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1 Introduction

Ever since its introduction in the early 1960s, the Kalman �lter (KF) has been an essential part of the
toolkit of applied researchers in numerous disciplines such as physics, computer science and engineering.
In the past two decades, however, applied econometricians have also bene�ted greatly from its use.
More recently, macroeconomists have been interested in applications of the KF that involve integrated
time series. As is always the case, moving to nonstationarity poses theoretical and practical challenges
to an otherwise well developed and understood technique.
In this essay I review the recent theoretical and practical developments in the use of the KF under

the presence of unit roots. In particular, I analyze a recent contribution to the literature (Chang, Miller
and Park, 2009) that develops a complete asymptotic theory of the KF for the nonstationary case and
revisits an important application: extracting a common stochastic trend. I use the same techniques
provided by these authors to revisit the old question of common stochastic trends in macroeconomic
aggregates; consumption, output and investment. I show how such trend is extracted and study the
transitory components that result after extracting it from the original series. Finally I explore how this
technique performs as the sample size varies in simulated data that resembles the stochastic behavior
of the aforementioned macroeconomic series.

2 The Kalman �lter in a nutshell

The Kalman �lter (KF) is a recursive algorithm for computing the mathematical expectation of a
"hidden" state vector �t, E [�tjyt; :::;y0] ; conditional on osberving a history yt; :::;y0 of a vector of
noisy signals of the hidden state. Here I do not dwell on the speci�cs of deriving the KF but rather I
present the main equations and procedures of the �lter. The KF is typically used in applications where
time series can be expressed in a state-space form like:

�t = �+ F�t�1 + �t with �t � N(0;Q) (1)

yt = H�t + Azt + �t with �t � N(0;R) (2)

where �t is the "hidden" state, also called latent variable and yt is the vector of observables.
Equations (1)-(2) are usually referred to as state and measurement equations. Additionally, it is
required that E [���0s] = 0 8 s; � and customarily it is further assumed that �t;�t are iid disturbances,
although this assumption can be dispensed with for the case of �t: While the matrices F;Q;R;A;H
can be allowed to be time-varying, in the applications presented here they are �xed quantities (to be
estimated).
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In a nutshell, when the matrices F;Q;R;A;H have all-known elements, the KF is simply a predict-
and-update algorithm. Predict using:

�tjt�1 = �+ F�t�1jt�1
Ptjt�1 = FPt�1jt�1F0 +QQ0

ytjt�1 = H�tjt�1 + Azt;

observe yt and obtain the forecast errors and covariance matrix:

�tjt�1 = yt � ytjt�1 = yt �H�tjt�1 � Atzt

Ftjt�1 = E
h
�2tjt�1

i
= HPtjt�1H0 + RR0;

and update using:

�tjt = �tjt�1 + Ptjt�1H0F�1tjt�1�tjt�1 = �tjt�1 +Kt�tjt�1

Ptjt = Ptjt�1 �KtHPtjt�1

repeating the process for t = 1; :::T . In this sense, the KF is a procedure to compute �tjt; the optimal
(MSE) estimator of �t. Of course, most of the time the matrices F;Q;R;A;H have at least some
unknown elements which have to be estimated. In this case, in every step before updating, one uses
�tjt�1 and Ftjt�1 to set up and maximize the log-likelihood function:

Lt
�
yt;�

�
= �1

2

tX
s=1

log
�
2�jFsjs�1j

�
� 1
2

tX
s=1

h
�0sjs�1F�1sjs�1�sjs�1

i
with respect to the parameters vector � = [vec (F) ; vec (H) ; vec (A) ; vec (Q) ; vec (R)] and accounting
for any restrictions that one may want/need to impose. Finally, in some cases it is useful to construct
an estimate of the state vector which, at each t, contains information present in the entire sample,
called sometimes the "smoothed �ltered" series

�
�tjT ; PtjT

�
. This �nal step is done as follows. After

performing the recursion above, the sequences
�
�tjt; Ptjt

	T
t=1

and
�
�t+1jt; Pt+1jt

	T�1
t=1

are stored. The

smoothed estimate for the �nal date is just the last element of
�
�tjt; Ptjt

	T
t=1

: Next, generate and storen
Jt = PtjtF0P�1t+1jt

oT
t=1

and then use the stored sequences to calculate:

�tjT = �tjt + Jt
�
�t+1jT � F�tjt � �

�
PtjT = Ptjt + Jt

�
Pt+1jT � Pt+1jt

�
J 0t

More details on state-space models are given in the appendix; good textbook treatments of the KF
are, e.g., Hamilton (1994), Harvey (1989) while numerous macroeconomic applications can be found
in e.g., Ljungqvist and Sargent (2004), Canova (2007) and DeJong and Dave (2011).
Naturally, the recursion described above requires some initial values �1j0 and P1j0; and the addi-

tional assumption that E
�
�1j0�

0
t

�
= E

�
�1j0"

0
t

�
= 0 8 t. Moreover, when the matrices in equations

(1)-(2) need to be estimated, initial values for the (numerical) maximization of the likelihood need to
be provided. While the latter set of initial values may not be crucial (i.e. poor initial values may
simply result in slower maximization of Lt (yt;�)), the selection of the initial pair

�
�1j0; P1j0

�
is one of

the most critical problems in the KF recursion.1 This is known as the "initialization" problem which
is dealt with in the next section.

1 It should be noted, however, that in some applications that include models with large number of observables and
lags of the state, the number of parameters to be estimated becomes large and the KF recursion can encounter serious
convergence problems when poor initial values are provided. In a recent application, Aruoba, Diebold and Scotti (2009)
provide a dramatic ilustration of this point as well as a possible solution.
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3 The Kalman �lter under nonstationarity

In practice, when all the eigenvalues of the matrix F are less than one in modulus, it is customary to
set the initial values equal to the unconditional moments. Initial �1j0 is found by solving:

E [�t] = E [�+ F�t�1 + "t]
= �+ FE [�t]

E [�t] = [I � F]�1 �
which simpli�es to E [�t] = 0 whenever � = 0; on the other hand, P1j0 is (see Hamilton, 1994, pp. 378
for details):

vec
�
P1j0

�
= [I � (F
 F)]�1 vec (Q)

Naturally, this simple initialization breaks down when some of the eigenvalues of F lie on the unit
circle, simply because nonstationary series have no �nite unconditional variance. In the early literature,
this problem was handled somewhat arbitrarily. For instance, Hamilton (1994, pp., 379) touches on
the issue only marginally:

"If some of the eigenvalues of are on the unit circle...then �1j0 can be replaced by the
analyst�s best guess as to the initial value of �t where P1j0 is some positive semi-de�nite
matrix summarizing the con�dence in this guess"

For the last two decades, however, a number of proposals regarding solutions to the "initialization"
problem under nonstationarity have surfaced. An early (rudimentary) proposed solution is the use of a
so-called "di¤use prior", i.e., E [�t] = 0 and P1j0 = �I for � arbitrarily large. To this day, most software
packages that have a KF toolkit provide this naive "di¤use prior" initialization either as the default one
for nonstationary data (e.g. Gretl) or include it as an option (e.g. Stata). More elaborate "di¤use" and
"explicit" initializations for integrated series are provided by Ansley and Khon (1985), DeJong (1991)
and Koopman (1997). Some statistical packages include at least one of these procedures as a way to
initialize the KF recursions when stationarity cannot be warranted. Applications and exploration of
practical issues regarding these procedures are also abundant in the current state of the literature (see,
for instance, Gomez and Maravall, 1994; Doan, 2009).
Perhaps because of its practical importance, most of the literature regarding the KF under non-

stationarity has focused on the "initialization" problem related above. However, until recently, little
attention was put in the statistical properties of the estimators (of parameters and unobserved com-
ponents) that result from the application of the KF recursion to integrated time series. This may be
surprising since moving from stationarity to nonstationarity in any model calls into question, at the
very least, rates of convergence of the parameter estimates.
In a grounbreaking contribution, Chang, Miller and Park (2009, henceforth CMP) provide a com-

plete set of asymptotic results for maximum likelihood estimation using the KF under nonstationarity
for the case in which �t is a scalar (i.e., when there is only one latent variable). They establish the con-
sistency and Gaussianity of the ML estimator, show that estimates�rates of convergence are a mixture
of T and

p
T -very much in the spirit of Engle and Granger (1987)- and that the limit distributions are

generally mixed normals. With these results at hand, the authors can show that conventional methods
of inference -such as t-ratios and Lagrange multiplier tests- in the KF context remain valid.
Once asymptotic and inferential results are obtained, CMP turn to an application of the KF that

generalizes Stock and Watson�s (2007): extracting a common stochastic trend, which is the subject of
the remaining sections.

4 Chang Miller and Park�s (2009) application to interest rates

In this section I present what is by now one of the quintessential applications of cointegration: short
and long term interest rates (the others being money-prices and ppp-exchange rates). The theoretical
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background behind cointegrating interest rates is the so-called expectations theory of the term struc-
ture: since agents may choose to buy a long term asset or a sequence of short term assets, interest
rates on both types of assets should co-move over time. In order to investigate the hypothesis of a
common trend in short-and long-interest rates, CMP posit the following DGP:

�t = �t�1 + ut with ut � NID (0; 1)
ist = �1�t + �

s
t with �st � NID

�
0; �2s

�
(3)

i`t = �2�t + �
`
t with �`t � NID

�
0; �2`

�
where ist and i

`
t are the short-and long-term interest rates, respectively and �2s; �

2
` are the diagonal

elements of �� . A few remarks are in place. First, notice that the latent variable �t is explicitly
assumed to follow a random walk, hence the stochastic trend in ist ; i

l
t. Second, the assumption that

�2u = 1 allows for the identi�cation of � up to multiplication by -1. Finally, as in any Kalman �lter
setting, it is required that E

�
ut�

i
s

�
= 0 for i = s; l and 8 t; s, but the authors do not make any explicit

assumption regarding E
�
�st�

l
t

�
: CMP use weekly data for the federal funds rate (as ist ) and the 30-year

conventional �xed mortgage rate (i`t) covering the period between 04-07-1971 and 06-11-2004. I now
replicate the results obtained by these authors from estimation of the system (3):

Table 1. Kalman �lter estimation results

My replication CMP exercise
�1 0:00079 1.64e-5 0:0008 9.8e-6
�2 0:00105 2.07e-5 0:0010 1.1e-5

Chol(��)11 0:01873 0:0187
Chol(��)12 -0:00028 -0:0003
Chol(��)22 4:724e-07 6:1e-11

Next, the estimation procedure described in the last section allows for the extraction of the common
stochastic trend in the interest rate series. The following plots compare my results from this task with
those by CMP:

Figure1. Common stochastic trend in interest rates
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As can be seen from Table 1 and Figure 1, my replication results are very close (if not identical) to
those obtained by CMP. Now with full command of the tool presented in the above sections I turn to
my own application of macroeconomic aggregates in the context of balanced growth.2

5 A macroeconomic application

Ever since the seminal work of Beveridge and Nelson (1981) and Nelson and Plosser (1982), economists
have been concerned with detrending macroeconomic time series. The main reason behind this concern
is that, usually, statistical theory can be safely applied only to deviations of the observed series from
their trend value. Moreover, it is well known that misspeci�cation in the model for the trend can seri-
ously a¤ect the estimated dynamics in an economic model, thereby reducing the ability of researchers
to conduct appropriate tests of economic theories (Watson, 1998).
As was pointed out two decades ago by King, Plosser, Stock and Watson (1991) in their in�uential

paper, if one is to take seriously the balanced growth path (BGP) implication of most RBC models,
then a testable hypothesis of a common stochastic trend arises naturally. To �x ideas, consider the
neoclassical production function that lies at the heart of a prototypical RBC model:

Yt = �tK
1��
t N�

t

where �t follows a log-random walk, that is:

log �t = �� + log �t�1 + �t

with : �t � iid
�
0; �2

�
�� : average TFP growth

Notice that realizations of �t change the forecast of trend productivity at all future dates since:

Et log �t+s = Et�1 log �t+s + �t

It is straightforward to show that the per-capita aggregates C=N; Y=N and I=N will all grow at
(�+�t)=� along the BGP (see Apendix 2 for the required derivations). Therefore, the BGP hypothesis
can now be cast in terms of a common stochastic trend. In order to carry out such test, I hypothesize
the following DGP:

�t = �t�1 + �t with �t � NID (0; 1) (4)

xt = ��t + �t with �t � N (0;��)

where �t is a scalar; xt =
�
yt ct it

�0 � I(1); �t = [�yt �ct �it]
0; vech (��) =

�
�2y; 0; 0; �

2
c ; 0; �

2
i

�0
and � = [�1 �2 �3]

0. Notice that, as in the application of CMP, �t is assumed to be white noise
with a standard normal distribution and that the coe¢ cient on �t�1 in the state equation is restricted
to unity.3 Again, setting var(�t) = 1 allows for the identi�cation of the parameter vector (up to
multiplication by -1). Notice, however, that �� has zeroes o¤ the diagonal which imposes the additional
restriction that all the commonality between the elements of the vector xt is captured by their common
stochastic trend (i.e., there is no correlation left among the elements of �t). The data used for this
exercise strictly follows the de�nitions of KPSW; ct is private consumption, it is gross �xed private
investment and yt is "private" GNP computed as total GNP minus government consumption. The
source and sample period are di¤erent however; data comes from the St. Louis Fed and the period

2All the estimation procedures to follow are done in Stata 12.0 using the -sspace- module which handles the initial-
ization problem for nonstationary data by following DeJong�s (1991) procedure.

3 In the context of the estimation exercise narrated below, I considered not restricting this coe¢ cient. Although not
presented here, this results in a 95% con�dence interval of f0:94; 1:01g for such coe¢ cient.
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covered is 1947Q1 to 2006Q4. A linear trend is substracted from the (log of) data before feeding it
into the KF recursion after which the series seem to remain integrated:

Figure 2. Macroeconomic data after subtraction of linear trend
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Formal unit root tests present evidence in favor of nonstationarity; although in the case of GNP and
investment the null of a unit root (ADF) is rejected at the 5% level it is not rejected at the 1% and
the null of stationarity (KPSS test) is rejected at least for the case of GNP. Moreover, the test results
are strong in �nding a unit root in consumption so it seems plausible that all three series contain a
unit root:

Table 2. Unit root tests (xt � �t)

KPSS ADF PP
yt 0.508 -2.999 -3.071
ct 0.699 -2.207 -2.158
it 0.129 -4.253 -4.579

5% CVs 0.46 -2.88 -2.88

Note: lag selection is by SIC

I now use the KF recursion described above to estimate the parameters in �;��. The estimation
of (4) results in:

ŷt = 0:0096
(0:0007)

�t, �̂y = 0:00085

ĉt = 0:0082
(0:0005)

�t, �̂c = 8:64e-07 (5)

{̂t = 0:0127
(0:0016)

�t, �̂i = 0:00923

Notice that all the coe¢ cients are signi�cant at any conventional level and that the estimated
variance of �ct is much lower than those of �

i
t and �

y
t (see comment below). With these results at

hand, one can proceed to subtract the (estimated) common stochastic trend from the macroeconomic
data. As was hinted before and can be seen from the right plot in Figure 3, the common stochastic
trend follows closely the trend in consumption (hence the narrow �uctuations and small variance of
�ct). If one thinks of the unobserved component modeled here as a measure of productivity growth an
interpretation for the phenomenon just described may very well be an ilustration of the permanent
income hypothesis:
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Figure 3. Stochastic trend and transitory components in yt; ct; it
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Finally, a key question is whether removing the stochastic trend from the original data renders
stationary series. As it happens, the "transitory components" �it, i = y; c; i are indeed stationary as
the following formal tests con�rm:

Table 3. Unit root tests (�t)

KPSS ADF PP
�ct 0.099 -7.925 -14.981
�yt 0.108 -13.657 -13.638
�it 0.205 -4.101 -4.310

5% CVs 0.463 -1.942 -1.942

Note: lag selection is by SIC

6 A Monte Carlo investigation

A �nal exercise presented here is related to the behavior of the KF recursion for non stationary data in
samples of di¤erent sizes. In particular, in this section I simulate data with the characteristics of that
used in the previous section and repeat the exercise of extracting a common stochastic trend. First, one
needs to study closely the characteristics of the data to be replicated. Apart from the coe¢ cients that
come from (5) one needs an appropriate DGP for the stationary component �t. It is worth pointing
out that although �t may be stationary, it is by no means white noise. Therefore, I estimate a number
AR(p) models and use the information criteria and tests of residual autocorrelation in order to select
the best approximation to the process generating each component of �t. This results in the following
speci�cations:

�yt = 0:8161�yt�1 + 0:2317�
y
t�2 � 0:1883�

y
t�3 + �

y
t ; �yt � N (0; 0:015)

�ct = 0:0285�ct�1 + 0:3365�
c
t�2 � 0:0095�ct�3 � 0:1728�ct�4 + �ct ; �ct � N (0; 0:008) (6)

�it = 1:0284�it�1 ��0:0437�it�2 � 0:1639�it�3 + �it; �it � N (0; 0:045)

With these processes for generating the data, I proceed to simulate time series by i) generating
�t according to (6) and ii) using �t and the estimated state and transition equations (5) to generate
time series fyt; ct; itgTt=1 for di¤erent values of T . I then estimate again the state space model and use
the KF in order to extract the common stochastic trend and repeat this whole process 1,000 times.
Finally, I use the results from each sample size to obtain average estimates and compare them across
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T and with the "true" values of the parameters. The following table summarizes the results from this
exercise:

Table 4. Average parameter estimates and sample size (1,000 simul.)

T = 50 T = 100 T = 200 T = 500 T = 1; 000 T =1 (DGP )
�1 0.00973 0.009446 0.0089971 0.0088634 0.0088348 0.00961
(s.e.) (0.00013) (.00010) (.00006) (0.00002) (0.00001)

�2 0.00668 0.00714 0.00739 0.00753 0.00757 0.00826
(s.e.) (0.00013) (0.00004) (0.00002) (0.00002) (0.00001)

�3 0.014165 0.0120536 .0117519 .0117249 .0117435 0.01275
(s.e.) (0:00034) (0:00019) (0:00010) (0.00004) (0.00002)

�2y 0.000462 0.000628 0.00076 0.00084 0.00086 0.00085
�2c 0.00016 0.00013 0.00010 0.00008 0.00008 8.64e-07
�2i 0.00717 0.00871 0.00878 0.0090 0.0091 0.00902

The results from this experiment are somewhat satisfactory. In general, parameter estimates settle
quickly into a small neighborhood around the true values. This is specially true for the case of the
variances. However, it is also worth studying the actual distributions of the parameter estimates within
each samples size. Kernel density estimates of such distributions are presented in Figure 4 at the end
of this document. Results are very satisfactory for the parameters �1 and �2; their distributions are
unimodal starting from the smallest sample size and concentrate the mass pretty quickly as the sample
size increases. On a less cheerful note, bimodality appears to be a problem in the distributions of the
variances for small sample sizes and the distribution of �3 exhibits a strange tail behavior for sample
sizes up to 200 observations (close the 240 observations used in the main exercise of section 5).
Another interesting exercise is to compare the transitory components that result after the extraction

of the common stochastic trend. To do so, I compute the RMSE of the resulting transitory component
series from each simulation with those used to generate the data (i.e. the true DGP for �it). The RMSE
is then computed as:

MRSE =

sPT
t=1

�
�it � �̂it

�2
N � k � 1

and the average RMSE for each sample size is presented in table 5:

Table 5. Average RMSE for in-sample prediction of �t
RMSE T = 50 T = 100 T = 200 T = 500 T = 1; 000
�yt 0.02174 0.01832 0.01528 0.01360 0.01303
(s.d) (0:00028) (0:00022) (0:00013) (0:00005) (0:00002)

�ct 0.01278 0.01217 0.01133 0.01090 0.01081
(s.d.) (0:00011) (0:00009) (0:00005) (0:00001) (0:00001)

�it 0.03988 0.02967 0.02412 0.02004 0.01833
(s.d.) (0:00078) (0:00046) (0:00026) (0:00012) (0:00007)

The results from comparing the resulting transitory components may not be seen as encouraging
as those found for the parameters themselves. For instance, one would need a ten-fold increase in
the sample size in order to halve the average MRSE in the case of GNP and investment. In the case

8



of consumption matters are even worse. However, in order to better assess the performance of the
KF in this particular task, it would also help to compare these results with analogous ones from a
Horick-Prescott trend extraction exercise. This exercise I reserve for future research.

Figure 4. Empirical (Simulated) Distribution Estimates of �1; �2; �3; �y; �c; �i
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7 Concluding remarks

In this essay I have used recently developed results and techniques in order to extract a common
stochastic trend in macroeconomic time series. The results of such an exercise suggest that stationary
series can be obtained after removing a common stochastic trend from (linearly detrended) data.
Moreover, the extracted common trend from consumption, investment and output tends to follows
closely the behavior of consumption itself. When productivity is viewed as the driving force behind
this unobserved component, this result may be taken as evidence of the celebrated permanent income
hypothesis. In relatively small samples, Monte Carlo simulations show that the KF recursion performs
relatively well the task of identifying and extracting a common stochastic trend, and, as such, this
tool may be a good alternative to traditional cointegration techniques such as vector error correction
models.
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Appendix A: State-Space Representation and the Kalman Filter

State-Space Representation

The idea is to express a dynamical system in a state-space form. Suppose we have a state vector �.
We cannot observe � but we know can be expressed as:

�t
(r�1)

= �t
(r�1)

+ Ft
(r�r)

�t�1
(r�1)

+ Qt
(r�r)

�t
(r�1)

(SS1)

this is called the state equation. On the other hand, we do observe a vector yt which we know is related
to the unobserved state in the form:

yt
(n�1)

= Ht
(n�r)

�t
(r�1)

+ At
(n�k)

zt
(k�1)

+ Rt
(n�n)

"t
(n�1)

(SS2)

this is called the measurement equation and (SS1)-(SS2) is called the state space (SS) representation
of the system under study. In this general form, the matrices Ft;Ht;At;Qt;Rt may be functions of the
data, structural parameters, or constants. The system above has an inherent identi�cation issue: if we
replace �t in the measurement equation, we obtain a mixture of errors �t and "t which of course we
cannot identify separately. The following assumptions are required to attempt identi�cation:

A1. The number of shocks in the system is greater than the number of observables.

A2. �t; "t � N (0; I) and E [�s"t] = 0 8 s; t.
Example 1 Consider the following unobserved component model. Suppose that two �rms produce
certain good and we cannot observe their individual output but only the total industry output:

xt = x1t + x2t

Furtgermore suppose that:

x1t = � + x1;t�1 + "1t with "1t � N
�
0; �21

�
x2t = �1x2;t�1 + �2x2;t�2 + "2t with "2t � N

�
0; �22

�
and: E ["1t; "2t] = 0 8 t

then xt is made up of a unit root with drift component and a (AR(2)) stationary component. To express
this system as (SS1)-(SS2) let yt = xt and �t = [x1;t x2;t x2;t�1]

0. Then the measurement equation
becomes:

yt = [1 1 0]�t

while the state equation is:

�t =

24 x1;t
x2;t
x2;t�1

35 =
24 �
0
0

35+
24 1 0 0
0 �1 �2
0 1 0

3524 x1;t�1
x2;t�1
x2;t�2

35+
24 �21 0 0
0 �21 0
0 0 0

35� "1;t
"2;t

�

The Kalman �lter

The Kalman �lter is a recursion that allows us to obtain the best forecast for the latent variable �t
given the observation of yt. Let:

	t � information set at t

�tjt�1 � E [�tj	t�1]
�tjt � E [�tj	t]

Ptjt�1 � E
h�
�t ��tjt�1

� �
�t ��tjt�1

�0i
Ptjt � E

h�
�t ��tjt

� �
�t ��tjt

�0i
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where Ptjt�1 and Ptjt are covariance matrices of �tjt�1 and �tjt respectively. Next de�ne the observ-
ables:

ytjt�1 � E [ytj	t�1] ("best forecast")
�tjt�1 � yt � ytjt�1 (forecast error)

Ftjt�1 � E
h
�2tjt�1

i
Finally de�ne �tjt as the "�letered" estimate of �t which uses information up to and including t

and �tjT as the "smoothed" estimate which includes information in the entire sample (i.e., including
information available only in periods s > t). If the elements of the matrices F;H;A;Q;R are known,
the Kalman �lter recursion is all that is needed to estimate the state vector. Otherwise they can be
estimated as described in the next section. The recursion comprises the following steps:

1. Initialize the �lter with an initial value for �1j0 and P1j0:

2. Prediction step: use the prediction equation:

�tjt�1 = �+ F�t�1jt�1
Ptjt�1 = FPt�1jt�1F0 +QQ0

ytjt�1 = H�tjt�1 + Azt

3. Observe yt and obtain the forecast errors and covariance matrix:

�tjt�1 = yt � ytjt�1 = yt �H�tjt�1 � Atzt

Ftjt�1 = E
h
�2tjt�1

i
= HPtjt�1H0 + RR0

4. Update step: use the updating equations:

�tjt = �tjt�1 +

Kalman gainz }| {
Ptjt�1H0F�1tjt�1�tjt�1 = �tjt�1 +Kt�tjt�1

Ptjt = Ptjt�1 �KtHPtjt�1

5. Repeat steps 2-5.

Step 1 is crucial for the recursion; if the eigenvalues of the matrix F are known to be all inside
the unit circle, then �t is a stationary Markov process and as such has an ergodic distribution with
constant mean and variance. These unconditional �rst moments (based on the assumptions about �t)
can be used as starting values:

E [�t+1] = �+ FE [�t]
) E [�t] = (I � F)�1 �

since �t is covariance stationary and therefore E [�t+1] = E [�t] : Likewise:

E
�
�t+1�

0
t+1

�
= FE [�t�0t]F0 + E [�t�0t]
) � = F�F0 +QQ0

a discrete Lyapunov equation which can be solved for � as:

vec (�) = [I � (F
 F)]�1 vec
�
QQ0

�
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which can be used as vec
�
P1j0

�
. If, on the other hand, some of the eigenvalues of the matrix F are

known to be on the unit circle, then �t is non-stationary and several options are available, see section
2.2 in the main text. In step four the Kalman gain is obtained as the optimal stepsize adjustment to
be made in �tjt once yt is available and we realize the magnitude of our mistake �tjt�1.
An additional step is to obtain the "smoothed" estimates of the state vector �tjT ; PtjT . After per-

forming the recursion above, we obtain and store the sequences
�
�tjt; Ptjt

	T
t=1

and
�
�t+1jt; Pt+1jt

	T�1
t=1

.

The smoothed estimate for the �nal date is just the last element of
�
�tjt; Ptjt

	T
t=1

: Next, generate and

store
n
Jt = PtjtF0P�1t+1jt

oT
t=1

and then use the stored sequences to calculate:

�tjT = �tjt + Jt
�
�t+1jT � F�tjt � �

�
PtjT = Ptjt + Jt

�
Pt+1jT � Pt+1jt

�
J 0t

for t = T � 1; T � 2; :::

Predictive decomposition of the likelihood

At this point we assume that
ytj	t�1 � N

�
ytjt�1;Ftjt�1

�
so that we can write the joint density of observing (y1; :::; yT ) as:

Pr (y1; :::;yT ) =

"
TY
i=1

Pr (ytj	t�1)
#
Pr (y0)

and then the log-likelihood may be written:

L = �1
2

TX
t=1

log
�
2�jFtjt�1j

�
� 1
2

TX
t=1

h
�0tjt�1F�1tjt�1�tjt�1

i
(7)

so the Kalman �lter is going to give us �tjt�1 and Ftjt�1. Naturally, maximization of (7) is by numerical
methods and therefore we need initial guesses for the elements of the matrices F;H;A;Q;R.

8 Apendix B: Common trends in a neoclassical macro model

Consider the canonical RBC model, with a neoclassical production function of the form:

Yt = �tK
1��
t N�

t

where �t follows a log-random walk, that is:

log �t = �� + log �t�1 + �t

with : �t � iid
�
0; �2

�
�� : average TFP growth

Notice that realizations of �t change the forecast of trend productivity at all future dates since:

Et log �t+s = Et�1 log �t+s + �t
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In the deterministic case ("t = 0 8t) it is straightforward to show that the per-capita aggregates
C=N; Y=N and I=N will grow at �=� along the BGP. To see this, solve the problem:

V (K) = max
K0;C;N

fu (C;N) + �V (K 0)g

s:t: : Y = �K1��N� = C +K 0 � (1� �)K
: log �t = �+ log �t�1

The �rst order and envelope conditions result in the Euler equation:

uC (Ct; Nt) = �uC (Ct+1; Nt+1)
h
�t+1 (1� �) (Kt+1=Nt+1)

��
+ 1� �

i
which, along with the labor supply equation, the resource constraint and transversality condition
provide the equilibrium conditions for the social planner�s problem. Without loss of generality, suppose
that:

u (C;N) =
C1��

1� � �
N1�'

1� '
Now, along the BGP uC (Ct; Nt) =uC (Ct+1; Nt+1) = e�� so that:

kt+1 = Kt+1=Nt+1 = e
�� (1 + �� � �) = (� (1� �)�t+1)

� log kt+1 = (1=�) log �t+1 � (1=�) log �t = �=�
� log yt = log �t + (1� �)� log kt � log �t�1 = �=�

this result is trivially extended to consumption and investment (per capita). A simple corollary of this
derivation is that in the stochastic case, these aggregates will grow at (�+ �t)=� along the BGP.
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