SPI 1162 1366 1284 1291 1 4 2 3
RL 0.450 0.570 0.390 0.370 3* 4 2@* 1**

RS 2.08 1.87 1.91 1.89 4 1 3* 2
RM 1.97 1.78 2.01 1.70 3 2* 4 1*

IP 6.17 7.72 6.39 6.26 1@ 4 3 2
NI 1522 1026 674 725 4 3 1** 2*

UR 0.371 0.302 0.520 0.384 2 1*** 4 3
CPI 1.82 3.31 1.55 1.07 3@ 4 2* 1@*

PPI 7.54 15.2 8.88 7.16 2* 4 3* 1*
Rank Sum 27 29 25 19
No. Wins 4 4 9 7

1 The mean squared forecast errors (MSFEs) are reported for the out of sample period, 1988:1-1991:10. Forecasting models were constructed
using the period, 1955:1-1987:12. RW corresponds to a random walk model, AR to a AR(p) model (with p chosen using a BIC), Kalman to a
state space model estimated using the Kalman filter (see Appendix I), and STUR is a STUR model with an AR(1) process specified for the sto-
chastic unit root part of the process. STUR and random walk models were estimated with a drift, while AR and Kalman models included con-
stants. The number of *s (5% level) and @s (10% level) indicate how many models were outperformed by the given model using a standard z-
test for correlation, where z = ⁄1

2 log(1+r)/(1r). Under the null hypothesis that var (u) = var (v), 		 	 	 	n  1 z  N (0 , 1) where n is the ex-post sam-
ple size, and u and v are the out-of-sample forecast errors for the two forecasting models being compared. More than one * (@) indicates that
the particular model was superior to more than one other model. For example, in the 5-step ahead case (see Panel (B)), the AR model performs
significantly better than each of the other three models, at a 5% level, since three *s are associated with the 1st ranked AR model. Ranks range
from 1 to 4, where 4 is associated with the highest MSFE and 1 corresponds to the lowest MSFE. The Rank Sum indicates the total rank score
for all of the series forecast. The No. Wins indicates the total number of times that each model was significantly "better" than some other model.
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Appendix I

The estimation of the time-varying regression model in this paper uses a version of the model developed by Harvey and

Phillips (1982).

xt   =  a
_

1 + atxt 1  + t (A.1)

at   a
_

2  =  (at 1   a
_

2) + t (A.2)

When the normality assumption is added, (A.1),(A.2) is known as a conditionally Gaussian model. This is because the estima-

tors constructed using the Kalman filter are the mean and covariance of the state vector conditioned on information available at

time t-1. For a detailed explanation of the Kalman filter see Harvey (1989) and Hamilton (1995). The Kalman filter is applied to

the following state-space representation of (A.1) and (A.2):

xt   =  z´tt  + t (A.3)

t   =  t1  + e 3t (A.4)

where z´t  = (1 xt 1  xt1), ´t  = (a
_

1t  a
_

2t  2t),   =  
�
�
� 0

0
1
  
0
1
0
  

0
0�

�
�

, 2t  = at   a
_

2t , e 3  = (0 0 1)´, and 0 is distributed as N(a 0 , P0). The

disturbances are assumed to be serially uncorrelated. For further details see Harvey and Phillips (1982). The one-step ahead

forecast of xt using (A.3) and (A.4) is

E(xt +1 | xt)  =  zt+1E(t +1 | xt)

That is, E(xt +1 | xt)  =  a
_

1 + (c  + E(at +1 | xt))xt where (A.2) can be written as at  = c  + at 1  + t . This is very similar to the

one-step ahead AR forecast; and a natural multi-step predictor is:

Ê(xt +h | xt)  =  a
_

1 + a
_

1 Ê(at +1 | xt) +  . . .  + a
_

1 Ê(at +1
h 1 | xt) + Ê(at +1

h | xt)xt (A.5)

This method is here called the conditional mean forecast, even though E(at +1
h | xt) is replaced with (E(at +1 | xt))

h . Another tech-

nique is to recursively substitute previous forecasts and to form:

Ê(xt +h | xt)  =  Ê(zt +h | xt)ht (A.6)

where Ê(zt +h | xt) = (1  Ê(zt +h 1 | xt)h 1t   Ê(zt +h 1 | xt)h 1t), h>1. This method is similar to the chain rule method in Har-

vey (1989).

Both multi-step forecasting techniques are clear approximations of the true conditional mean; and as such, were sub-

jected to the bias adjustment discussed in Section 5. The bias adjusted forecasts exhibited lower MSFEs then their unadjusted

counterparts at least two thirds of the time using both methods and for h=5,10. Further, the chain rule method resulted in lower

MSFEs than the conditional mean method for 12 of the 18 monthly series for both h=5 and h=10.
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Appendix II

Table A.1: Augmented Dickey-Fuller Unit Root Tests1

Series p ̂2 t̂ 2

FM2 9v-0.014v-3.66
SPI 5v-0.017v-1.95
RL 8v-0.024v-2.48
RS 7v-0.026v-1.78
RM 7v-0.026v-2.02
IP 1v-0.027v-2.99
NI 10v-0.002v-1.16
UR 4v-0.024v-3.08
CPI 10v-0.001v-1.67
PPI 10v-0.003v-1.85

1 The null hypothesis of I(1) fails to reject for all ten series. The test statistics were calculated from the regression model given
as (3.1) above, as were the number of augmentations, p.


