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1 Introduction and Overview

� There is a clear need, when forming macroeco-

nomic policies and when managing financial risk in

banking, to examine predictive confidence intervals or

entire predictive conditional distributions.

� In this review talk, I shall focus on specification

testing of and model selection amongst distributions

and predictive densities, with additional discussion of

estimation



��� The Tools of the Trade

�� Probability Integral Transform - Rosenblatt (1952)

and Diebold, Gunther and Tay (1998)

� Zt−1 = (yt−1 , ..., yt−v ,Xt , ...,Xt−w ) , v,w

finite, Xt vector valued

� F (yt |Z
t−1 , θ0 ) =

∫ yt
−∞ f t (y|Z

t−1 , θ0 )dy, is

an iid uniform RV on [0, 1]

� Tests with power against departures from unifor-

mity and independence (see e.g. Bai (2003) for KS

version of this comparing against uniformity)



�� Kolmogorov-Smirnov and Related Statistics

� Empirical Distribution Function - a natural es-

timator for F which is unbiased, consistent, and

asymptotically normal

� FT (y) = T−1
∑T

t=1 1{yt ≤ y}

� Cramer - von Mises Discrepancy Measure [Cramer

(1938, 1946), von Mises (1947)]:

� T
∫
(FT −F )2 dF

� Kolmorov - Smirnov Discrepancy Measure [Kol-

mogorov (1933), Smirnov (1939)]:

� T 1/2||FT−F ||∞= supxT
1/2|FT (y)− F (y)|



� Glivenko-Cantelli uniform convergence [Glivenko

(1933), Cantelli (1933)]:

� ||FT −F ||∞ →a.s. 0

� Donsker uniform or functional CLT (iid data)

[Donsker (1952)]:

� T 1/2(FT−F ) converges to a Gaussian process,

and in particular to a Brownian bridge limit process

� Modified Kolmogorov-Smirnov Statistic

� T 1/2||FT−F
θ̂
||∞

� Convergence in distribution to the supremum of

a Gaussian process - limit distribution may depend

on the model F , the estimator θ̂ , and even the

parameter value θ



� Hence the use of the bootstrap for CVs: time

series data versus iid ; data dependence

� In economics and finance, data dependence sug-

gests that conditional models may be more useful than

unconditional models, and hence the use of condi-

tional distributions as predictive densities

�� The Kulback-Leibler Information Criterion [White

(1982), Vuong (1989), Giacomini (2002), Kitamura

(2002)]:

� Choose model which minimizes KLIC; choose

model 1 over 2 if

E(log f1 (Y t |Z
t , θ

†
1 )− log f2 (Y t |Z

t , θ
†
2 )) > 0.



��� Additional Details

�� Information Sets and Critical Values

� Limit distribution of KS tests affected by dy-

namic misspecification. Critical values derived under

correct specification given 	t−1 are not in general

valid in the case of correct specification given a subset

of 	t−1 . Many authors use Zt−1, and assume that

Zt−1 ≡ 	t−1.

� Assume interested in testing whether yt |yt−1 is

N(α†1 yt−1 , σ1 )

� Suppose 	t−1 includes yt−1 and yt−2 : true

cond model is

yt |	t−1 = yt |yt−1 , yt−2 = N(α1 yt−1 +α2 yt−2 , σ2 )



� Then, α†1 differs from α1 and correct spec-

ification holds wrt information in yt−1 ; but there

is dynamic misspecification with respect to yt−1 ,

yt−2.

� Even without taking account of PEE, CVs ob-

tained assuming correct dynamic specification are in-

valid.

� Stated differently, tests that are designed to have

power against both uniformity and independence vio-

lations (i.e. tests that assume correct dynamic speci-

fication under H0 ) will reject; an inference which is

incorrect, at least in the sense that the “normality”

assumption is not false (uniformity still holds, but

independence does not -> rejection of model)



�� Selecting from Amongst Many Models:

� Need mean square error and other measures of

distributional discrepancy

� Issues of sequential test bias, allowance for mis-

specification, alternative methods to construct CVs

are all relevant



� Many (possibly) misspecified conditional distrib-

utions,

F 1 (u|Z
t , θ†1 ), ..., Fm (u|Z

t , θ†m ),

and true conditional distribution,

F0 (u|Z
t , θ0 ) = Pr(Y t+1 ≤ u|Zt )

� One accuracy measure; average over u ∈ U , or

use interval based on ulow, uup

� E
((

F i (u|Z
t+1 , θ

†
i )− F 0 (u|Z

t+1 , θ0 )
)2)



2 Specification Testing of Distrib-

utions and Densities

��� Probability Integral Transform KS Type Tests

�� DGT: PIT: difference between the empirical

distribution of F t (yt |Z
t−1 , θ̂T ) and the 45

◦ −

degree line

�

H0 : Pr (yt ≤ y|	t−1 , θ0 ) = F t (y|	t−1 , θ0 ),

HA : the negation of H0,

� Compare F t (y|	t−1 , θ0 ) with CDF of uniform

RV on [0, 1] ; differentiability; nonstationarity; Zt−1

contains all useful info in 	t−1;

� Û t = F (yt |Z
t−1 , θ̂T )



�� Bai (2003) uses: V̂T (r) =
1

T 1/2
∑(
1{Ût≤ r} − r

)

� the limiting distribution is nuisance parameter free

and critical values can be tabulated.

� Suppose Pr(yt ≤ y|	t−1 , θ0 ) = Pr(yt ≤ y|Zt−1 , θ† ).

Then CVs not valid. However, if F (yt |Z
t−1 , θ† )

correctly specified for Pr(yt ≤ y|Zt−1 , θ† ), unifor-

mity still holds => no guarantee statistic diverges.

Thus, test does not have unit asymptotic power against

violations of independence.

� Bai’s martingale transformation argument does

not apply to the case in which the score is not a mar-

tingale difference process (i.e. dyn miss not allowed

for with his test).



�

V1T = sup
r∈[0,1]

|V 1T (r)|

�

V1T (r) =
1

T 1/2

T∑

t=1

(
1{Ût≤ r} − r

)

� What about a related test not based on PIT, but

directly on KS:

� Compare empirical joint distribution of yt, Zt−1

with product of dist of yt |Z
t and empirical CDF of

Zt−1 .

� Joint:

ĤT (u, v) = 1
T

∑T
t=1 1{yt ≤ u}1{Zt−1 < v}

and semi-empirical/semi-parametric analog of



F (u, v, θ0 ),

F̂T (u, v, θ̂T ) =
1
T

∑T
t=1 F (u|Zt−1 ,θ̂T )1{Z

t−1 < v}

�

V 2T = sup
u×v∈U×V

|V 2T (u, v)|,

where U and V are compact subsets of � and

�d, respectively, and

�

V2T (u, v) =

1

T 1/2

T∑

t=1

(
(1{yt≤ u} − F (u|Zt−1,θ̂T ))1{Z

t−1≤ v}
)



� Recursive and rolling estimation schemes - PEE

contribution summarized by the limiting distribution

of 1
P 1/2

∑T−1
t=R

(
θ̂t−θ†

)
.

� In cases where the parametric distribution, F , is

not known, one can estimate it as follows:

V2T = sup
u×v∈U×V

|VT (u, v)|

V2T (u, v) =
1

(T − τ)1/2
·

T−τ∑

t=1


1

S

S∑

s=1

1

{
X

θ̂T,N,h
s,t+τ ≤ u

}
− 1{Xt+τ ≤ u}


 1 {Xt ≤ v} ,

where U and V are compact sets on the real line.

Here, 1

{
X

θ̂T,N,h
s,t+τ ≤ u

}
can be constructed using data

simulated either via a discrete DSGE type model or a

continuous time diffusion type model, for example.



3 Model Selection Amongst Dis-

tributions and Densities

� Choose a model which provides the best (loss func-

tion specific) out of sample predictions, from amongst

a set of potentially misspecified models, and not just

from amongst models that may only be dynamically

misspecified, as is the case with some of the tests

discussed above.

��� Point forecast comparison

� Nested versus non-nested models? Differentiabil-

ity?

�

H0 : E(g(u0,t )− g(u1t )) = 0

HA : E(g(u0,t )− g(u1t )) = 0



�� Non-nested Models:

� DMP=
1

P 1/2
1

σ̂P

∑T−1
t=R

(
g(û0,t+1)− g(û1,t+1)

)

� Proposition 4.1 (from Theorem 4.1 in West (1996)):

Let W1-W2 hold. Also, assume that g is contin-

uously differentiable, then, if as P →∞, lp →∞

and lP /P 1/4 → 0, then as P, R →∞, under

H0, DMP
d
→ N(0, 1) and under HA,

Pr
(

P−1/2 |DMP | > ε
)
→ 1, for any ε > 0.

� Note that when the two models are nested, so that

u0,t = u1,t under H0 , both the numerator of the

DMP statistic and σ̂P approach zero in probability

at the same rate, if P/R → 0 , so that the DMP

statistic no longer has a normal limiting distribution

under the null.



�� Nested Models: (Granger causality)

yt =
q∑

j=1

βj yt−j +εt

and unrestricted model is

yt =
q∑

j=1

βj yt−j +
k∑

j=1

αj xt−j +ut

�

ENC − T = (P − 1)1/2
ς

(P−1
∑T−1

t=R (ct+1 −ς ))1/2
,

� where ct+1 = ε̂t+1 ( ε̂t+1 − ût+1 ) ,

ς= P−1
∑T−1

t=R ct+1, and where ε̂t+1 and ût+1 are

residuals from the LS estimation.

� One sided test; Assumes larger model dynamically

correctly specified (i.e. mds).



� Convergence to functional of standard Brownian

motion or N(0,1) if PEE vanishes.

� To allow for dynamic misspecification and/or con-

ditional heteroskedasticity, use two sided Bierens type

test:

� CCS: mP = P−1/2
∑T−1

t=R ε̂t+1 Xt, appropri-

ately scaled

� Version of this test also available for testing against

generic alternatives

�

MP =
∫

Γ
mP (γ)

2 φ(γ)dγ,

and

mP (γ) =
1

P 1/2

T−1∑

t=R

g′ (ε̂t+1)w(Z
t , γ),



�� Multiple Models: Data Snooping Methods

� Data mining and sequential test bias?

� Reality Check:

�

SP= max
k=2,...,m

SP (1, k),

where

SP (1, k) =
1

P 1/2

T−1∑

t=R

(
g(û1,t+1)− g(ûk,t+1)

)
, k = 2, ...,m

The hypotheses are formulated as

H0 : max
k=2,...,m

E(g(u1,t+1)− g(gk,t+1)) ≤ 0

HA : max
k=2,...,m

E(g(u1,t+1)− g(uk,t+1)) > 0,

� Convergence to the max of a m-1 dimensional

Gaussian process with complicated covariance kernel.



� Critical values obtained using stationary bootstrap,

block bootstrap, Hansen modified CVs, subsampling

methods, false discovery rate approach.

��� Density (distribution) comparison

�� The KLIC

� A well known measure of distributional accuracy

is the Kullback-Leibler Information Criterion (KLIC),

according to which we choose the model which mini-

mizes the KLIC (see e.g. White (1982), Vuong (1989),

Giacomini (2002), and Kitamura (2002)). In particu-

lar, choose model 1 over model 2, if

E(log f1 (Y t |Z
t , θ†1 )− log f2 (Y t |Z

t , θ†2 )) > 0.

� For the iid case, Vuong (1989) suggests a like-

lihood ratio test for choosing the conditional density

model that is closer to the “true” conditional den-

sity in terms of the KLIC. Giacomini (2002) suggests



a weighted version of the Vuong likelihood ratio test

for the case of dependent observations, while Kita-

mura (2002) employs a KLIC based approach to se-

lect among misspecified conditional models that sat-

isfy given moment conditions.

� Of note is that White (1982) shows that quasi

maximum likelihood estimators minimize the KLIC,

under mild conditions.

� Furthermore, the KLIC approach has recently been

employed for the evaluation of dynamic stochastic

general equilibrium models (see e.g. Schorfheide (2000),

Fernandez-Villaverde and Rubio-Ramirez (2004), and

Chan, Gomes and Schorfheide (2002)). For example,

Fernandez-Villaverde and Rubio-Ramirez (2004) show

that the KLIC-best model is also the model with the

highest posterior probability.



�� Evaluation of Predictive Density Based on OOS

Distributional MSE

H′
0 : max

k=2,...,m
E ( Υ1 − Υ0)

2 − ( Υi − Υ0)
2
)
≤ 0

versus

H′
A : max

k=2,...,m
E ( Υ1 − Υ0)

2 − ( Υi − Υ0)
2 > 0

where Υi =
(

F i (uup |Z
t , θ†i )− F i (ulow |Zt , θ†i )

)
,

i = 1, ...,m

and Υ0 =
(

F 0 (uup|Z
t , θ0 )− F 0 (ulow|Z

t , θ0 )
)



�

ZP,j= max
k=2,...,m

∫

U
ZP,u,j(1, k)φ(u)du, j = 1, 2

and

ZP,u,2(1, k) =
1

P 1/2

T−1∑

t=R

(
(
1{yt+1≤ u} − F 1(u|Z

t,θ̂1,t)
)2

−
(
1{yt+1≤ u} − Fk(u|Z

t,θ̂k,t)
)2
),

� Limit distribution is max of functional of zero mean

Gaussian process. Can use bootstrap for CVs.

�

µ21 (u)− µ2k (u)

= E
((

F 1 (u|Z
t , θ

†
1 )− F 0 (u|Z

t , θ0 )
)2)

−E
((

F k (u|Z
t , θ

†
k )− F 0 (u|Z

t , θ0 )
)2)

.



� When all competing models provide an approxi-

mation to the true conditional distribution that is as

(mean square) accurate as that provided by the bench-

mark (i.e. when
∫
U

(
µ21(u)− µ2k(u)

)
φ(u)du = 0,∀k),

then the limiting distribution is a zero mean Gaussian

process with a covariance kernel which is not nui-

sance parameter free. Additionally, when all competi-

tor models are worse than the benchmark, the statis-

tic diverges to minus infinity at rate P 1/2. Finally,

when only some competitor models are worse than

the benchmark, the limiting distribution provides a

conservative test, as ZP will always be smaller than

maxk
∫
U

(
ZP,u(1, k)− P 1/2

(
µ21(u)− µ2k(u)

))
φ(u)du

asymptotically. Of course, when HA holds, the sta-

tistic diverges to plus infinity at rate P 1/2.

� Note that in Fk(u|Z
t,θ̂k,t) in the above test it is as-

sumed that F is known. If not, it can be replaced with

an empirical distriubtion function, for example when



evaluating alternative DSGE models and/or continu-

ous time diffusion models. For example, one can use:

H0 : EX

(
F τ
1 (u|Xt, ϑ

†
1)(u)− F τ

0 (u|Xt)
)2

−EX

(
F τ

k (u|Xt, ϑ
†
k)− F τ

0 (u|Xt)
)2
= 0

or

H0 : max
k=2,...,m

(
EX

(
F τ
1 (u|Xt, ϑ

†
1)− F τ

0 (u|Xt)
)2

−EX

(
F τ

k (u|Xt, ϑ
†
k)− F τ

0 (u|Xt)
)2)

≤ 0

versus HA : negation of H0.



� Test statistics:

Dk,P,N(u) =
1

P 1/2

T−τ∑

t=R



 1
N

N∑

i=1

1

{
X

ϑ̂1,t,N,h
1,t+τ,i (Xt) ≤ u

}
−1{Xt+τ ≤ u}



2

−


 1
N

N∑

i=1

1

{
X

ϑ̂k,t,N,h
k,t+τ,i (Xt) ≤ u

}
−1{Xt+τ ≤ u}



2

 ,

or

DMax
k,P,N(u) = max

k=2,...,m
Dk,P,N(u)

Here, 1

{
X

θ̂T,N,h
s,t+τ ≤ u

}
can be constructed using data

simulated from a DSGE model or a continuous time

diffusion model. The difference with the analogous

generic static of the end of the previous section is

that here we are carrying out model selection, whereas

previously we were carrying out specification tests.



4 Concluding Remarks

� Large number of available tests and procedures.

� Many approaches to specification and selection

are specialized to nested/nonested models; limit re-

sults hinge on PEE assumptions, differentiability, and

assumptions concerning misspecification (either dy-

namic or general).

� Predictive density is one of the relatively uncharted

areas, and recent theoretical advances in bootstrap

theory and other limit theory results are allowing for

much new work and development of tools in this area.

� End �



Empirical Example

How Sticky Is Sticky Enough? A
Distributional and Impulse Response Analysis

of New Keynesian DSGE Models

Assess how well data simulated from new-Keynesian dynamic stochastic general equilib-
rium (DSGE) models reproduce the dynamic features of historical data, using sticky price,
sticky price with dynamic indexation, and sticky information models and historical inflation
and output gap data.

I. Flexible Prices: First, suppose that all firms choose the price of good i each period,
independent of prices that were charged in the past, and with full information about current
demand and cost. Due to the fact that real marginal costs are increasing in yt(i), the same
quantity of each good is supplied, and it is equal to Yt. This implies that all firms will choose
a common constant markup given by µ = ε

(ε−1)
. The flexible price equilibrium process for

output is given by:
ynt = γ + ψa at,

where ψa = 1+ω
σ+ω

and γ = lnα−µ
σ+ω

. We will refer to the above equilibrium conditions as a
natural levels of the corresponding variables.

II. The Sticky Price Model: Following Calvo (1983), assume that in every period, a
fraction, (1 − θ1), of firms can set a new price, independent of the past history of price
changes. This set-up implies that the expected time between price changes is 1

1−θ1
. Also

1



assume that firms that cannot set their prices optimally have to keep last periods’ price (i.e.
Pt(i) = Pt−1(i)).

III. The Sticky Price Model with Indexation: Modifications of the standard sticky price
model have been shown by numerous authors to perform better in empirical applications.
For example, we follow Christiano et al. (2001), Smets and Wouters (2003), and Del Negro
and Schorfheide (2005), who use dynamic inflation indexation. In this model, as in Calvo
(1983), only a proportion of firms, (1− θ2), can reset their prices during the current period;
but other firms, unable to set prices optimally, set their price equal to: Pt(i) = ΠtPt−1(i).

IV. The Sticky Information Model: Following Mankiw and Reis (2002), assume that all
firms reset prices each period. A fraction of firms, (1−θ3), use current information in pricing
decisions, so that the probability that a firm acts upon the newest information available in
a given quarter is 1 − θ3, independent of the past history of price changes. The remaining
fraction of firms use past or outdated information when they set prices.

In these models, the fact that a fraction of firms is not able to adjust prices optimally
implies a difference between the actual and the potential (natural) level of output. We denote
this difference by ygt = yt−y

n
t , and refer to it as the output gap. Now, solving the associated

optimization problems and using a log-linear transformation, we can write expressions for
the Phillips curve for each model.

2



The hypotheses of interest are:

H0 : max
j=2,...,m

∫

U
E

((
F0(u; Θ0)− F1(u; Θ

†
1)
)2
−
(
F0(u)− Fj(u; Θ

†
j)
)2)

φ(u)du ≤ 0

versus

HA : max
j=2,...,m

∫

U
E

((
F0(u; Θ0)− F1(u; Θ

†
1)
)2
−
(
F0(u)− Fj(u; Θ

†
j)
)2)

φ(u)du > 0.

ZT,S = max
j=2,...,m

∫

U
Zj,T,S(u)φ(u)du, (1)

and

Zj,T,S(u) =
1

T

T∑

t=1

(
1{Yt ≤ u} −

1

S

S∑

n=1

1{Y1,n(Θ̂1,T ) ≤ u}

)2

−
1

T

T∑

t=1

(
1{Yt ≤ u} −

1

S

S∑

n=1

1{Yj,n(Θ̂j,T ) ≤ u}

)2
.

3



Table 1: Distributional Accuracy Tests Based on the Comparison of Historical
and Simulated Inflation and the Output Gap Paths

I. Information and Price Stickiness θ = 0.75

A. Inflation (πt, πt−1)
S, l Z Crit. val. (Z∗∗) Crit. val. (Z∗) CS Distributional Loss

5% 10% 5% 10% sp spi si

10T,l3 0.0209 0.2163 0.1669 0.1700 0.1334 1.3056 1.2847 1.3187
30T,l3 0.0400 0.1093 0.0874 0.0832 0.0607 1.3210 1.2810 1.3107
50T,l3 0.0460 0.0830 0.0663 0.0586 0.0476 1.3233 1.2773 1.3149

B. Output Gap (ygt , y
g
t−1)

10T,l3 0.1551 0.0363 0.0050 0.0014 -0.0130 1.3509 1.1958 1.2940
30T,l3 0.1044 0.0699 0.0497 0.0468 0.0370 1.2990 1.1946 1.3092
50T,l3 0.0708 0.0586 0.0423 0.0425 0.0339 1.2802 1.2094 1.2926

C. Inflation and Output Gap (πt, y
g
t )

10T,l3 0.0995 0.1345 0.0820 0.0860 0.0550 1.3041 1.2046 1.2914
30T,l3 0.0753 0.0761 0.0479 0.0481 0.0353 1.2775 1.2022 1.2805
50T,l3 0.0578 0.0618 0.0458 0.0451 0.0295 1.2675 1.2097 1.2699

II. Information and Price Stickiness θ = 0.5

A. Inflation (πt, πt−1)
S, l Z Crit. val. (Z∗∗) Crit. val. (Z∗) CS Distributional Loss

5% 10% 5% 10% sp spi si

10T,l3 -0.0008 0.1106 0.0885 0.0766 0.0559 1.2631 1.2639 1.2713
30T,l3 -0.0016 0.0659 0.0369 0.0418 0.0300 1.2657 1.2673 1.2673
50T,l3 0.0006 0.0476 0.0268 0.0342 0.0194 1.2656 1.2650 1.2668

B. Output Gap (ygt , y
g
t−1)

10T,l3 0.0026 0.0567 0.0445 0.0491 0.0375 1.1195 1.1169 1.1177
30T,l3 0.0005 0.0449 0.0362 0.0374 0.0327 1.1168 1.1162 1.1189
50T,l3 -0.0014 0.0417 0.0356 0.0367 0.0329 1.1154 1.1168 1.1180

C. Inflation and Output Gap (πt, y
g
t )

10T,l3 0.0124 0.0800 0.0537 0.0527 0.0346 1.1669 1.1545 1.1586
30T,l3 0.0119 0.0421 0.0321 0.0305 0.0217 1.1642 1.1523 1.1590
50T,l3 0.0083 0.0380 0.0252 0.0288 0.0209 1.1618 1.1535 1.1576

Notes: Joint distributions of inflation and/or the output gap are compared using the simulation based

test statistic discussed above. The historical data period is 1964:1-2003:4. The second column of entries

reports the numerical values of the test statistic, while the next four columns report 5% and 10% bootstrap

critical values based on a bootstrap statistics for the cases where T/S → δ > 0 (Z∗∗) and T/S → 0

(Z∗), where T denotes the historical sample size and S the length of the simulated sample. The last

three columns of entries in the table report the Corradi and Swanson (2005b) distributional loss measure

associated with model i, which is an estimate of E

((
Fi(u; θ

†
i )− F0(u; θ0)

)2)
. Namely, we report CS =

∫
U
1

T

∑T

t=1

(
1{Yt ≤ u} −

1

S

∑S

n=1 1{Yi,n(θ̂1,T ) ≤ u}
)2
φ(u)du (see above for complete details).
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Table 2: Directional Accuracy of Simulated Inflation and the Output Gap Paths
I. Information and Price Stickiness θ = 0.75

A. Inflation

(πt, πt−1) data sp spi si

(down, down) 0.2025 0.2453 0.2518 0.2553
(up, down) 0.3038 0.2547 0.2512 0.2470
(down, up) 0.3038 0.2547 0.2482 0.2447
(up, up) 0.1899 0.2453 0.2488 0.2530
p-value 0.0068 0.0185 0.8868 0.0341

B. Output Gap

(down, down) 0.3228 0.2653 0.2483 0.2508
(up, down) 0.2215 0.2341 0.2537 0.2464
(down, up) 0.2152 0.2340 0.2510 0.2485
(up, up) 0.2405 0.2666 0.2470 0.2543
p-value 0.1293 0.0000 0.2297 0.2006

C. Inflation and Output Gap

(down, down) 0.2579 0.4589 0.3599 0.3848
(up, down) 0.2516 0.0411 0.1431 0.1174
(down, up) 0.2830 0.0404 0.1421 0.1123
(up, up) 0.2075 0.4596 0.3548 0.3854
p-value 0.3708 0.0000 0.0000 0.0000

II. Information and Price Stickiness θ = 0.5

A. Inflation

(πt, πt−1) data sp spi si

(down, down) 0.2025 0.2402 0.2477 0.2562
(up, down) 0.3038 0.2601 0.2513 0.2475
(down, up) 0.3038 0.2600 0.2525 0.2441
(up, up) 0.1899 0.2397 0.2484 0.2522
p-value 0.0068 0.0000 0.3270 0.0341

B. Output Gap

(down, down) 0.3228 0.2509 0.2486 0.2483
(up, down) 0.2215 0.2475 0.2543 0.2470
(down, up) 0.2152 0.2474 0.2497 0.2500
(up, up) 0.2405 0.2542 0.2473 0.2547
p-value 0.1293 0.1952 0.3052 0.4598

C. Inflation and Output Gap

(down, down) 0.2579 0.4642 0.3780 0.3523
(up, down) 0.2516 0.0361 0.1211 0.1514
(down, up) 0.2830 0.0341 0.1249 0.1430
(up, up) 0.2075 0.4656 0.3760 0.3533
p-value 0.3708 0.0000 0.0000 0.0000
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Table 3: Autocorrelation and Cross Correlation: Inflation and the Output Gap
I. Information and Price Stickiness θ = 0.75

S corr(πt, πt−1) corr(ygt , y
g
t−1) corr(ygt , πt)

sp spi si sp spi si sp spi si

5T 0.8470 0.9027 0.9543 0.8841 0.7294 0.8579 0.9151 0.8379 0.9424
10T 0.8473 0.9146 0.9518 0.8826 0.7517 0.8611 0.9142 0.8411 0.9447
20T 0.8348 0.9199 0.9502 0.8721 0.7524 0.8598 0.9073 0.8432 0.9435
30T 0.8286 0.9172 0.9452 0.8662 0.7474 0.8451 0.9040 0.8417 0.9379
50T 0.8316 0.9158 0.9423 0.8691 0.7514 0.8387 0.9055 0.8419 0.9355
100T 0.8322 0.9176 0.9412 0.8695 0.7571 0.8366 0.9063 0.8437 0.9346

II. Information and Price Stickiness θ = 0.5

S corr(πt, πt−1) corr(ygt , y
g
t−1) corr(ygt , πt)

sp spi si sp spi si sp spi si

5T 0.6584 0.7507 0.7475 0.7094 0.4958 0.5600 0.8075 0.8701 0.9442
10T 0.6468 0.7730 0.7602 0.6932 0.5065 0.5701 0.7972 0.8679 0.9437
20T 0.6467 0.7793 0.7585 0.6942 0.5095 0.5723 0.7974 0.8686 0.9459
30T 0.6403 0.7742 0.7435 0.6871 0.5075 0.5465 0.7945 0.8696 0.9425
50T 0.6415 0.7771 0.7397 0.6889 0.5088 0.5366 0.7945 0.8698 0.9405
100T 0.6457 0.7822 0.7368 0.6932 0.5141 0.5362 0.7977 0.8710 0.9412

Notes: Entries in the table correspond to autocorrelations of inflation (corr(πt, πt−1)) and the output gap

(corr(ygt , y
g
t−1)), as well as the cross correlation between inflation and the output gap. Simulated data

are based on the sticky price (sp), sticky price with indexation (spi) and sticky information (si) models.

Historical data are for the period 1964:1-2003:4. Values are given for simulation samples of S = 5T, 10T,

20T, 30T, 50T, 100T, where T is the historical data sample size. Corresponding historical values are:

corr(πt, πt−1) = 0.8363, corr(ygt , y
g
t−1) = 0.8690, corr(ygt , πt) = 0.2582.
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Table 4: Correlation Between Output Gap and Change in Inflation:
Acceleration Phenomena

I. Information and Price Stickiness θ = 0.75

S corr(ygt , πt+2 − πt−2) corr(ygt , πt+4 − πt−4)
sp spi si sp spi si

5T 0.1226 0.7854 0.4971 0.0765 0.7257 0.4466
10T 0.1213 0.7706 0.4984 0.0658 0.7132 0.4488
20T 0.1272 0.7600 0.5091 0.0743 0.7018 0.4599
30T 0.1323 0.7651 0.5292 0.0817 0.7068 0.4763
50T 0.1295 0.7693 0.5391 0.0776 0.7122 0.4851
100T 0.1302 0.7666 0.5450 0.0786 0.7103 0.4905

II. Information and Price Stickiness θ = 0.5

S corr(ygt , πt+2 − πt−2) corr(ygt , πt+4 − πt−4)
sp spi si sp spi si

5T 0.2044 0.7984 0.5966 0.1075 0.6552 0.4382
10T 0.2108 0.7844 0.5894 0.0975 0.6436 0.4317
20T 0.2085 0.7813 0.5964 0.1040 0.6431 0.4331
30T 0.2132 0.7852 0.6097 0.1138 0.6467 0.4368
50T 0.2118 0.7832 0.6110 0.1105 0.6417 0.4351
100T 0.2111 0.7803 0.6164 0.1107 0.6374 0.4419

Notes: See notes to Table 3. Corresponding historical values are corr(ygt , πt+2 − πt−2) = 0.4491 and

corr(ygt , πt+4 − πt−4) = 0.5458.
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Figure 1: Response to Anticipated Permanent Money Supply Shock
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Notes: The size of the shock is equal to 0.025.
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Figure 2: Maximum Response of the Output Gap to Anticipated Money Supply

Shock: Sticky Price Model

A. Change in η and ρm
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B. Change in η and Anticipation Period
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Notes: Graph A illustrates how the maximum of the output gap response to an anticipated money supply

shock changes as interest rate semi-elasticity of money demand, η, and money shock persistence, ρm, change.

Graph B illustrates how the maximum response of the output gap changes as η and the anticipation period,

k, change. All other parameter values are fixed at our baseline calibration. For example, the maximum of

the response to an anticipated 8 quarter ahead (k = 8) permanent shock (ρm = 1), with other parameters

fixed at baseline values (e.g. η = 1), is given in the upper left corner of Graph A.
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Figure 3: Impulse Response to Contractionary Money Supply Shocks
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Notes: The size of the shock is equal to one standard deviation (i.e. σm = 0.007).
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Figure 4: Impulse Response to Contractionary Technology Shocks
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Notes: The size of the shock is equal to one standard deviation (i.e. σa = 0.007).
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Figure 5: Historical and Simulated Empirical Densities of Inflation and the
Output Gap
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Notes: Plots of densities correspond to simulated distributions used in the statistical comparison of the

sticky price, sticky price with indexation, and sticky information models are given for πt and y
g
t . Simulated

data are based on the sticky price (sp), sticky price with indexation (spi) and sticky information (si) models.

Historical data are for the period 1964:1-2003:4. The simulation sample size is 100T, where T is the historical

data sample size.
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