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Abstract

In recent years, numerous volatility-based derivative products have been engineered. This
has led to interest in constructing conditional predictive densities and confidence intervals for
integrated volatility. In this paper, we propose nonparametric kernel estimators of the aforemen-
tioned quantities, based on different realized volatility measures. A set of sufficient conditions
under which the estimators are asymptotically equivalent to their unfeasible counterparts, based
on an unobservable volatility process, is provided. Asymptotic normality for the feasible estima-
tors is then established. The finite sample properties of the suggested estimators are examined
via a Monte Carlo study. Finally, based upon data from the New York Stock Exchange, an
empirical application to volatility directional predictability is provided.
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1 Introduction

It has long been argued that, in order to accurately assess and manage market risk, it is important
to construct (and consequently evaluate) predictive conditional densities of asset prices, based on
actual and historical market information (see, e.g., Diebold, Gunther and Tay, 1998). In many
respects, such an approach offers various clear advantages over the oft used approach of focusing on
conditional second moments, as is customarily done when constructing synthetic measures of risk
(see, e.g., Andersen, Bollerslev, Christoffersen and Diebold, 2006). One interesting class of assets
for which predictive conditional densities are relevant is that based on the use of volatility. Indeed,
since shortly after its inception in 1993, when the VIX, an index of implied volatility, was created
for the Chicago Board Options Exchange, a plethora of volatility-based derivative products has
been engineered, including variance and covariance swaps, overshooters, and up and downcrossers,
for example (see, e.g., Carr and Lee, 2003). One of the reasons why volatility based products now
form an important class of assets is the stylized fact that volatility is counter cyclical (see Schwert,
1989), suggesting the adoption of volatility exposure in order to reduce the riskiness of a portfolio.

Given the development of this new class of financial instruments, it is of interest to construct
conditional (predictive) volatility densities, rather than just point forecasts thereof. This poses a
formidable challenge to the researcher, since volatility is inherently a latent variable. However,
crucial steps toward the understanding of several features of financial volatility have been taken in
recent years, based upon theoretical advances in the use of high frequency returns data. In particu-
lar, it is now possible to obtain precise estimators of financial volatility, under mild assumptions on
the process driving the behavior of the underlying variables. Such estimators are constructed using
intra day realized returns data, and therefore provide a measure of the ex post (realized) variation
of asset prices. The distinct advantage of these estimators is that they exploit the often substantial
amount of information contained in intra day movements of the underlying asset prices, without
relying on a particular model.

The first and most widely used estimator of integrated volatility is realized volatility, concur-
rently proposed by Andersen, Bollerslev, Diebold and Labys (2001), and Barndorff-Nielsen and
Shephard (2002).! Realized volatility consistently estimates the increments of quadratic variation,
when the underlying asset follows a semimartingale process, a class of processes which is commonly

employed in continuous time modeling. Important variants of realized volatility have subsequently

!Note that, consistent with the prevailing standard in the econometrics literature, we (mis-)use the term volatility
in integrated volatility. In the financial engineering literature, integrated volatility is (more appropriately) called
integrated variance.



been proposed. These variants are largely motivated by the need to provide consistent estimators of
integrated volatility in situations which are quite common in financial markets, such as jumps in the
asset price process, and market frictions leading to market microstructure noise. Leading examples
include power variation (Barndorff-Nielsen and Shephard, 2004) and different estimators that are
robust to the presence of microstructure noise (see, e.g., Zhang, 2006, Ait-Sahalia, Mykland and
Zhang, 2005,2006, Zhang, Mykland and Ait-Sahalia, 2005, Barndorff-Nielsen, Hansen, Lunde, and
Shephard, 2006, 2008). The estimators due to the above authors remain consistent for integrated
volatility, in the presence of jumps, and when observed prices are affected by microstructure noise.
The cost of implementing these new robust estimators is either a loss of efficiency (jumps), or a
slower rate of convergence (microstructure noise). Since all of the estimators discussed above are
designed to measure the ex post variation of asset prices, in the remainder of the paper we will call
them realized volatility measures.

In this paper, we develop a method for constructing conditional (predictive) densities and
associated conditional (predictive) confidence intervals for daily volatility, given observed market
information. Exploiting the usual factorization of joint densities, our density estimator is derived
as the ratio between a (nonparametric) kernel estimator of the joint density of current and future
volatility, and a kernel estimator of the marginal density of current (and past) volatility. We show
that the proposed estimators are consistent and asymptotically normally distributed, under mild
assumptions on the underlying diffusion process. Our results require no parametric assumption on
either the functional form of the estimated density, or on the specification of the diffusion process
driving the asset price. Nevertheless, we require the diffusive part of the log-price process to be
Brownian. In this sense, our approach might be viewed as semiparametric.

The intuition for the approach taken in the paper is the following. Since integrated volatility is
unobservable, we use the realized (volatility) measures discussed above as a key ingredient in the
construction of kernel estimators. In other words, we construct feasible estimators of conditional
densities. However, this introduces a technical difficulty, as each realized measure can be decom-

posed into integrated volatility, the object of interest, and an estimation error term. Formally,
RM; pr = IVy + Ny, (1)

where RM; pr and N )y denote a particular realized volatility measure and its corresponding esti-
mation error, respectively. I'V; denotes integrated volatility, and the subscripts t and M denote a
given day, t, and the number of intraday observations, M, used in the construction of the realized

measure. Our estimators are therefore based on a variable which is subject to measurement error.



In this paper, we provide sufficient conditions under which conditional density (and confidence
interval) estimators based on (the unobservable) integrated volatility and ones based on realized
measures are asymptotically equivalent, so that measurement error is asymptotically negligible.
Given the differences in efficiency and in the rate of convergence among the considered volatility
estimators, our finding that the regularity conditions vary across the different realized volatility
measures is not surprising.

The idea of using a realized measure as a basis for predicting integrated volatility has been
adopted in other papers. Andersen, Bollerslev, Diebold and Labys (2003), Andersen, Bollerslev
and Meddahi (2004, 2005) deal with the problem of pointwise prediction of integrated volatility,
using ARMA models based on the log of realized volatility. The latter authors also investigate
the important issue of evaluating the loss of efficiency associated with the use of realized volatility
measures, relative to optimal (unfeasible) forecasts (based on the entire volatility path). Andersen,
Bollerslev and Meddahi (2006), Ait-Sahalia and Mancini (2008), and Ghysels and Sinko (2006)
address the issue of forecasting volatility in the presence of microstructure effects.

The papers cited above deal with pointwise prediction of integrated volatility. To the best of
our knowledge, Corradi, Distaso and Swanson (2008) was the first paper to focus on estimation
of the conditional density of integrated volatility, by establishing uniform rates of convergence for
kernel estimators based on realized measures. However, with regard to notions such as hedging
derivatives based on volatility, the crucial question becomes how to assess the interval within
which future daily volatility will fall, with a given level of confidence. In this respect, the uniform
convergence result of Corradi, Distaso and Swanson (2008) is not sufficient. This paper provides
an answer to this sort of questions by establishing asymptotic normality for Nadaraya-Watson
and local polynomial estimators of conditional confidence intervals. This is a substantially more
challenging task, as the realized measures and hence the measurement error are arguments of the
uniform kernel, which is non-differentiable, and thus standard mean value expansion tools are no
longer usable. Indeed, the case of conditional densities can be treated essentially as a corollary
of the conditional interval case. Moreover, the current paper differs from Corradi, Distaso and
Swanson (2008) in two other important respects. First, instead of restricting our attention to the
class of eigenfunction stochastic volatility models (see Meddahi, 2001), we consider the general
class of cadlag (right continuous with left limit) volatility processes. This makes the computation
of the moment structure of the measurement error much more complicated. Second, we study

the asymptotic behavior of our predictive interval and predictive density estimators when some



of the assumptions are not satisfied. In particular, we analyze the effect on our estimators when
volatility violates the strong-mixing assumption and instead exhibits long-range dependence, as is
often observed in practice. We also analyze the consequences on conditional interval and density
estimators when one uses inconsistent volatility estimators (e.g. realized volatility in the presence
of jumps or microstructure noise).

In order to assess the finite sample behavior of our statistics, we carry out a Monte Carlo
experiment in which pseudo true predictive intervals are used in conjunction with intervals based
on various realized measures. This is done for various daily sample sizes and for a variety of
intradaily frequencies. As expected, robust realized volatility measures yield substantially more
accurate predictive intervals than the other measures, when data are subject to microstructure
noise, for relatively large values of M. However, for small values of M, realized volatility performs
the best; and in the presence of jumps, tripower variation is superior, as expected. In general,
our experiment underscores the relative trade-offs between T' and M, under various different data
generating assumptions.

An empirical application to volatility directional predictability, based on New York Stock Ex-
change data, highlights the potential of our method and reveals the informational content of different
volatility estimators.

The rest of the paper is organized as follows. Section 2 defines the set-up. Section 3 out-
lines the conditional density and confidence interval estimators and establishes their asymptotic
properties. Section 4 studies the applicability of the established asymptotic results to various well
known realized measures, including realized volatility, power variation, two-scale and multiscale
estimators and realized kernel estimators. We also study the behavior of confidence interval and
predictive density estimators when we erroneously do not take into account the presence of jumps
or microstructure effects. In Section 5, the results of a Monte-Carlo experiment designed to assess
the finite sample accuracy of our asymptotic results are discussed. Section 6 contains an empirical
illustration based upon data from the New York Stock Exchange. Finally, some concluding remarks

are given in Section 7. All proofs are contained in the Appendix.

2 Setup

Denote the log-price of a financial asset at a continuous time ¢ as Y;. Assume that the log-price

process belongs to the class of Brownian semimartingale processes with jumps and write accordingly



Y € BSMJ. Then:
dY; = /,Ltdt + o dWy + d ;. (2)

The drift p; is a predictable process; the diffusion term, oy, is a cadlag process, and J; denotes a
finite activity jump process. This specification is very general, and (for example) allows for jump
activity in volatility, stochastic volatility and leverage effects.

It is of interest to separate the discontinuous (due to jumps) part of Y, denoted by Y¢, from
the continuous Brownian component, denoted by Y. It is well known that:

(Y), = (Y, + <Yd>t,

where (-) denotes the quadratic variation process. In particular:

t

(v°), = / o%ds and <Yd> = Y AY2, where AY; = Y, — Y.

0 b o<u<t
The object of interest to the researcher is represented by the quantity on the left, integrated
volatility. A special case of the class of Brownian semimartingales with jumps, which plays a key
role in financial economics, is obtained when J; = 0, for all ¢. In this case, the log-price process
belongs to the class of Brownian semimartingales and we write Y € BSM. This class includes the
popular stochastic volatility models, which have been used extensively in theoretical and applied
work.

Thus far, we have considered a market that is free from frictions. However, there is a substantial
literature in financial economics that documents the presence of market distortion or friction,
and that has identified several possible causes thereof (see, e.g., O’Hara, 1997). Following the
standard practice in the literature, we introduce market frictions assuming that transaction data

are contaminated by measurement error, so that the observed log-price process is given by:
X=Y+e

Thus, we assume that the observed transaction price can be decomposed into the “true” (efficient)
price and a “noise” term which captures market microstructure effects. In order to properly manage
financial risk, one is interested in the contribution to quadratic variation of the Brownian component
of Y, hence the importance of considering volatility estimators which are consistent in the presence
of market microstructure noise.

Now, in order to study integrated volatility using econometric tools, assume that there are a

total of MT equi-spaced observations from the process X, consisting of M intradaily observations



for T' days. More precisely, a sample of data is given by:
Xivim = Yigjmr + €pjm, t=0,...,T and j=1,..., M. (3)
The object of interest, daily integrated volatility, is defined as:
t
IVt:/ olds, t=1,...,T. (4)
t—1
Since IV; is not observable, different realized measures, based on the sample X, ;/s, are used
as proxies for I'V;. Each realized measure, RM; s, will have an associated estimation error, as
in (1). In order to compute feasible estimators of conditional densities and confidence intervals,
we provide sufficient conditions on the structure of the measurement error, Ny s, ensuring that

the distributions of the estimators based on realized measures and the corresponding distribution

associated with the “true” (but latent) daily volatility process are asymptotically equivalent.

3 Main Theoretical Results

Our objective is to construct a nonparametric estimator of the density and confidence intervals
of integrated volatility at time T + 1, conditional on actual information. Extension to a finite
forecast horizon 7 > 1 and to considering a conditioning set containing also past information is
straightforward and is not considered for notational simplicity.

We analyze the properties of both kernel based and local polynomial estimators. We start from

Nadaraya-Watson estimators for conditional confidence intervals:

FrMp 1 as| RMp g (W2l BRM7 00) — FR)p ) g RMg (W2 [ RMT 0r)

1 T-1 RM; py—RMr np
ngtzﬂ 1{U1§RMt+1,MSU2}K< 3 )
- 1 T—1 RM; pr—RMT 0
e S K (Frar )
1 T-1 RMy p—RMrp v
TE Zt:() 1{U1§RMt+1,M§u2}K< 3 ) (5)
= — ;
fRMp o (RM7 0p)
and for conditional densities:
1 T—1 K RM; py—RMr K RMiq41 m—2
J/c\ (x!RM ) _ T6& £«t=0 & &2
RMr 1, p|RMT 0 M) — 1 T_lK RM; p—RMr
T& £~t=0 &1

Here, K is a kernel function, and &,&; and & are bandwidth parameters.

We need the following assumptions.



Assumption A1l: IV} is a strictly stationary a—mixing process with mixing coefficients satisfying
Z;‘;ljka;_w& < oo, withA>1—2/0and 6 > 2.

Assumption A2:

(i) The kernel K is a symmetric, nonnegative, continuous function with bounded support [—A, A],

at least twice differentiable on the interior of its support, satisfying:
/K(s)ds =1, /sK(s)ds =0.

(ii) Let K be the j — th derivative of the kernel. Then, KU)(-A) = KU)(A) = 0, for j =
Lo J, J> 1.

Assumption A3:

(i) frvi(-) and, for any fixed z, frv, ,1v;(z|-) are absolutely continuous with respect to the
Lebesgue measure in R, and at least twice continuously differentiable.
(ii) For any fixed x,u and RMy s, frv,(RMiar) > 0, frv, v, (x| RMyar) > 0, and

0 < FIV}+1|IVz(u‘RMt,M) < 1.
Assumption A4: There exists a sequence by, with by — 00, as M — oo, such that:
E <\Nt7M\k> =0 (bx/[kﬂ) , for some k > 2.

Assumption Al requires the daily volatility process to be strong mixing. Of note is that the mixing
coefficients of the integrated and of the instantaneous volatility process are of the same order of
magnitude. In fact, let BZQQ " and B?@tl be the sigma-fields generated by (Ug, th <s< tg) and by

s—1"u

(fs o2du,t; < s < tg) , respectively, and also define:

a,2(m) = sup sup |Pr(A; N As) —Pr(A;) Pr(As)|
" Al EBZQ,7OO7A2€BE%JL+NL
and
ary(m) = sup sup |Pr(A; N Ay) —Pr(A;) Pr(As)].

n AlEB?V,—oo’AzeB??/,n+m
Then, it is immediate to see that ary(m) < Cay2(m — 1), for some constant C. Easy to verify
sufficient conditions for A1l are provided by Meyn and Tweedie (1993, p.536), for the continuous

semimartingale case, and by Masuda (2004, Section 3) for the case with jumps.



Clearly, Al does not rule out the possibility that volatility is a measurable function of the price
of the underlying asset.

A2 and A3 are standard assumptions in the literature on nonparametric density estimation.
We require a kernel function with a bounded support in order to avoid boundary bias problems at
zero. To take this into account, it suffices to use a boundary corrected kernel function (see, e.g.,
Miiller, 1991).

Assumption A4 requires that the k—th moment of the measurement error decays to zero at a fast
enough rate, in order to ensure that the feasible density estimators (based on realized estimators)
are asymptotically equivalent to the unfeasible ones (based on the latent volatility). In Section 4 we
shall provide primitive conditions under which A4 is satisfied by the most commonly used realized
measures.

For conditional confidence intervals, we have the following result:
Theorem 1. Let A1-A4 hold. If & — 0, T¢ — oo, TE — 0, and T"% by ¢ — 0, then:
VEAS <<FRMT+1,M|RMT7M (u2|RMT,M) - FRMT+1,M|RMT,M (u1|RMT7M)>

d
— (Frvp o j1vy (w2l RM7 0p) = Frvg, v (w1 RMrpar))) — N0,V (ug, up))

where

[ K?(u)du
V(uy,ug) = Frvm (RMrar) ((Frvipy s 1ve (w2l RMr 0p) = Frvg, v (un|[RMrar) )

X (1 - ((FIVT+1|IVT (U2’RMT,M) - FIVT_H\IVT (UlfRMTM))))) .

Besides standard regularity conditions relating the sample size T" to the bandwidth parameter &, it
k
is interesting to notice that Theorem 1 imposes an extra condition (T% bﬁ& — 0) on the relative

rate at which both M and T tend to infinity.

Corollary 1. Let A1-A4 hold. If ¢ — 0, Té — oo, TE® — 0, and T%b]&lf — 0, then:

V_1/2(u1,uz)\/Tf ((FRMTJA,M‘RMT,M(UZIRMT’M) — FRMT+1,M‘RMT,M(U1|RMT7M))

d
— (Frvpjrve (2| RM1,01) = Frvg vy (ui|[RMrar))) — N (0,1),

where

~ K?(u)du ~ ~
V(ut,ug) == I ((FRMT+1,M|RMT,M (u2| RM7,0) — FRMp 4 0r|RMopag (U1|RMT,M)>
fRMg o (RMT,01)

% <1 B ((FRMTH,M\RMT,M (ug| RM7,pr) — FRMTH,M\RMT,M(ul|RMT’M))>>> '



The key point in the proof of this theorem is to show the asymptotic equivalence between the
estimator based on realized measures and that based on integrated volatility, that is to show that:

T-1

1 RM,;M — RMT,M 1V, — RMT,M /
Tif Z <1{U1§RMt+1,MSU2}K< ) - 1{U1§1Vt+1§u2}K < >> - 0p< T§> '
t=0

§ §

One difficulty arises because the measurement error enters in the indicator function, so that stan-
dard mean value expansions do not apply. As shown in detail in the Appendix, we proceed by
conditioning on a subset on which sup; | Ny as| approaches zero at an appropriate rate, and show
that the probability measure of this subset approaches one at rate \/T€.

Turning now to our predictive density estimator, we have the following result.

Theorem 2. Let A1-AJ hold. If&, & — 0, Té &y — oo, TEYEy — 0, TE1ES — 0, and T%bﬁglgg —
0, then:

VT & (fRMTH sl RMp o (T RMr ap) — fIVT+1|IVT(33|RMT,M))
RM:
Ay 0. frvi vy (x| RMr ar) (/ K2(u du> '
Jrve (RM7 pr)
Corollary 2. Let A1-A4 hold. If&1,& — 0, Té&s — 00, TE)Ey — 0, TEES — 0, and T%bﬁ&ﬁg —

0, then:
(f}leT+1 | RMp (T RMT 1) (/K2 du) )
fRMT M(RMTM

d
X/ T&& (fRMT_H,M\RMT(x‘RMT,M) — frve1ve (x’RMT,M)) — N(0,1).

—-1/2

A viable alternative to kernel based estimators is to use local linear estimators. One advantage
of such estimators is that they do not suffer from the boundary problem. Local linear estimator of

conditional confidence intervals are obtained from the following optimization problem:
ar,y (w1, ug, RMr, ) = argmin Zy (e w1, ug, RMr,ar)),

where

N

7.0 (0Gur, ug, RMy )

T
1 2 (RM;y — RMyp
= 7% Z ( (n<RMyor py<ug} — @0 — 01 (RMyar — RMTM)) K ( : >

and a = (ag,a1)’. The local linear estimator of the conditional confidence interval is given by

Qo (w1, ug, RMr, ). These estimators for conditional distributions have been recently used by



Ait-Sahalia, Fan and Peng (2009), for testing the correct specification of diffusion models. Such an
estimator is not ensured to lie between 0 and 1 in finite samples. More complex estimators based,
for example, on logistic approximations, do lie between 0 and 1 for any sample size (see, e.g., Hall,
Wolff and Yao, 1999). However, they typically cannot be written in closed form.

Similarly, local linear conditional density estimation (see Fan, Yao and Tong, 1996), are obtained

as:

Br.y(z, RMyp ) = arg mﬁin St (Bs x, RMr ),

where

St (B; x, RM1 0p)

- RMi1 v — 2 RM; v — RMr v
TTag ; (K ( & > ~ o~ B EMe RMT’M)) . ( & > ’

and B = (Bo,31)’. The conditional density is given by the estimator of the constant in the least
square minimization above, BO,T, wm(x, RMt ap).

We have the following result.

Theorem 3. Let A1-A4 hold. Then:
(i) If ¢ — 0, T¢ — oo, TES — 0, and T%bl\_/[lﬁ — 0, then:

v T€ (aovTvM(ul’ uz, RMTvM) B (FIVT+1|IVT (UQ‘RMT7M) - F]VT+1|IVT (Ul ‘RMT7M)))

—5 N0,V (ur,u2)).
(ii) If &1,6, — 0, TE &y — 00, TEE, — 0, TEE — 0, and TF1b3&16, — 0, then:
VTé16 (BO,T,M(O«“» RMr ) = frve o ive (mlRMT,M))
4N (o, (fIVT+1IVT (| RM7.:) </K2 du> )) .
Jrve (RMT pr)

From the theorem above, it is immediate to see that standard kernel and local linear estimators

are asymptotically equivalent.

4 Applications to specific volatility estimators

We now provide primitive conditions on the moments of the drift and variance terms, as well

as on the noise, which ensure that Assumption A4 is satisfied by some commonly used realized

10



measures, which we will evaluate in the Monte Carlo and in the empirical application, namely 2:
Realized Volatility (RV; pr, Andersen, Bollerslev, Diebold and Labys, 2001, and Barndorff-Nielsen
and Shephard, 2002), Normalized Bipower and Tripower Variation (BV; p and T PV; pr, Barndorft-
Nielsen and Shephard, 2004), Two Scale Realized Volatility (}/ﬂ\/ t1,M, Zhang, Mykland and Ait-
Sahalia, 2005), Multi Scale Realized Volatility (ﬁ/t’e,M, Zhang, 2006), Realized kernels (RK¢ m
based on a kernel k defined in Lemma 1; see Barndorff-Nielsen, Hansen, Lunde, and Shephard,

2008).

Lemma 1. Let Y; follow (2) and € be defined by (3). If E ((J?)g(kw)) < o0 and E ((ut)2(k+5)> <

oo, with § > 2, then there is a sequence byy, where byy — oo as M — oo, such that:

(i) If Jy =0 for allt (no jumps) and € =0 (no microstructure noise), then:

E (\RVW - IVt|k) = O(b3F/?), with by = M.

(i) If e =0, then:

E (|BVtM - IVt]k> —0(b;?), B (\TPVt,M - Ivt\’“) = O(b5F"?) with by = M.

(iii) If J; =0 for all t, e ~ i.i.d. (0,02), E (e¥) < 00, E (&Y;) =0, and I/MY3 = O(1), then:

— k
E <‘th7,,M - IV;‘ ) = O(by"?) with by = M3,

(iv) If J, =0 for all t, ¢ ~ i.i.d. (0,02), E (e2¥) < 00, E(&Y;) =0, and e/M/? = O(1), then:
— k
E <)th,e,M - IV}‘ ) = O(by}"?) with by = M2,
(v) If J; = 0 for allt, e ~ i.i.d. (0,02), E (e2¥) < oo, E(Y;) = 0, £(0) = 1, r(1) = (0) =
k(1) =0, and H/MY? = O(1), then:

E (|RKt,H7M - Jvt|’“) = O(b3F"%) with byy = M2,

(vi) If Jy = 0 for all t, € is strictly stationary, E (e{*) < oo, E(&Y;) = 0, (0) = 1, k(1) =
x(0) = k@ (0) = kM(1) = 0, €/ 1S geometrically mizing in the sense that, for any j,
there exists a constant |p| < 1 such that E(ét-',—j/M‘ et+(j_8)/M,...,et+1/M) R PPE€ry(j—s)/M

and H/M'Y? = O(1), then:

E (|RKLH,M - IVt|k) = O(b5F/?) with by = MY2.

*In Corradi and Distaso (2006), Propositions 1-3, it is shown that E(|Nya|) = O (b;/[kﬂ) , for k = 2,3,4, in

the case of realized volatility, bipower variation and two-scale realized volatility, when the DGP is a eigenfunction
stochastic volatility model.

11



From Lemma 1, one can see that by grows with M at different rates across different realized
volatility measures. Hence, the different rates of convergence of the volatility estimators are reflected
in different regularity conditions.

In Lemma 1, part (iii)-(v), we have considered the case of noise independently distributed
and uncorrelated with the “true” efficient price. In part (vi) we allow for some dependence in the
microstructure noise. In order to do that, we require an additional condition on the kernel function,
ie. k3 (0) = 0. Such a condition is satisfied, for example, by fifth or higher order kernels. We
thus extend the results by Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008), who show that,
under the same assumptions on the degree of dependence and kernel type, E (|RKt7 oM —1 V}|2) =
O(M~1/?),

Finally, it should be mentioned that some form of correlation between noise and price can be
allowed. For example, we can follow the approach of Kalnina and Linton (2008) and Barndorff-
Nielsen, Hansen, Lunde, and Shephard (2008) and decompose microstructure noise into two parts,
making appropriate assumptions on the (endogenous) component of the noise which is correlated

with the price.
4.1 Remarks

Remark 1. From a practical point of view, the asymptotic normality results stated in Theorems
1, 2 and 3 are useful, as they facilitate the construction of confidence bands around estimated
conditional densities and confidence intervals. The sort of empirical problem for which these results
may be useful is the following. Suppose that we want to predict the probability that integrated
volatility will take a value between I'V; and I'V,,, say, given actual information. Then, asymptotically,
Pr((IV; < IVpyq < IV,,)[IVy = RMy ) will fall in the interval
VU2(IV,, 1V,) 22

JTE )

with probability 1—c, where V (IV;, IV,) is defined in Corollary 1 and z, /2 denotes the a/2 quantile

(FRMT—Q—L]\/]'RMT,]\/I (IVU‘RMTvM) - FRMT+17]\/[|RMT7M (I‘/l ’RMT,M)) :l:

of a standard normal.

Remark 2. In empirical work, volatility is often modelled and predicted with ARMA models that
are constructed using logs of realized volatility. For example, Andersen, Bollerslev, Diebold and
Labys (2001, 2003) use the log of realized volatility for modelling and predicting stock returns and
exchange rate volatility. According to these authors, one reason for using logs is that while the
distribution of realized volatility is highly skewed to the right, the distribution of logged realized

volatility is much closer to normal. It is immediate to see that a Taylor expansion of log(RM; )
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around I'V; gives:

11 ., 11 4
— Ny — =—— SN
IV, M T gz em 3 s im

log(RM;,nr) = log(IVy) +
Under the conditions in Lemma 1, it follows that E (|10g(RMt7M) - log(IVt)\k> = O(b;jﬂ). There-
fore, the statements in the theorems above hold in the case where we are interested in predictive
densities and confidence intervals for the log of integrated volatility.
Remark 3. All our asymptotic results have been obtained under the assumption that the volatility
process is short memory. This is required as one of the conditions for the measurement error to
go to zero at a fast enough rate and for the application of the central limit theorem for kernel
estimators. However, there is some evidence in the literature that intergated volatility is a long
memory process. For example, Andersen, Bollerslev, Diebold and Labys (2001, 2003) suggest
modelling realized volatility using an ARFIMA model with a differencing coefficient equal to 0.4.
Coutin and Renault (2003) show that by allowing for long-memory in the volatility process one
can explain some puzzles, such as steep volatility smiles in long-term options and co-movements
between implied and realized volatility. They propose a new model in which long-memory volatility
is obtained via fractional integration of a short memory volatility process (such as square root
volatility or log-normal volatility, as in Comte and Renault, 1998). The resulting long memory
spot volatility and integrated volatility are characterized by the same autocovariance structure
as an ARFIMA(p,dy,q) where the differencing parameter, dy, is the one used in the fractional
integration of short memory spot volatility. Thus, from, e.g., Taqqu (1975), it follows that

T
SOE((IVo — E(IV))(IVo 4 — B (IVp)) = O (T* L(T) ),
k=0

where L(T) is a slowly varying function, and 0 < dy < 1/2. Now, it is well known that kernel
estimators have the same limiting distribution regardless of whether we have i.i.d. or strong mixing
observations (e.g., Theorem 2.2 in Fan and Yao, 2005, Ch.2). Hence, the question is whether the
same holds also in the case of long-range dependence. Claeskens and Hall (2002) provide sufficient
conditions on the memory degree under which the integrated mean square error is the same as in
the i.7.d. case. In the Gaussian case (or in the case of smooth functions of Gaussian processes),

such conditions are equivalent to
T
£ E((IVo —E(IV))(IVoyr — E(IVh))) — 0, as T — oo. (6)
k=0

Outside the case of (functions of) Gaussian processes, Claeskens and Hall’s conditions imply, but

are not implied by (6). Thus, for ARFIMA processes we need that T?%¢L(T) — 0: the stronger
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is the memory (i.e. the higher is dy), the faster the bandwidth should go to zero. For example, for
&= O(T_1/5), we need dy < 1/10. Now, empirical evidence suggests that dy is often between 0.3
and 0.4. For dy = 0.4, the long-variance condition is satisfied if £ — 0 at a rate faster than T%/°,
which implies a rate of convergence for the kernel density estimator slower than 7/10. Therefore,
unless dy is very small, the rate of convergence for the estimator becomes rather slow.

4.2 Using Non-Robust Measures in the Presence of Jumps or Microstructure

Noise

From Lemma 1 it is immediate to see that, in the presence of either jumps or microstructure
effects, the moments of IV; js go to zero at an appropriate rate, only if one utilizes robust volatility
estimators. In the Monte Carlo section, we analyze the behavior of non-robust realized measures
in the presence of jumps or microstructure noise. However, it is also worthwhile to analyze this
case from a theoretical perspective.

The case of jumps is relatively straightforward. Given (2), by Barndorff-Nielsen and Shephard
(2004), note that:

BVin— [TVi+ ). AYZ | =0,(1).
t—1<u<t
If the jumps are i.i.d., then I'V; and IV} + Zt_1§u§t AY;? share the same degree of memory.
Therefore, using a volatility measure not robust to jumps has the effect of producing density (and
distribution) estimators for the total quadratic variation, rather than its continuous part.

The case of microstructure noise contamination is more complex. We need to distinguish among
three possible cases: (i) var(e.;/nr) = o(M~1), (ii) Var(etH/M) = O(M™") and (iii) var(e.4i/nr) =
O(apr), where as M — oo, apy — 7, with 0 < 7 < 0o, and May; — oo. Note that the case of noise
with variance independent of the sampling frequency is included in (iii), for 7 > 0. In all other
cases, the variance of the noise approaches 0, as M — oo, albeit at different speed. The order of
magnitude of the microstructure noise variance is an open empirical issue. The evidence reports
that microstructure noise is very small (for example, Bandi and Russell, 2007, report values ranging
from 0.87e-07 to 2.1e-07). Based on this observation, Zhang, Mykland and Ait-Sahalia (2006) argue
that the noise is indeed “too small” to be considered O,(1), and derive an Edgeworth correction
for the two-scale estimator of Zhang, Mykland and Ait-Sahalia (2005), under the assumption that

it approaches zero as M — 00.3

3 Awartani, Corradi and Distaso (2009) suggest a test for the null hypothesis of a constant noise variance versus

the alternative of a variance approaching zero, at a slower rate than /M. Empirical evidence based on the DJTA
stocks suggests that, at frequencies of less than one minute, the variance of the noise tends to zero.
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For brevity and notational simplicity, we consider the case of independent noise. However, all
statements carry through to the case in which the measurement error is geometrically mixing, as
in Lemma 1, part (vi). It is immediate to see that in case (i), the effect of the microstructure noise
is asymptotically negligible, and all asymptotic results carry over as in the no noise case. It is also

easy to see that case (ii) can be treated in the same way as the case of jumps. In fact, as M — oo,
RV, 25 1V; + 202,

where 02 = limy;_.o, Mvar (etﬂ» / M) . Again, using realized volatility in the presence of this type of
noise has the effect of producing distribution estimators for the total quadratic variation.

Turning finally to case (iii), consider predictive confidence intervals. Predictive densities can
be treated along the same lines. For each T', RV js diverges to infinity at rate Mays. Hence, for
any finite u € Ry, F RVir1. | RV s (W RV, ar) tends in probability to zero, and therefore is not a
consistent estimator of the conditional distribution.

Hence, the scaled difference between the confidence intervals based on realized volatility and
those based on integrated volatility diverges as M,T — oo. This is confirmed by the Monte Carlo

findings; in fact, our results show that that, as M grows, the empirical size gets close to one.

5 Monte Carlo Results

In this section, we carry out a series of Monte Carlo experiments in which we assess the finite sample
behavior of the conditional confidence interval estimator defined in (5) and studied in Theorem 1
and Corollary 1. In particular, for a variety of different experimental designs we begin by using the

six realized measures discussed in Section 4 to construct :

Gror(ur,ug) = V12 (ug, ug)/TE ((FRMT+1,M|RMT,M(U2\RMT,M) - FRMT+17M|RMT,M(UI‘RMT7M)>

— (Frvp vy (w2l RM101) = Frvg,rve (ui[RMroag))) -

Our objective is to assess the empirical level properties of G ar(u1,u2). In our experiments, data

are generated according to the following data generating process (DGP):

dY; = (m—0?/2)dt +dz + oedWiy, (7)
do} = o (v—o0})dt+nodWay,

where W;; and Wa; are two correlated Brownian motions, with corr(W; ., Wa) = p. Following
Ait-Sahalia and Mancini (2008), we set m = 0.05, ¢» =5, v = 0.04, n = 0.5, and p = —0.5.
As we do not have a closed form expression for the distribution of integrated volatility implied

by the DGP in (7), we need to rely on a simulation based approach. We begin by simulating S paths
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of length 2 (given stationarity) from (7), with a discrete interval 1/N, and we set S and N chosen
to be larger than the number of days T" and the number of intraday observations M, respectively.
Then, we use simulated spot variance to construct (simulated) integrated variance series. We finally
construct pseudo true confidence intervals, in the sense that for S and N sufficiently large, both
the estimation and discretization errors are negligible. All data are generated using the Milstein
approximation scheme.

We construct time series of length T' of realized volatility measures sampling the simulated data
at frequency 1/M, for each day. Finally, to avoid boundary bias problems we form G as(ui,u2)
using Gaussian kernels on a logarithmic transformation of our daily series. In our base case (de-
noted by Case I), we simply set X,/ = Yipj, for t =1,...,7, and j = 1,..., M. In Case
II, daily data are generated by adding microstructure noise. Namely, we generate X ;) =
Yigim + €qjm, t = 1,...,T, and j = 1,..., M, where ¢ ~ iid. N(0,02), with 02 =
{(0.0052), (0.007%), (0.0142)}, and where a standard deviation of 0.007 corresponds to the case
where the standard deviation of the noise is approximately 0.1% of the value of the asset price (this
is the same percentage as that used in Ait-Sahalia and Mancini, 2008). Finally, in Case III, jumps
are added by including an 4.i.d. N(0,0.64ajumplirv;) shock to the process for Y, ; /M Where ajymp
is set equal to {3,2,1}, and firy, is the mean of our pseudo true logged I'V; values. In this case, it is
assumed that jumps arrive randomly with equal probability at any point in time, once within each
5 day interval when a;yump = 3, once within each 2 day interval when a;ump = 2, and once within
each 1 day interval when a;ump = 1, on average.

We set S = 3000. In addition, we set the interval [ul,u2| = [y, — 801v,, firv, + B01v,], where
iry, is defined above, o1y, is the standard error of the pseudo true data, and 3 = {0.125,0.250},
corresponding to confidence intervals of 0.128 and 0.181. We consider different values of T" and M,
ie. T = {100,300,500} and M = {72,144,288,576}. To economize on the use of space, we only
report results for 7' = 100 and 7" = 300 for the case of no noise and no jumps, and for 7" = 100
for cases in which either noise or jumps are present. All results are based upon 1000 Monte Carlo
iterations.

In Tables 1-3, rejection frequencies are reported, using two-sided 5% and 10% nominal level
critical values. The six columns of entries in the table contain results for RV; ysr, BV v, TPVi v,
RV, EXZZE’M, and RK; g, respectively. For construction of RK; p ar, we use the modified
Tukey-Hanning kernel, i.e. x(x) = 0.5 (1 —cosm (1l — az)2>, with H chosen optimally according
to Barndorff-Nielsen, Hansen, Lunde and Shephard (2008). Results for different values of M are
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reported in different rows of the tables. A number of clear conclusions emerge upon examination
of the results.

Turning first to Table 1, where there is neither microstructure noise nor jumps, note that RV; s,
BV, ymr, and TPV, ) perform approximately equally well, although RV; p performs marginally
better in a number of instances, as might be expected. In particular, use of these estimators yields
empirical sizes close to the nominal 5% and 10% levels in various cases, and there is a substantial
improvement as both M and T increase. Indeed, in many cases the nominal size is achieved, or
very nearly so; a finding which might be viewed as rather surprising given the small values of M
and T used in our experiments. As expected, RV; s, BV;y and TPV, s yield more accurate
confidence intervals than the other three (robust) measures. In particular, note that rejection
frequencies at the nominal 10% level for EY\/MM, jﬁ//t&M’ and RK; g\ are often 0.20-0.40 when
M = 72 and 144, whereas rates for RV; ys and BV; js are generally rather closer to 0.10. Indeed,
empirical performance of RV £1,M s RV t.e,M» and RKy a7 is quite poor for very small values of M,
and performance often worsens as 1T’ increases, for fixed M. Nevertheless, it should be stressed that
the robust measures clearly yield empirical rejection frequencies that improve quite quickly as M
increases, for fixed T'. Moreover, the performance of RK; p ps actually improves as T increases, for
fixed M, in cases other than when M = 72. Additionally, RK; p7 s performs substantially better
than the other microstructure noise robust measures in virtually all cases, although the relative
difference in performance shrinks as M increases. In summary, there is clearly a need for reasonably
large values of M when implementing the microstructure robust realized measures in this context.
This is not surprising, given the slower rate of convergence of these estimators.

We now turn to Table 2, where microstructure noise is added to the simulated efficient price.
Tt is immediate to see that RV t1,M> RV t.e,m and RKy g are superior to the non microstructure
“noise-robust” realized measures, for large values of M, as expected. For example, consider Panel
B in Table 2. The rejection frequencies at the nominal 10% level for RV} s range from 0.152 up
to 1, when M = 288, depending upon the magnitude of the noise volatility. On the other hand,
comparable rejection frequencies for RV 1M RV te,m and RK; gy range from 0.132-0.248, which
indicates a marked improvement when using robust measures, as long as M is large, even though
T is only 100. Of course, for M too small, there is nothing to gain by using the robust measures.
Indeed, for M = 72, RV, ps rejection frequencies are much closer to the nominal level than RV 1M
RV te,m and RKy iy rejection frequencies. This is as expected, given Lemma 1. In particular,

recall from Lemma 1 that by grows as fast as M, in the case of RV, yr, BV; pr and TPV, while
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it grows at a rate slower than M in the case of microstructure noise robust realized measures. It
thus follows that for empirical implementation, one may select either a relatively small value of M,
for which the microstructure noise effect is not too distorting, together with a non microstructure
robust realized measure, or select a very large value of M and a microstructure robust realized
measure. Interestingly, we see in our experiments that the best performing of our robust measures
at small values of M (i.e. RK; g ar) outperforms RV, ps in many cases for values of M as small as
144, which suggests that the relative gains associated with using robust measures are achieved very
quickly as M increases.

Finally, consider Table 3, where jumps are added to the simulated efficient price. Note that
BV; y and T'PV; jr yield similar results, and that both outperform all “noise-robust” measures, as
expected. As might be expected, when the number of jumps increases, the relative performance of
the “jump-robust” estimators increases. For example, when there is a jump every day, then TPV}
outperforms all measures, other than BV 57, regardless of the value of M, and outperforms BV; s
in 13 of 16 instances, when comparing different values of M as well as nominal sizes. Moreover,
when jumps are less frequent, the differences between RV, ) rejection frequencies and nominal
levels are closer to the same differences for BV; py and T'PV; js, again as expected.

In summary, the above results suggest that the asymptotic theory established in Section 3 yields

reasonably sharp finite sample distributional approximations, even for small values of T and M.

6 Empirical Illustration: Daily Volatility Predictive Intervals for
Intel

In this section we construct and examine predictions of the conditional distribution of daily in-
tegrated volatility for Intel. The rest of this section is broken into two subsections, including a

discussion of the data and a discussion of our empirical findings.
6.1 Data Description

Data are taken from the Trade and Quotation (TAQ) database at the New York Stock Exchange
(NYSE). Our sample size covers 150 trading days starting from January 2 2002. From the original
data set, we extracted 10 second and 5 minute interval data, using bid-ask midpoints and the last
tick method (see Wasserfallen and Zimmermann, 1985). Provided that there is sufficient liquidity
in the market, the 5 minute frequency seems to offer a reasonable compromise between minimizing
the effect of microstructure noise and reaching a good approximation to integrated volatility (see

Andersen, Bollerslev, Diebold and Labys, 2001 and Andersen, Bollerslev and Lang, 1999). Hence,
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our choice of the two frequencies allows us to evaluate the effect of microstructure noise on the
estimated predictive densities.
A full trading day consists of 2340 (resp. 78) intraday returns calculated over an interval of ten

seconds (resp. five minutes).
6.2 Empirical Application: Volatility directional predictability

Once the different realized volatility estimators have been obtained, we have calculated predictive
intervals using logs. This has the advantage of avoiding boundary bias problems. We have used a
Gaussian kernel with the bandwidth chosen optimally as in Silverman (1986). Results are reported
for the kernel based estimators. Local linear based results are very similar and are omitted for
space reasons.

Our goal was to calculate the probability that volatility at time 7T+ 1 is larger than volatility
at time 7. We have done so based on a sample of T' = 100 observations. Then we compared the
prediction of the model with the actual realization at time T+ 1. Given that our sample covers
150 days, we have a total of 50 out-of-sample comparisons. Results are reported in Table 4 for the
volatility measures computed using 10 seconds returns and in Table 5 for those computed using
5 minutes returns. Since volatility has to be estimated (and is therefore subject to estimation
error), for robustness purposes we have reported two out-of-sample checks: those based on the
same realized measure as the one used in computing predictive intervals (column 3) and those
based using a benchmark volatility measure (RV using 5 minutes returns, column 4). Also, we
have used two different conditioning values: the level of volatility at time T" and the average level
of volatility over the last 5 days.

Finally, we have also used a different conditioning variable, namely realized semivariance (RS™),
proposed by Barndorff-Nielsen, Kinnebrock and Shephard (2009). This was motivated by their
empirical results highlighting the high informational content of such a measure of downside risk.

Several interesting conclusions emerge from analyzing the Tables. First, as expected, RV and
TPV have better results when returns are computed every 5 minutes. Increasing the sampling
frequency implies a higher noise to signal ratio and therefore non robust volatility estimators see a
drop in forecasting directional changes.

Conversely, robust volatility estimators have a better performance at the higher sampling fre-
quency. Again, this is not surprising, given that these estimators explicitly account for market
microstructure noise and then it makes sense to use as many observations as possible.

Generally, conditioning on the average of volatility during the previous 5 days yields slightly
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better results than conditioning on the value at time 7.

Finally, results seem to confirm the high informational content of realized semivariance. Us-
ing this measure of downside risk as a conditioning variable substantially increases directional
predictability, with percentages of correct predictions as high as .76 (for TSRV and RK at 10

seconds), or .70 (using a benchmark volatility estimator for the out-of-sample check).

7 Concluding Remarks

In recent years, numerous volatility-based derivative products have been engineered. This has led
to interest in constructing conditional predictive densities and confidence intervals for integrated
volatility. In this paper, we establish asymptotic normality for Nadaraya-Watson and local poly-
nomial estimators of conditional confidence intervals and conditional densities for daily volatility.
Given that volatility is latent, we base our density estimators on realized measures. Our results are
obtained following two key steps. First, given an assumption on the rate of decay to zero of the
moments of the measurement error, we provide sufficient conditions on the relative rate of growth
of M, number of intraday observations, and 7', the number of days, under which estimators based
on realized measures are asymptotically equivalent to their unfeasible counterparts based on inte-
grated volatility. Second, we provide primitive conditions, under which realized volatility, power
variation and several microstructure robust measures satisfy the assumption on the rate of decay
of the measurement error. Our results apply to a general class of cadlag volatility processes. The
finite sample behavior of the suggested procedures is analyzed via a Monte Carlo experiment, which
highlights how the relative performance of five important realized measures varies with the ratio
M /T, and with the “size” of the microstructure noise component. Finally, an empirical application
based on New York Stock Exchange data is provided. We find evidence of directional predictability

in volatility and highlight the informational content of the different realized measures.
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Appendix

Proof of Theorem 1:

For notational simplicity, let u1 = 0 and w2 = u. From Remark 6 in Hall, Wolff and Yao (1999), it follows that
VTE (ﬁIVTJrlHVT (u|RMr,m) — Frvg vy (u|RMT,M)> 4N (0,V(u)), where V(u) is defined as in the statement
of the theorem. Thus, it suffices to show that:

VTE (ﬁRMTH,M‘RMT,M(u|RMT,M) - ﬁIVTJrl\IVT (U|RMT,M)) = 0p(1).

Now,

VTE (ﬁRMTJrl,MlRMT,M (ulRMra1) = Frvg,jrve (U|RMT,M)>
B 1
Frve (RMz 1)

T—1
1 RMtM—RMTM) (IVt—RMTM))
X\ == E 1 w K : : -1 ok | ————
(\/ﬁ v ( {RMq1,m<u} ( ¢ {IVyq1<u} ¢

1 T—1 IVi—RMr n RMy p—RMp v
7o i (K () - i (M)

1 T-1 RMy v —RMop, pm 1 T-1 IVi—RMrp pm
ngt:o K (f) Tth:O K (f)

T—1
1 RM, nr — RMr ar IV, — RMr
(e (e (Bl i (P )))

We consider the term in (A.1), since (A.2) is of a smaller order. Given A1-A2, by Theorem 2.22 in Fan and Yao
(2005),

(A1)

Frve (RMr.ar) = frvg (RMr,ar) + 0p(1)
and, by A3, frv, (RM¢ ) > 0. It suffices to consider the numerator. It is immediate to see that:

T-1

5
i

+

((1{1Vt+1 <u} T 1{RMt+1,M§u})

1 RM; v — RMr, pm IV, — RMr m
TE Z (1{RMt+1,MSu}K( : ¢ ) - 1{IV1,+1S’U«}K (tf))
t=
T-1
1 RM; apr — RM- IVy — RM;
/Tf Z 1{IVH-1<u} ( ( d 5 T,M) -K (%T’M)) (A-3)
t=0
T-1
1 IV, — RMr, v
+ \/ﬁ ; (1{1Vt+1§u} - 1{RMt,+1,M§u}) K <tf) (A.4)
1
vT¢

-
Il
<

X

VRS

e (Bdeas My g (Vi Rt} (A5)

With regard to the term in (A.3), note that:

T-1

1 RMt,Iw - RMT,M IVt — RMT,A{
VI = ﬁwt,M — RMr Mm
= Te? ; 1{IVt+1§u}K(1) 3 Ni,mr

where ﬁﬂ,M € (RM¢, v, IV:) . Let:

(1) R-J\V/[t,M — RMr v
Rt,]\/j ?K ( é'l N
Now,
T—1 T—
Z Revilirv, <uyNem| < Z |Re,ar| | Neas| < sup |Newr| E|Re |
t=0 t=0 t<T
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T—1
1
+sup [Ne | 7 Y (|Rem| — E|Re,m]) = sup [Neu| (O(1) + 0p(1))
t<T T t<T

t=0

k—1
as, by a change of variable and integration by part, E )(RtM)k‘ =0 ((é) ) , ensuring boundedness of E | R a|,
and, by the central limit theorem,

T-1

% Z (|IRt,m| — E|Re,m|) = O ((T§2)—1/2) .

t=1

Now, given assumption A4, for a positive and arbitrarily small ¢,

T—1
Pr <Sup T N | > E) < 3 Pr (T ETBY [Nt > <)
t=0

t<T

IN

gikTT*%bﬁfE <|Nt,M|’“) —0, as T, M — co.

Thus, sup, <7 | Near| = O (Tk Tpy)/? ),and the term in (A.3) is O, <T2<k l)b_l/zfl/Q).
In order to analyze (A.4), note that:

1

T¢

[

1V; — RMr M
(1{1Vt+1§u} - 1{RMt+1‘M§u}) K (f) ‘
t=0

T—

,_.

1 IV, — RMr.m
Ti (l{u*SUPtST [Nt41,m|<IViqp1 <utsup;<p \Nt+1,M\}> K 3 .

Let Qrop = {w: T2 e bM sup, |N¢,m| < €}, and note that:
plim TEPr Q) —1) = lim /TEPr (T%fb}f sup | Ni,ar| > s)

< lim JTETT #5200, = 0.

T,M—o0

Thus, we can proceed conditioning on Q7 7. Now, for all w € Q7 a, there exists a constant ¢, such that:

1 T—1

T—

/N

K IV, — RMr. m
1{U*SUP1,§T [INgy1,m|STVip1 <utsupi<p [Nep1 arl} 3

1
1 Vi

< T¢ (l{u ceby 1/2T3/2kglw+1§u+csb;jl/2T3/2k}) K( 3

t=0

— RMT,M)

To simplify notation, let ceb,, V2 = dr,a. Then, using (A.6) and (A.7), for all w € Qr s

T—1
1
TE > (Lavipa<uy = Yrat o <uy) K
t=0
T—1

: IVy — RMr M
Tig Z l{u—dT,MSIVt+1§u+dT,M}K (f)

t
1V, — RMr,m
E ( {u—dp p <IVipr <utdr, NI}&'K (T)) (A.8)

3

( 1V, — RMT,M) '

IN

-1

S5

Nl =

H»
»-‘o

Nl =

n (IVt RMT,M)

<( {u dp v <IViyp1<u+tdrp, M}) 3
t=0

1V, — RM-
7E< {u dp v <IVip1<usdp, M}éK (%)))) .

We start from (A.8). As RMr, i is used as the evaluation point, without loss of generality let RMr p = x. Given
stationarity, let IVy = yo, IV4 = 2, and y = (yo — x) /€. We then have that:

L IV; — RMr,
EE ((1{u7dT,1\4§IVt+1SqudT,IM}) K (fm)) (A.IO)
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u+dr, v o
5 ~/R+/u dor ( € ) f (yo, z) dyodz

utdr, M
/ / fz+&y,2)dy dz
Ry Ju—dp pm

utdr, N

= i K (y) dy/ f(z,2) dz(1 4+ 0(&)) = O(dr,m)(1 + §).

—dr, M

Thus, (A.8) is O(dr,ar). The variance of (A.9) is given by

T—1 2
1 1V, — RM1 m 2
E (Tf Z (1{u*dT,M§IVt+1§u+dT,M}> K ( ¢ >> + O(dT’M)
t=0

and the expectation above can be treated similarly to (A.10), yielding:

T—1 2
1 1Vy — RM7 v -1 2
E (Tg ZO (U irrsrvinncurarat) K (75 >> = O (T ¢ ) + O(d ur).
t=

Thus, the sum of the terms in (A.8) and (A.9) is O (dr,m) + O (T_l/zf_l/leT/?w>, and the term in (A.4) is
Op(TY?€Y2dr 2r). By noting that (A.5) is of smaller probability order than (A.3) and (A.4), it follows that (A.1) is

O, (T e {1/21);41/2). The statement in the theorem follows. [ ]

Proof of Theorem 2:
By Theorem 2.22 in Fan and Yao (2005),

VT ( frRMp 2 IRMY, v (@|RM7 ar) — Jrvp vy ($|RMT,M)>
J1v o 1ve (2| RMr ar) (/ K2 (u du) '
frvp (RMrar)

VAASES: (-]?R]MT+1,IW|R]\/[T,1VI (z|RM7 ) — J?IVTJrl\IVT (x|RMTaM)) =0p(1).

Thus, it suffices to show that:

Now,
VT&& (]?RMT_HVM\RMT,M (@|RM7,m) = frvg, vy ($|RMT,M)>

T 1 o (gt (i) (o) ()
- Frvy (x| RMzar)

1 1
<fRMT,1\/I (RMT,M) J?IVT (RMT,M)>

T—1
< T1£1£2 S (K(RMt,MglRMT,M) K(%) _K (IVt*gMT’M) K (MZ"”))) . (A1)
v t=0

The first term on the right hand side of (A 11) can be treated the same way as the term in (A.3) in the proof of
Theorem 1, and therefore it is O, (T2(k Dby, 1/2 1/2 1/2) . Furthermore, the second term on the right hand side of

(A.11) is of smaller probability order than the ﬁrst. The statement in the theorem then follows. u

Proof of Theorem 3:

(i) As in the proof of Theorem 1, for notational simplicity let u1 = 0 and u2 = u. From Remark 4, in Hall, Wolff and
Yao (1999):

VTE (@o,r(u, IVr) — ao.r(u IVr)) == N(0,V(u)),
where V (u) is defined as in statement of the theorem. Thus, it suffices to show that:

VTE (Go,r(u, IVr) — Gora (u, RMr.a1)) = 0p(1).

23



This follows straightforwardly by writing the formula of the local linear estimator and using the same argument as
in the proof of Theorem 1.
(i) Similarly to part (i), from Fan, Yao and Tong (1996, p.196),

VTE& (Bor(x, IVr) = oz, IVr) )
d, frvp vy UC|RMTM ( )
N (07 ( frve (RMp ) /K Jdu .

VTEiE (BO,T,M(% RMr ar) — Bo.r(z, IVT)) = op(1).

Thus, it suffices to show that:

This follows by the same argument as that used in part (i). |

Proof of Lemma 1:

In the sequel, with the notation ~ we mean “of the same order of magnitude”.
i) Realized volatility is defined as RV; p = ¢ 1/ — Xeri/ar) - We begin by considering the case o
i) Realized volatility is defined as RV, ;\41 Xit(i+1)/ Xitj/ ?. We begin b idering th f

zero drift. From Proposition 2.1 in Meddahi (2002), N¢41,m = 222.:0 (ftJrv(ZH)/M (ftj_i/M a'uqu) USdWS). Thus,

t+i/M
M-1 t+(i+1)/M s
\/MNt_',l’]\/[ = 2\/M Z 0'752_'_1-/]\/1/ / qu dWs
i=0 t+i/M t+i/M
M-1 t4+(i+1)/M s
+2vM Z Ut+i/lv1/ / (Uu - Ut+i/M) dW, | dW
i—o t+i/M t+i/M
M-1 t+(i+1)/M s
+2vM Z / (Uu - Ut+i/M) / AWy | o¢ti/pdWs
o t+i/M t+i/M
M-1 t+(i+1)/M s
+2vM Z / / (Uu - O't+i/M) dW, (Us - Uz+i/M) dWs
—o t+i/M t+i/M

i (1) (2) (3) (4)
=2 (Nt+1 vt N+ Ny Ny M)

Also, for the sake of notational simplicity, we consider the case of k = 4 (the case of kK > 4 can be treated in an

analogous manner). To ease notation, let »>, = Zi ") unless otherwise specified. Then:

/ 1 4 2 2 2 2 2
(( N(+>1 M) ) =M ZZZZE [Ut+j1/MUtJrjz/MUtJrjs/MUHm/M

Jji J2 Js  Ja

t+(j1+1)/M s t+(jo+1)/M s

X / / dW, | dWs / / dW, | dWs
t+j1/M t+j1/M t+j5 /M t+j2/M
t+(j3+1)/M B t+(ja+1)/M s

x / / aw, | aw. / / aw, | aw, || .
t+js/M t+js/M t+ja/M t+ja/M

For all j; > 0, i = 1,..,4, ftt;r](f;;;l)/M (f;j,;/M qu) dWs is a martingale difference sequence with respect to

Fivj /M =0 (Uf, Ws,s <t + ]Z/M) . Thus, by the law of iterated expectation, it follows that when j1 # j2 # j3 # ja,
L 4
E ((V Nt(+)1 M) ) =0.

4
Analogously, in the case js = ja4, and js # jo # j1, if js < j1 and/or js < j2, then E((\/ Nt(}r)l M) ) =
0. Next, consider the case of j3 > ji1,j2. Let E.y;/p be the expectation conditional on Fiy;, /a. Noting that

2
Eitjy/m ((ft_:'j(sf‘;l)/M (ftijs/M qu) dWS> ) = O(M™?2), then by McLeish mixing inequalities it follows that

B (VAN
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= MY NS B 074 MOt ja MO a0

Jji J2 I3

t+(j1+1)/M s t+(jo+1)/M s
Y () )
t+j1/M t+j1/M t+jo /M t+jo /M
t+Gs+)/M [ ps 2
X Et+j3/M / / qu dWs
t+js/M t+js/M

5 5 t+(j1+1)/M s
= Z Z E |04, /M0t4 4o /m / / dW, | dW,
t t

Jj1 J2 +i1/M +j1/M
t+(jo+1)/M s \ \
/ / o AW | dWs > Ertmaxtiniat/nr ([0t4ss/an — B (08455 00)])
tj, /M t+2 /M 7
A A t+(j1+1)/M s 2
= Z Z El otiji/m0irjs/m / / dW,, | dWs
Jj1 J2 t+j1/M t+j1/M
t+(jo+1)/M s 2y \ /2 \ \ s .
/ / . dw,, | dWs E (Ut+j3/M —E (Ut+j3/M)) Z a|j3—max{j1,j2}| = O(l)7
t4jy /M t+ga /M —

given that E(UiHé)k) <ooand a‘ljf:nllgi‘ijlyh” < 0.

Now, suppose that j1 = j3 and jo = ja, js 7# ja. Then, by Cauchy-Schwartz inequality,
4
2 (A
2 8 8 1/2
<MY > [(E (0011 /M0 b1 01))

Jji1 J2
1/2

t+(GIHD/M [ s Yt Gar)/M [ ps 4
E / / AW, | dw, / / dW, | aw., - 0(1).
t+j1/M t+j1/M t+j, /M t+j2 /M

int1)/M [ s 3 . . . . 4
As Eiyj,/m ((ftt_:rj(ﬁ]\; )/ (ft+j2/M qu> dWs> ) =0, in the case of j2 = j3 = js4, then E <(\/ MNt(-‘l->1,M) ) =0,

regardless of whether ji > j2 or ji < 2. Finally, it is immediate to see that the fourth moment above in the case of
j1 = j2 = js = ja cannot be of a larger order than that in the case of j1 = j3 and ja = ja, with j3 # ja.

) 4
Because of the Holder continuity of a diffusion, E ((\/ M Nt(i)l’ M) ) cannot be of larger order of magnitude than

4
E <(\/MNf}r>LM) ) for i = 2,3, 4.

We now analyze the case with drift. From Proposition 2.1 in Meddahi (2002), the contribution of the drift term
to the measurement error, on an interval of length 1/M, is given by:

MZ1 [ ot (j+1) /M 2 MZL / pe(5+1)/M G+ /M
v M Z / psds | +2vVM Z / wsds / osdWs |,
i=o t+j/M i=o t+5/M t4j/M

and its moments cannot be of larger order than those of \/sz]\/igl ( ::j(/j;jl)/M (ftsﬂ./M auqu) adeS) , given
that E ((ut)2(k+5)) < 0.

.. -3 — 2/3 2/3 2/3 .

(ll) TPVt,M = (M2/3) Zj]\/i13 |AX(j+3)/A4| / |AX(J'+2)/]M| / |AX(]-+1)/M| / ) where M = E|Zk‘ and Z is a stan-
dard normal random variable. By Barndorff-Nielsen, Shephard and Winkel (2006, Section 3), we can ignore the
contribution of the jump component. Let

TPV (e (W) = (p2y3) " [ AW sy yar |7 | AW oy e |7 | AW oy aa |72

-3 2/3 2/3 2/3
TPVt ym(X) = (p273) " [AXerGraym | [AXerrayme | [AX g 1y /n|
and E;;/y be the expectation conditional on Fipj/n = 0 (Xt+i/M, t<t+i/M < t+j/M) . We can write

t+j/M

M-3 tHGHD/M
VMNi = VM Y | TPVig (i) (X) f/ olds

j=1
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M-3
=VM Y (TPViiGnym(X) = Eorjynr (TPVis iy (X)) (A.12)

M—-3

+VM Y (Bepim (TPVig (X)) = 0t Bes i (TPVei Gy (W))) (A.13)
j=1
N3, t+G+D/M

+VM > | ot B e (TPVig i1y a (W) —/ olds | . (A.14)
=1 t4j/M

From Theorem 5.1 and Lemma 5.2 in Barndorff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2006), it follows
that (A.13) and (A.14) are o,(1), and that (A.12) can be expressed as follows:

M-3
1
VM Y (Utzﬂ‘/M (TPWHJ'H)/M(W) - M)) + op(1).

Jj=1

As af+j/M (TPVH(HU/M(W) — ﬁ) is a martingale difference sequence with respsct to F;; (;_2)/ar, the result comes
by the same argument as in part (i). The proof holds also for bipower variation, given that the difference between
bipower and tripower variation is O, (M ~/2).

(iii)

M-1
= 2 ~2  RVim 2
RViim = RVYS, — 216¢, where 6, = M 2M ; (Xewj/mr—X oy -1y/m)
and
| Bt ,
RV 1% =5 2 > (Xermenynr = Xew(G-1)p+b)/m)
b=1j=1

Here, Bl = M, [l = O(Ml/s), | denotes the subsample size, and B denotes the number of subsamples. We can write:

E ((ﬁ/t,z,M = Ivt)k)

B 1-1 k
1 2
(B DX Yergsrym = Yer(G-nBieym) — Wt) (A.15)
b=1j=1
| Bt k
(B YN (Vergswym = Yer(G-nBivym) (€epanym — €t+<<j1)B+b>/M)> (A.16)
b=1 j=1
| Bl k
2 ~
(B > ( €4 (jB+B)/M — Et4((G—1)B+b)/M) — 20?)) (A.17)
b=1 j=1

~ 2 _ . . .
As 262 — E ((et+(j3+b)/M — et+((j_1)3+b)/M) ) = Op(M 1/2), uniformly in ¢, and by assumption E(efij/M) < 00,

then the term in (A.17) is O(1*/2/B*/?) = (b;/[k/Q) with by = M3, Given the independence between the noise and
the price, (A.16) is O(B~"/?).

We are left with (A.15). From the proof of Theorem 2 in Zhang, Mykland and Ait-Sahalia (2005), assuming no
drift, (A.15) writes as

M—1 min(B,j) j k
El (2 (Vggsom —Yeeim) Y. (1 - E) (YerGoivnym = Yer—ip/m) (1+0(1))
j=1 i=1
k
Mo1 4 (j+1)/M min(B,7) S\ [tHG—iD /M
el (X W, 3 (1-4)/ oudW,
j=1 Jt+i/M t+(j—i)/M
= O(B"?*M~*?) = 0(1"?) = 0(b;}"?) (A.18)

for bas = M'/3. The order of magnitude of (A.18), comes by the same argument as in part (i), once we notice that

t+(i+1)/M min(B,5) j t+(j—i+1)/M
EirG-y/m | Otaj/m aw, > (1 - E) Ott(j—i)/M dW, | =0.
t+5/M i=1 t+(j—i)/M
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The case with drift can be treated as in Part (i).

(iv)

2 B °\a; iy 2 RVym ol (e 2 2@)
heM =Y = D (Kupgrim—Xeagm)” | + o Wherea: = lzﬁﬁ'
i—1 c

The case of k = 2 is treated in Ait-Sahalia, Mykland and Zhang (2006). Recalling that Y ¢ ; %t =0and > 7 ;ai =1,

—_ k
E ((th,e,M - I%) )
e w M—i , . o M
=E <<<Z = > (VierGrim = Yagim) — IVt> -2)" = S o riyar€ei

Jj=1

i=1 =1 i—1 =1
e @ M—i e a M
+ QZ 71 Z (Yes oyt = Yergnr) (€ Gray/mr — €ctjjnr) — (Z 71 Z (€f4s/nr — Ug))
i=1 j=1 i=1 = j=M—i
+2(52 - 0?))") (A.19)

It is immediate to see that E ((83 - af)k) = O(M~"/%). Note also that a; ~ i%/e®. Therefore,

i

) k k
e ; i 1 B

E <Zi2(ef+j/M—af)> ~E (ez(efﬂ'/M_U?)> =0(e k/2)’
i=1 | j=1

j=1

so that the k-th moments of the fourth and fifth terms of the right hand side (rhs) of (A.19) are O(e~*/?). The k—th
moments of the first and third terms of the rhs of (A.19) can be treated by the same argument as in Part (i) and (iii)

and thus, by noting that a;/i = O(e~?), are O(e™"/?). The k—th moment of the second term can be treated as the
second term of the rhs of the last equality in (A.21) (in Part (v) below), by noting that the weights are of the same

order of magnitude (O(e™2)). It follows that this term is also O(e™*/2). Finally, note that by Hélder inequality, the
contribution of the cross terms cannot be of a larger order. Thus, the statement follows for by = M 1/2,

(v)

H

h—1

REK ¢ v = Y00 + ch (T) (7;2 —l—’yff,h) , where £(0) = 1,k(1) =0, and
h=1

M
Yiw = (Xerjme = Xewonym) (Xeponmyne — Xepi-1-ny/m) - (A.20)
Jj=1

The case of kK = 2 has been established by Theorem 2 in Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008).
Note that

B ((RKwma - 1V)¥) =E (((%Y,o ~IVi) + hXHj_l 5 (%) (92 +20)

L h-1 Lo h—1
Y,e - Y,e Y,e e,Y - Y Y
+E Dk ( 7 ) (e )+ + >k (T) (v +92%)
h=1 h—1
k
€ - h—1 € €
+Vt0 + o G (Yen + 6 —n) )
h=1

with 'yty,f = Z;\il (Y}ﬂ-/M — Yt+(j—1)/M) (GH_(]-_h)/M —6t+(j—1—h)/M) and the other terms defined as in (A.20).
As vio + Zthl K (%) ('yf’h + 'y,f’_h) is the term of the highest order of magnitude, we just need to show that

B ( (vt + SHyw (5) (i 460) ) =0 (1% 00472).

Let ~; = (7;0,7;1 F V=1 Ven T+ vﬁ,,h)/. For notational simplicity, hereafter we drop the subscript ¢. Fol-
lowing the proof of Theorem 1 in Barndorff-Nielsen, Hansen, Lunde and Shephard (2008),

Y=y w1

where

"/i/ =2V —Vi,—Vo+2Vi — Vo, ..., Vi1 + 2V — Vi, ooy, — Vo1 + 2V — VH.H)I7
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with V, = ZjM:Ih_l €45 /MEL+(j+h) /M)
",’;V = (0, —Wo,2Wo — Ws, ..., —Wp_1 4+ 2W}, — Wh+1, ey —WH_1 +2Wg — WH+1)l,

with Wy, = Z?;f €ttj/MEt+(j—h)/M T Zj-ViM_hH €t45/MEt+(j+h)/M, and finally
NS = (Zo— 221,21 — Zo+ 3721 — 272, Z—2 — Zy — Ty + 373 — 275, ..., Dt — Z—tis1 — Zri—1 + 321 — 2Z111),
with Zn, = et€spn/nmr + €t+1€04(m—n) - As all cross moments can be dealt with by Holder inequality, it suffices to
show that, for w = (1,1,k(%),....K (%))/, E W) E(wWi)" E(wqg) =0 (H_k/Q) . We begin with
w5, After a few simple manipulations,

1

5“’/’)’;

H
= (Vo —W1) hz (T) ~Vie1 + 2V — Vig1)

(e (@) v B () - () o () o
(o () o () v () i wa

As eis ii.d., E (V) = O(M*/?), and E(V;Vi Vi) = 0 unless i = j = [, it follows that

)=
E(XH:Vh> zH: i i E(V2)EWR) .. B(VE,,) =0 (M)

h=1 hi=1ha=1  hy =1

Thus,
1
ok

5 ((w20)") (a2
(1 ( ))kEM) (A.23)
ZH_: f_: i_ <( (hlfgl) 2" (};)”(hlfjl))?'.. (A.24)
(e (M) e (M) + (h’“/2+1)> )E(V}?Hl)...E(ka/QH)

(o () (7)) a9

+r <HT) E (Vi) (A.26)

Exploiting the properties of the kernel k, and employing standard Taylor expansions it follows that (A.23), (A.25) and
(A.26) are O (M’“/QH_%) = O(H™Y), while (A.24) is O <H-*M’€/2) . Hence, (A.22) is O (H_?’TkM’“/Q) . Now, by

a similar argument it follows that E((W”y;‘/)k) ,E <(w’7EZ)k> =0 (ka/z) . Then, for H = M'/? and by, = M'/?
the statement follows.
(vi) The case of k = 2 has been established by Proposition 4 in Barndorfl-Nielsen, Hansen, Lunde, and Shephard
(2008). It suffices to show that E((W"ﬁ/)k> , as defined in (A.22), is O (kam) . Contrary to the 4.i.d. case,
E(V4) # 0 and E (Vi Vj,r) # 0 for h # h'. For notational simplicity, we consider the case of kK = 4 (the case of higher
k follows straightforwardly). Because of stationarity, hereafter we suppress the subscript ¢t. We also assume, for sake
of clarity but without loss of generality, that €;,a = pej—1y/m + wj/nr, with uj/n ~ 4.4.d.(0, o).

Recalling that < (0) = ®(0) = k(1) = V(1) = 0, via a Taylor expansion of the first two terms around zero
and of the last two terms around one,

1

©)
wiyy = ( Vﬁ—ZM )hVigr +

E

26k (1 @)1
KO, KO0
H? 2H?

Vi1, (A.27)
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where V}, is defined as in part (v). Starting from the third term in (A.27),
@)(q) 4
K

4 M
E E Z E 611/M%'l+H)/M€jz/Me(j2+H)/M€j3/M€<js+H)/M€j4/M€<j4+H)/M)
J=1j2>j1+H jz>jo+H ja>js+H

| Z

(2) 4 M
t s E E E Z E (€, /0 €(j1+H) /M €2 /M Eia+H) /M €3 /ME(ig + ) /M € /ME(ja+H) /M )
J=1 j1<j2  j2<J3_ J3<Jja
J2<ji+H j3<j2+H ja<js+H
M M M M
n<2)(1)4

H
TP D D D DL B /MG A E) M /MGt HY /M€ /M G4 HY /M€ /0 Gja /M)
J=1j2>j1+H jzs>jo+H ja>js+H

R

5(2)(1)4

+ s

O(H*?) = o(H?),

given that M = O(H?) and p* = o(H~?). Thus, the fourth moment of the first and fourth terms of the rhs of (A.27)
are also o(H~?2). Finally, the fourth moment of the second term in (A.27) is given by

. 2
As 251:1 hi = O(H?) and (Zhlel h1> = O(H*), the most complex case is when hy # ha # hs # ha. First,
consider the case of j1 = j2 and js = ja, with j;1 # js. It is immediate to see that

1 H H H H M M
E Dt Y he Y hs D had Y-
h1=1 ho>hy h3>ho hg>hg J1=173>j1
2 2 —2
X E (€7, /0 €55 /M€y +h1)/MEGr +h) /MEGi+his)/ME(Gs+ha) /M) = O(H ).

Next, we consider the case of j1 # j2 # js # ja (the case of j1 = jo = js # ja follows by a similar argument). By the
law of the iterated expectation,

E (%/M%‘th)/M%/ME(jg+h2)/MEjs/M%‘3+h3)/M€j4/M€(j4+h4)/M)

(E <€j1/MEj1/M (6(11+h1)/M) E(j1+h1)/M (6]'2/M) Ejz/M (6(12+h2)/M)
E(iy+ha)/m (€55/0) Ejgynr (€(s+hs)/n0) B ng)/ar (€55/00) Egyynr (€Gatnaym))) -

The conditional expectations above can be simplified as follows:

h
Eju v (€Gatnay/nr) = P €a s

ja—jz—hs
2 2 h )
Ejs+ha) /a1 (€5/0) = (P RPN IVEP: Y. p Uu)
k=1
2(ja—Jjs— hs)

=p €(js+hs)/M T G
2hs
3 3h k+h 1 k— 1
Ejs/f\/f (E(j3+h3)/M) =pr 6J?./M —|—62p ez €z /MOy +Zp ul)
k=1 k=1
=" Gy o™ ey e,
2
4 4(j3—jo—h 4 k(j3—jo—h k
By thaym (Gayar) = p" 3727l oy + ¢ pM BT L+,
k=1
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5 5ho 5 kho k
Ejz/M (6(j2+h2)/M) =pr 263'2/M + CZ P 26]'2/1\/1 +¢
k=1

4
E(jy+h1)/m (Egz/M) = pG(J2—J1—h1)E?j1+hl)/M + Czpk(n—n—hl)Efz/M +e,

Ejy vt (€Giny/an) = P €h i + CZ P e + e,
k=1

where ¢ denotes a generic O(1) term. Given the results above, it follows that

H12Zh12h22h32h42 DD

h1=1 h2>hy h3>hg ha>h3 J1=1j2>j1+h1 ja>jo+h2 ja>jz+hs

x E (ejl/Me(jl+h1)/1V16j2/1\46(j2+h2)/M€j3/M€(j3+h3)/M€j4/M€(j4+h4)/M)

H H H H
c 4 h h h h 2
S RS b 3 R 3 ()
h1=1 ha>hy h3z>ho hg>hs
+...
H H H
2 h h h —h
RCRY I TLE SRWED ST SIED DD DR AP
h1=1 ho>hy h3>hso h4>h3 J1=1j2>j1+h1
+ ...
1 H H H H M M
Th h h: h jo—j1—h
S ST VRIS SRS S ED SIS SV
h1=1 ha>hy hg>hg ha>hg J1=1j2>j1+h1
M ) ) M ] ]
Z p4(]3*J2*h2) Z p2(J4*J3*h3)E (651 /M)
jz>jo+ha ja>jz+hs

=O(H )1 +o(1)) = o(H?)

The statement in the Lemma then follows.
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Table 1: Conditional Confidence Interval Accuracy Assessment: Level Experiments

Case I: No Microstructure Noise or Jumps in DGP?*

M RVin BVim TPViu E‘\/t,l,M ﬁ/t,e,kl RK: v M

Interval = firv, + 0.12501v,
Sample Size = 100 Daily Realized Measure Observations
Nominal Size = 5%

72 0.091 0.108 0.116 0.453 0.309 0.199
144 0.093 0.086 0.090 0.254 0.241 0.142
288 0.081 0.086 0.085 0.165 0.182 0.089
576 0.074 0.081 0.082 0.109 0.140 0.084
Nominal Size = 10%

72 0.136 0.157 0.166 0.527 0.374 0.255
144 0.140 0.142 0.142 0.318 0.298 0.180
288 0.128 0.130 0.134 0.218 0.230 0.142
576 0.124 0.136 0.129 0.155 0.189 0.130

Nominal Size = 5%

72 0.070 0.093 0.105 0.727 0.470 0.253
144 0.068 0.078 0.070 0.342 0.332 0.108
288 0.080 0.074 0.067 0.184 0.217 0.066
576 0.056 0.056 0.068 0.091 0.144 0.069
Nominal Size = 10%

72 0.113 0.140 0.151 0.795 0.559 0.332
144 0.113 0.130 0.114 0.435 0.409 0.151
288 0.116 0.114 0.108 0.245 0.282 0.109
576 0.103 0.113 0.115 0.133 0.207 0.111

& Notes: Entries denote rejection frequencies based on the construction
of G p(u1,u2). In particular, values of Gr pr(u1,u2) are compared
with 5% and 10% nominal size critical values of the standard normal
distribution. We use “pseudo true” I'V values in place of actual I'V values
when constructing G ar(u1,u2), as discussed in Section 5. Results are
reported for various realized measures, for different values of M, and two
daily sample sizes. The interval over which the statistics are calculated
is [ul,u2] = [trv, — B3rv,,B1v; + B01v,], where firy, and Gy, are the
mean and standard error of the pseudo true data, and B = 0.125. See
Section 5 for further details.
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Table 2: Conditional Confidence Interval Accuracy Assessment: Level Experiments

Case II: Microstructure Noise in DGP?*

M RViv BVim TPVimv RViim RViem REKimMm
Panel A: Interval = MIVt + 0.125071v,
Noise has N(0, 0. 0052 ) distribution
Nominal Size = 5%
72 0.064 0.080 0.077 0.466 0.320 0.215
144  0.075 0.075 0.073 0.252 0.224 0.131
288  0.155 0.171 0.137 0.175 0.182 0.108
576 0.977 0.990 0.987 0.109 0.139 0.096
Nominal Size = 10%
72 0.095 0.126 0.119 0.538 0.370 0.264
144  0.115 0.113 0.128 0.316 0.288 0.183
288  0.198 0.208 0.181 0.227 0.230 0.155
576 0.979 990 0.988 0.155 0.189 0.135
Noise has N(0,0.007%) distribution
Nominal Size = 5%
72 0.057 0.085 0.070 0.472 0.323 0.194
144 0.131 0.122 0.123 0.260 0.240 0.132
288  0.932 0.967 0.942 0.173 0.179 0.119
576 1.000 1.000 1.000 0.111 0.137 0.100
Nominal Size = 10%
72 0.105 0.136 0.121 0.539 0.376 0.247
144 0.173 0.176 0.173 0.325 0.301 0.185
288  0.943 0.972 0.947 0.222 0.235 0.163
576 1.000 1.000 1.000 0.158 0.189 0.144
Noise has N(0,0.014%) distribution
Nominal Size = 5%
72 0.739 0.719 0.642 0.478 0.321 0.228
144 1.000 1.000 1.000 0.272 0.236 0.167
288 1.000 1.000 1.000 0.170 0.170 0.116
576 1.000 1.000 1.000 0.123 0.148 0.097
Nominal Size = 10%
72 0.764 0.751 0.682 0.545 0.398 0.287
144 1.000 1.000 1.000 0.329 0.297 0.226
288 1.000 1.000 1.000 0.218 0.222 0.159
576 1.000 1.000 1.000 0.170 0.198 0.145
Panel B: Interval = pirv, + 0.25001v,
Noise has N(0,0.005%) distribution
Nominal Size = 5%
72 0.070 0.071 0.062 0.625 0.407 0.225
144  0.079 0.090 0.076 0.330 0.271 0.108
288  0.104 0.137 0.113 0.168 0.177 0.076
576  0.961 0.987 0.981 0.073 0.130 0.065
Nominal Size = 10%
T2 0.116 0.120 0.103 0.719 0.476 0.282
144  0.139 0.138 0.131 0.389 0.343 0.163
288 0.152 0.186 0.162 0.229 0.248 0.132
576 0.970 0.988 0.987 0.118 0.192 0.120
Noise has N(0,0.007%) distribution
Nominal Size = 5%
72 0.059 0.074 0.060 0.621 0.405 0.232
144  0.083 0.106 0.083 0.332 0.273 0.105
288  0.934 0.966 0.939 0.160 0.185 0.080
576 1.000 1.000 1.000 0.075 0.128 0.083
Nominal Size = 10%
T2 0.110 0.142 0.101 0.716 0.481 0.303
144  0.122 0.157 0.123 0.398 0.337 0.157
288 0.952 0.971 0.945 0.233 0.237 0.133
576 1.000 1.000 1.000 0.121 0.187 0.130
Noise has N(0,0.014%) distribution
Nominal Size = 5%
72 0.782 0.792 0.732 0.643 0.412 0.251
144 1.000 1.000 1.000 0.326 0.274 0.149
288 1.000 1.000 1.000 0.171 0.171 0.103
576 1.000 1.000 1.000 0.091 0.128 0.079
Nominal Size = 10%
72 0.832 0.844 0.789 0.724 0.483 0.309
144 1.000 1.000 1.000 0.408 0.362 0.199
288 1.000 1.000 1.000 0.232 0.241 0.156
576 1.000 1.000 1.000 0.138 0.186 0.133

& Notes: See notes to Table 1. The interyal over which the statistics are
calculated is [ul,u2] = [firv, — B0rv,.lirv, + Borv,]|, where firy, and

orv, are the mean and standard error of the pseudo true data, and
B = {0.125,0.250}. All experiments are based on samples of 100 daily
observatlons
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Table 3: Conditional Confidence Interval Accuracy Assessment: Level Experiments

Case III: Jumps in DGP?*

M RViy BVim TPViny RViwm RViem REKipwm

Panel A: Interval = v, + 0.12507v,
One i.1.d. N(0,3 % 0.64 = firv,) Jump Every 5 Days
]}%mmal Size = 5%

0.194 0.209 0.639 0.509 0.396
144 0. 210 0.171 0.145 0.436 0.409 0.283
288 0.191 0.138 0.134 0.332 0.350 0.216
576 0.181 0.143 0.108 0.246 0.299 0.194
Nominal Size = 10%
72 0.296 0.272 0.276 0.721 0.588 0.467
144 0.255 0.228 0.196 0.502 0.491 0.340
288 0.235 0.182 0.184 0.398 0.427 0.283
576 0.230 0.184 0.164 0.308 0.370 0.252

One 1.5.d. N(0,2*0.64 * firy,) Jump FEvery 2 Days
Nominal Size = 5%

72 0.380 0.244 0.230 0.660 0.580 0.486
144 0.348 0.169 0.152 0.511 0.518 0.386
288  0.323 0.129 0.122 0.415 0.460 0.370
576  0.303 0.129 0.141 0.366 0.424 0.340
Nominal Size = 10%

72 0.450 0.301 0.289 0.734 0.648 0.576
144 0.410 0.215 0.202 0.597 0.597 0.474
288  0.378 0.185 0.169 0.484 0.529 0.444
576  0.368 0 174 0.182 0.447 0.503 0.413

One 1.1.d. N(0,0.64 * fi1v,) Jump Every Day

Nominal Size = 5%

T2 0.478 0.250 0.201 0.663 0.606 0.570
144 0.452 0.184 0.171 0.492 0.584 0.534
288 0.432 0.134 0.138 0.473 0.552 0.467
576 0.430 0.119 0.129 0.425 0.512 0.462
Nominal Size = 10%

72 0.548 0.310 0.258 0.730 0.675 0.653
144 0.512 0.229 0.211 0.563 0.663 0.605
288  0.502 0.187 0.178 0.548 0.621 0.545
576  0.512 0.168 0.177 0.489 0.595 0.542

Panel B: Interval = firv, + 0.2505 v,
One i.i.d. N(0,3 % 0.64 = firv,) Jump Every 5 Days
Nominal Size = 5%

72 0.325 0.244 0.260 0.833 0.760 0.575
144 0.274 0.156 0.156 0.666 0.648 0.412
288 0.231 0.138 0.137 0.464 0.502 0.303
576 0.235 0.110 0.119 0.322 0.447 0.263
Nominal Size = 10%

72 0.415 0.308 0.328 0.880 0.834 0.655
144 0.368 0.205 0.213 0.754 0.720 0.509
288 0.322 0.204 0.199 0.558 0.593 0.381
576 0.305 0.157 0.171 0.401 0.528 0.346

One i.9.d. N(0,2 % 0.64 * pirv,) Jump Every 2 Days
Nominal Size = 5%

72 0.499 0.248 0.229 0.851 0.794 0.666
144 0.425 0.153 0.145 0.689 0.709 0.571
288 0.421 0.118 0.116 0.538 0.631 0.506
576 0.377 0.089 0.107 0.500 0.581 0.444
Nominal Size = 10%

T2 0.589 0.328 0.303 0.909 0.858 0.745
144 0.526 0.207 0.186 0.761 0.782 0.653
288 0.505 0.161 0.160 0.624 0 714 0.590
576 0.461 0.136 0.161 0.585 0.647 0.523

One i.i.d. N(0,0.64 % firv,) Jump Fvery Day
Nominal Size = 5%

72 0.686 0.296 0.253 0.874 0.847 0.812
144 0.615 0.189 0.174 0.735 0.786 0.711
288  0.635 0.163 0.139 0.663 0.757 0.656
576  0.608 0.137 0.113 0.583 0.728 0.651

Nominal Size = 10%

72 0.752 0.372 0.316 0.914 0.897 0.860
144  0.701 0.260 0.248 0.814 0.841 0.799
288  0.719 0.223 0.203 0.751 0.830 42
576 0.686 0.187 0.173 0.660 0.790 0.721
& Notes: See notes to Table 1. The interval over which the statistics are
calculated is [ul,u2] = [firv, — B0rv,.lirv, + Borv,], where firy, and

orv, are the mean and standard error of the pseudo true data, and
B = {0.125,0.250}. All experiments are based on samples of 100 daily
observations.
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Table 4: Directional predictions results: M = 2340.

Realized Conditioning Percentage of correct predictions Percentage of correct predictions

Measure  Variable using the same Realized Measure using a benchmark Measure®
RVr

RV RV .58 42
RST .54 .46
RS .58 42
TPVr .50 .32

TPV TPV .56 .38
RS, .54 .36
RS .56 .38
TSRVr .50 48

TSRV TSRV .60 .54
RS, .76 .70
RSy .66 .60
MSRVr .52 .50

MSRV  MSRVr .62 .56
RS, .74 .68
RSy .66 .60
RKT .52 .46

RK RKr .58 .52
RS, .76 .70
RST .67 .60

& Notes: this Table reports the percentage of correct directional volatility predictions for different con-
ditioning variables and different volatility estimators constructed using 10 seconds returns. In Column
2, the use of an overline denotes the fact that the conditioning value is taken an average over the
previous 5 days (T — 4 to T'). Column 3 reports results obtained using the same volatility measure
for both predictive probabilities and out-of-sample checks. Column 4 reports results obtained using a
benchmark measure (RV at 5 minutes frequency) for the out-of-sample checks.

Table 5: Directional predictions results: M = 78.

Realized  Conditioning Percentage of correct predictions Percentage of correct predictions

Measure  Variable using the same Realized Measure  using a benchmark Measure®
RVr .50 D
RV RV .58 .58
RS, .60 .60
RSt .62 .62
TPVr .68 .54
TPV TPV .72 .66
RS .68 .58
RSt .70 .60
TSRVr .54 .52
TSRV TSRV .58 .58
RST .62 .62
RSy .66 .66
MSRVr .56 48
MSRV ~ MSRVr .64 .56
RST .62 .58
RSy .62 .58
RKrT .66 .58
RK RKr .70 .60
RST .68 .66
RSy .66 .66

& Notes: this Table reports the percentage of correct directional volatility predictions for different con-
ditioning variables and different volatility estimators constructed using 5 minutes returns. In Column
2, the use of an overline denotes the fact that the conditioning value is taken an average over the
previous 5 days (T — 4 to T'). Column 3 reports results obtained using the same volatility measure
for both predictive probabilities and out-of-sample checks. Column 4 reports results obtained using a
benchmark measure (RV at 5 minutes frequency) for the out-of-sample checks.
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